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INTRODUCTION

Fluids that change viscosity due to the applied stress or forces are
known by non-Newtonian fluid. There are several daily applications
of the non-Newtonian fluids presented in many fields such as
petroleum industries, foods manufacturing, geophysics, polymer and
chemical industries. Different mathematical models are developed to
investigate the behaviour of these fluids [1-4]. The complicated
relationship between the shear stress and rate of strain in the non-
Newtonian fluids led to use many constitutive equations by authors to
model the non-Newtonian fluid. The complexity and variety of these
constitutive equations makes obtaining the exact solutions of non-
Newtonian fluids are difficult.

Different solutions are obtained in literature for the flow induced
by constant acceleration plate for different kind of fluids such as
Oldroyed-B, Maxwell and second grade fluid [5, 6]. Only a limited
number of these solutions are exact. The most popular approximate
analytical methods that were used in literature to solve steady and
unsteady flow of non- Newtonian fluids are: Adomian decomposition
method (ADM) [7, 8] and Homotopy perturbation method (HPM) [9].
However, due to the difficulty of obtaining the exact solution for these
fluids, a numerical methods take a part besides the approximate
analytical methods [10, 11].

Obtaining a solution of the non-Newtonian fluids is useful in
determination of the experimental data. One of the popular non
Newtonian fluids is the Powell-Eyring fluid which is derived from the
kinetic theory of liquids rather than the empirical relations [12]. Sirohi
et al. [13] studied the flow of Powell-Eyring fluid that induced by
accelerated plate numerically by using three methods. One of these

methods is based on transformation of the boundary value problem to
initial value problem. Khan et al. [14] investigated the flow of Powell-
Eyring fluid under the effect of magnetic field. Their study becomes
the basis of numerous scientific and engineering applications.
Recently, constitutive equations with fractional derivative have been
approved to be effective tools and can be used to describe the
viscoelastic properties of non-Newtonians fluids. In particular,
replacing the time ordinary derivatives of stress and strain by
derivatives of fractional order provides a new fractional dimensionless
quantity and variable. Khan et al. [15] used the Fourier sine transform
to investigate the transient flow of an Oldroyd-B fluid in a porous
medium. In 2009, the fractional calculus approach is used to formulate
the constitutive relationship of this viscoelastic fluid [16, 17]. The
results of the two previous studies show a good match of experimental
data with model results especially when the constitutive equation with
the fractional derivative is used. This result motivated some
researches to apply the dimensionless quantity obtained by using the
fractional derivative to some other problems that have similar flow
situation [18, 19]. In this work, we apply the same procedure
implemented by Khan et al. [16] to find the approximate analytical
solution for the flow of the Powell-Eyring fluid under the effect of
MHD by using Adomian Decomposition Method.

Description Of The Problem

Let us consider the laminar unsteady flow of an incompressible
Powell-Eyring fluid over the flat plate under the effect of
hydromagnetic force. Assume that the fluid is bounded by an infinite

plate at y = 0. Initially the plate at rest and at ¢ > () the plate starts

to move parallel to itself with uniform velocityW. The coordinate
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system is Cartesian coordinate where the x- axis parallel to the plates
and Y -axis is taken normal to it (see Fig. 1). The applied magnetic

field Bo is parallel to the J -axis. The induced electric field is
negligible since the Reynolds number is small. Consequently, the

Lorentz force J X B under these conditions is equal to —O'Bg u,

where O is the electrical conductivity and J is the current density.
The pressure p is assumed to be standard atmospheric.

Figure 1 Geometry of the problem.

Mathematical Formulation
The balance of mass and momentum equations under the effect of
magnetic field are given by

V.u = 0 (1)
p[l% +(uVu|=divT+JxB )

where O is the density, W is the velocity vector andd / dt is

the material time derivative. The Cauchy stress tensor I of Powell-
Eyring fluid is given by:

T=-pl+1, 3)

where Txy is the extra stress tensor. The velocity and the stress

are given as follows:
u=u(y,t)i ,7=7(y,t) 4)

By substituting the values of W and ‘I,'Xy in Equations (1) and (2),

the continuity Equation (1) is satisfied while Equation (2) is reduced
to

p) T,
—u=—a—p+—y—aB02u 5)
ot ax  Jy

The extra stress tensor Txy of Powell-Eyring fluid model is

given by Powell and Eyring [12] :

om 1 ..
7, = W—+—Sinh

awv p

1 du
- (6)
c dy

where ﬂ , C are the material parameters and ¢ is the dynamic

viscosity. The Taylor expansion of the inverse hyperbolic term in the
above equation is given by [20, 21]:

3
cdy|] cdy 6lcay] |cady

Substitute  Equation (7) into

,L’XX = Tyy = TXZ = TZZ = Tyz = 0 and

Equation (6) to get

1lou 1 (ouY

= + — R
= H Belay 6cp\ ay ®

Flow due to constant accelerated plate

0
Assuming that the body force a—p = () then by using Equations
X

(8) and (4) into Equation (5) we get:
du_[,, 1 ]ow 1 dufou oB;u
ot ppc | dy* 2pc* B 9y* \ dy P

The corresponding initial and boundary conditions for Equation
(9) in the case of constant accelerated plate are

(€

=0 ,when y>0 (10)

u(y,t)
u(y,0)=0, —22
(»,0) o

u(0,t) = At for >0, (11)

we introduced the following dimensionless variable as given in
[17-19]

1
2\3

1
A\3 u
N I
Y (4v)>
the governing problem in dimensionless form takes the form
IG(E,7) _$GED IGED (9GED)) g
T+MG(§,1:)-0: P y Y ( Py ), E1>0
(13)
And the boundary conditions take the form
= == >
GOT) =7, G(=7)=0, >0, ”
0 0
G(£,0)=0, %=O, E>0, (15)
ot
Where
1
B; 3 1 (4
a=|1+ ,MZOO lz , }/:—3—5
vefp p \ 4 206c \ v
(16)
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Here M is the non-dimensional magnetic parameter, ¢f and 4

are the non-dimensional non- Newtonian parameters.

