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Abstract 
 

Controlled release fertilizers (CRFs) are essential for sustainable agriculture system. CRFs are 

designed to maintain the constant optimum release rate of nutrients from the coated granule. This 

increase the plant uptake of nutrients hence reduces the soil pollution and decreases the crop 

expenditure. In the literature, the maximum studies have been done by considering the molecular 

diffusion as the only phenomenon responsible for nutrient release from CRFs. The molecular 

diffusion model is solved mostly by using the variable separable methods and Laplace transform as 

well as finite difference methods by different researchers. The release of NPK (nutrient) depends 

on both molecular diffusions which are expressed by Fick’s second law of diffusion and ionic 

diffusion, due to the electrolytic behavior of NPK in the soil. In this work, an analytical solution is 

presented. The obtained solution helps to find the effect of granule coating thickness, nutrient 

release rate, pH of the soil and temperature of the soil on the nutrient release profiles. 
 
Keywords: Adomian decomposition method; nutrient release; NPK; ionic diffusion; molecular 
diffusion 
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INTRODUCTION 
 

The fertilizers enhance the production efficiency of the crops and 

maintain good health of the plant [1]. Uncoated fertilizers are applied 

to soil due to an instantaneous release of nutrients up to 30-50 % of 

nutrient is utilized by plant the remaining unutilized nutrients mixed 

with water and soil causes environmental degradation [2]. The 

fertilizers are coated with polymers and biopolymers to maintain the 

optimal release of nutrients and helps the plants to uptake more 

nutrients by the crop and plants [3]. The polymers and biopolymers are 

in divided into two categories  hydrophobic and hydrophilic and release 

of nutrient takes place due to diffusion and degradation of biopolymer 

coating of CRF. The release from coated CRF granule takes place 

mainly due to diffusion (up to 80%) of the nutrient. Hence it is 

important to consider the phenomenon of diffusion for modelling the 

release of nutrient from CRFs.  

The modelling of the CRFs in the literature deal with the diffusion 

phenomenon. For example, Al-Zahrani [4] developed an analytical 

solution using Laplace transformation for the diffusion model to predict 

the concentration of nutrient inside the granule. Later, Shaviv et al [5] 

developed a diffusion based model by considering the nutrient release 

as non-fickian in nature. The model successfully predicted the nutrient 

release from the granule, the release profiles has been divided into three 

stages, lag period, constant release, and decay release. Du et al [6] 

considered that nutrient from the granule follows the Fick's second law 

diffusion and developed an analytical solution using the variable 

separable method. The concept ionic diffusion of nutrient release from 

CRF was first considered by Basu et al [7].   The Ionic diffusion model 

was solved using a two-level finite explicit method. 

The literature studies mostly based on the assumption that the 

diffusion and nutrient release is non-electrolytic or molecular it is only 

applicable for urea as a nutrient inside the coated granule due to its non-

electrolytic behavior [8]. In case of potassium sulfate, and diammonium 

phosphate as the nutrient ionic diffusion plays a significant role as both 

the nutrients are electrolyte in nature. Potassium sulfate is a strong 

electrolyte, diammonium phosphate is a feeble electrolyte [8].  If the 

nutrient is electrolytic in nature, there will be significant interactions 

between the nutrients inside the coated granule. These interactions 

influence the release of nutrients from the granule. Sometimes, these 

impacts deliver bizarre midpoints of dissemination coefficients of 

various solutes; in others, they propose a solid reliance of dispersion on 

fixation; in still others, they result in dispersion that is much slower than 

anticipated.  We consider combined NPK as the nutrient (potassium 

sulfate, urea, diammonium phosphate) stuffed in spherically shaped 

biopolymer coated CRF granule. After immersion, solid electrolytes 

totally ionize, though powerless electrolytes create an arrangement of 

particles and atoms in remaining equilibrium with each other. 

The release of NPK nutrient from CRF granule is considered due 

to surface erosion. The diffusion coefficient is dependent of the pH of 

the soil, temperature of the soil, soil moisture. Along with diffusion 

coefficient the effect of the radii of the granule is considered on the 

nutrient release phenomenon. 

  

 

MATHEMATICAL MODEL 
 

Let us consider the spherical shaped granule with center ‘o’ and 

radii of the granule a, the coating thickness of the granule is ‘l’. By 

using the Fick’s law of diffusion for granule the diffusion equation is 

given by Equation (1) [8].  
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where c is the concentration of nutrient inside the granule, t is the 

current time and x, y, and z are the axis with respect to the coordinates  

and Dx, Dy, and Dz are diffusion coefficient respectively.  
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For spherical shaped granule, the Fick’s law of diffusion in one 

dimension is given by Equation (2).  
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where r is the radial distance D is the diffusion coefficent. Equation (2) 

can be solved using the initial and boundary conditions given from 

Equations (3) to (5). 

The initial condition at time t=0 is given below:  

0)0,( CrC                              (3)  

           
The boundary conditions at r=0 and r=l is given below:    

                         

0),0( CtC              (4) 

qtlC ),(             (5) 

The ionic diffusion phenomenon represented and derived by Basu 

et al [8] is given below:  
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where Cs is the concentration of strong electrolyte. Ds is the diffusion 

coefficient of strong electrolyte which consist of cations and anions 

which is given below. 
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To study the effect of pH on the nutrient release profile of the CRF 

the diffusion coefficient of the cations and anions is considered to be 

dependent of the pH. Depending on the pH diffusion of water can be 

alkaline, neutral and acidic [10].  

2)75.2/()5.6)(0.1( pHpHDD cc               (8) 

2)25.3/()14)(5.7( pHpHDD aa               (9) 

where Dc and Da are the diffusion coefficent of cations and anions 

respectively, α and β are two constant parameters.  

The effect of temperature is given in the Equation (10) is from Lu 

et al  [11], from Equation (10) it infer that diffusion coefficient is 

dependent on temperature.   

2
5.1

1   TD           (10) 

where T is temperature and λ1 and λ2 are the constants which depends 

on the chemical structure of the soil and nutrients inside the granule. 

Equation (6) is solved with the help of modified Adomian 

decomposition method [12], [13]. The results obtained from model is 

presented in the next section.  

RESULTS AND DISCUSSION 

The effect of the coating thickness of the granule on the nutrient release 

profile is given in Fig. 1. It shows that as the coating thickness increase 

the nutrient release rate decreases and take longer time for 100% 

release. This happens due to obstacle gave by the coating material and 

reducing the diffusion of water and nutrient. The effect of pH on the 

diffusion coefficient of cations and anions is shown in Fig. 2 and Fig. 3 

respectively. Fig.2 shows that effect of pH is even and as pH increases 

the diffusion coefficient of cations increases and increase in the nutrient 

release rate, in the case of anions the pattern was not even, as the pH 

increases the diffusion coefficient of anions increases until pH reaches 

10 after that the diffusion coefficient reduces. 

Fig. 1  Nutrient release v/s time for different coating thickness of the 
granule. 

Fig. 2  Effect of pH on cations (Dc). 

Fig. 3  Effect of pH on anions (Da) 

http://www.foxitsoftware.com/shopping
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Fig. 4  Effect of pH on nutrient release profile with time. 
 
 

 
 

Fig. 5  Effect of temperature on nutrient release from CRF. 
 
 

As the pH increases, the nutrient release becomes faster which is 

shown in Fig. 4. The range of pH selected in this case is in between  6.5 

to 8.5 in this range diffusion coefficient of both anions and cations 

increases as shown in Fig. 2 and Fig. 3 respectively, and hence increase 

the nutrient release rate. The effect of temperature on the nutrient 

release profile is shown in Fig.5. From Fig. 5 it can infer that as the 

temperature increases the nutrient release rate will be higher due to 

diffusion coefficient increases in an increase in the temperature of the 

surround. The diffusion coefficient is directly related to the nutrient 

release.  Above obtained results helps in the better design and 

development of CRF as it gives an in-depth understanding of the 

parameters which affect the nutrient release profiles of the CRF. 

 

 

CONCLUSION 

 

The ionic diffusion of nutrient from biopolymer controlled release 

ferilizer is considered in the form of a Fick’s law of diffusion and the 

solution of the model is obtained using modified adomian 

decomposition method. The analytical solutions help to determine the 

effect of coating thcikness, pH, and temperature of the soil on 

cumulative nutrient release. Understanding of this physical parameters 

helps in the better design and devolpment modern CRF techinques.  

 
 
ACKNOWLEDGEMENT 
 

This work was financially supported by the Universiti Teknologi 

Malaysia under the Research University Grant and Ministry of Higher 

Education Malaysia. 

 
REFERENCES 
 
[1] M. E. Trenkel, Slow- and Controlled-Release and Stabilized Fertilizers: 

An Option for Enhancing Nutrient Use Efficiency in Agriculture. 
International Fertilizer Industry Association, 2010. 

[2] B. Azeem, K. Kushaari, Z. B. Man, A. Basit, and T. H. Thanh, “Review 

on materials & methods to produce controlled release coated urea 
fertilizer,” J. Control. Release, vol. 181, pp. 11–21, 2014. 

[3] A. Shaviv, “Advances in controlled-release fertilizers,” in Plant nutrition 

– Food security and sustainability of agro-ecosystems, 2001, pp. 1–49. 
[4] S. M. Al-Zahrani, “Controlled-release of fertilizers: modelling and 

simulation,” Int. J. Eng. Sci., vol. 37, no. 10, pp. 1299–1307, Aug. 1999. 

[5] A. Shaviv, S. Raban, and E. Zaidel, “Modeling controlled nutrient release 
from polymer coated fertilizers: Diffusion release from single granules,” 

Environ. Sci. Technol., vol. 37, no. 10, pp. 2251–2256, 2003. 

[6] C. Du, J. Zhou,  a. Shaviv, and H. Wang, “Mathematical model for 

potassium release from polymer-coated fertiliser,” Biosyst. Eng., vol. 88, 

no. 3, pp. 395–400, 2004. 

[7] S. K. Basu and N. Kumar, “Mathematical model and computer simulation 
for release of nutrients from coated fertilizer granules,” Math. Comput. 

Simul., vol. 79, no. 3, pp. 634–646, Dec. 2008. 

[8] S. K. Basu, N. Kumar, and J. P. Srivastava, “Modeling NPK release from 
spherically coated fertilizer granules,” Simul. Model. Pract. Theory, vol. 

18, no. 6, pp. 820–835, 2010. 

[9] S. K. Basu, N. Kumar, and J. P. Srivastava, “Modeling NPK release from 
spherically coated fertilizer granules,” Simul. Model. Pract. Theory, vol. 

18, no. 6, pp. 820–835, 2010. 

[10] Keith J. Laidler, Chemical Kinetics, 3rd Edition. Pearson, 1987. 
[11] H. M. Lu, G. Li, Y. F. Zhu, and Q. Jiang, “Temperature dependence of 

self-diffusion coefficient in several liquid metals,” J. Non. Cryst. Solids, 

vol. 352, no. 26–27, pp. 2797–2800, Aug. 2006. 
[12] S. Irfan, R. Razali, K. KuShaari, and N. Mansor, “Reaction-Multi 

Diffusion Model for Nutrient Release and Autocatalytic Degradation of 

PLA-Coated Controlled-Release Fertilizer,” Polymers (Basel)., vol. 9, no. 

3, p. 111, Mar. 2017. 

[13] S. A. Irfan, R. Razali, K. KuShaari, N. Mansor, and B. Azeem, “Analytical 

solution of diffusion model for nutrient release from controlled release 
fertilizer,” J. Phys. Conf. Ser., vol. 890, p. 12078, Sep. 2017.

 

 

0

10

20

30

40

50

60

70

80

90

100

0 20 40 60 80 100

C
o

m
u

la
ti

v
e
 n

u
tr

ie
n

t 
re

le
a
s
e

Time in days

T1

T2