Solution for constant accelerated plate

Adomian decomposition method (ADM) is developed by
Adomian [22] to solve the nonlinear equations by using the iterative
technique to find the series solution. The method is applicable to a
wide class of nonlinear partial diJerential equations, and integral
equations. To understand the basic concept of ADM, we write the
differential equation in operator form as follows:

Lu(&,7)+ Lu(&,7)+ Ru(§,7) + Nu(§,7) = g(§,7) (17)
Lau(&,7)=g(&7)- Lu(&,7)- Ru(§,7) - Nu(&,7) (18)
692

where Lg = 8_52 and LT = —— are linear invertible operators,

ot
2(&,7) s the source term, Ru(&,T)is the remaining linear term
and Nu(f, ‘L’) is the non-linear term which can be expanded by

using the Adomian polynomial An. If we apply the inverse operator

L; = ﬂ ()dfd g to Equation (18) yields

L Lu(E,7) = L, g(&,7) - L Lu(&,7) - L Ru(&,7) - L Nu(&,7)

(19)
The integration of the left hand side in Equation (19) gives

L LuE0) =uEn)-u00)-5u07)

According to ADM the unknown function u(é‘, T )is decomposed

into its components where the series solution u(f ,T ) is defined by:

ug,r)= Zun(f,t) =Uy+U Uyt
@1

e}

Assume the non-linear term in Equation (19) Nu(f, T ) = 2 An .
n=0

By using the boundary condition and substition of Equations (20) and

(21) into Equation (19) yields:

uy+i +.= f(ET) = LL [uy +u, +...]

-1 - (22)
—Le Rlug +u, +..]- L[4 + 4 +..]

where  f(&£,T)=¢- L;g(f,‘[) is the zero component.

Consequently, the recursive relation is defined as:
u, = f (§ ,T)
w ==L L [uy]- L Rluy ] - L[ 4,]
u, ==L, L [u]- L Rlu]- L[ 4]
(23)

Rewrite Equation (13) in operator form as in Equation (22) and divide
by O yields

L[6En]= L[6E D]+ 2 6
a a
7 62G(§,r)(6G(§,r) )
a JE* & ’ o

we followed the same procedure described from Equations (19) - (22)
to find the components of the solution . Since the initial condition in
Equation (15) is equal to zero, then the operator related to T cannot

be applied. Consequently, the linear invertible operator in § -

direction is implemented following Wazwaz [23] and Gul et al. [24].
Apply the inverse operator to both sides of Equation (24) where

L; = ﬂ ()dfd § , and use the boundary conditions (15) we get:

GE 1) =1+h(T)+ é L[L,G(E )]+ A—O/f L [G(S, r)]

7 | 6ED) (06ED))
a ° | 9& 9E

(25)

Where é‘-h(‘[) =E&u £ (0,7) , the non-linear term

N - °G(E,T) [ 0G(E,T)
0E> o0&

2
) is represented by the Adomian’s

as follows:
4 (4G0) 4G,
"\ dg) ag’
4 -[9G €6, ,,dG, dG, &G,
'\ dE ) dE T dE dE dE
_(dG,\' &G, _,dG, dG, d°G, ,dG, dG, d°G, (dG,) d°G,
P\ d§) & T dE dE dE T dE dE dE |\ dE | dE

(26)
Choose the zeroth component problem for the MHD of Powell-Eyring
fluid as

Gy(&,7) =7+Eh(7)

subject to the boundary conditions

GO,7)=7, >0,
GE0y=0, 260D _
0T

27

1, &>0,

The remaining components can be written as

Go(ED =1 I [L,E;Gn@,r)] =y [26,,@)

7 [N
= L A 1,k=0
(3]
(28)
To find the first component of the solution substitute & = 0 into

Equations (28) yield:
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Gl(ar>= LG(ED ]+ —

29

Similarly we can find G, , G,

operating with the inverse linear operator L; = ﬂ ()d§d é" , We

obtain the first several component solutions, and the solution in the
series form as follows

G(§,r)=r+24§ M§r M§T M§

0:2 240:2 2a 420a
M&t  yM M? En(r
£° (J/ g 7/ S Yi(zy + L g g )
7200 6a’ (Yo4 (30)

To complete the determination of the series solution we should
determine the function

h(T) = u:(0,7) which is not given ,with the help of equation (14)

substitute T = 0 and equating the coefficient of same power in the
two sides of Equation (30) it is found that the series solution is:

(1+ M7)& N MQ2+Mr)&E*

GE )=+
&7) 2a 240
M*(3+M1)E° N M’ (4+M7)E
7200’ 40320¢*

€2y
The direct calculation shows that G(:;:, T ) satisfied Equations (13) -
(15) when ¥ = 0. Calculating more terms of Equation (28) produced

more accurate solution.

RESULTS AND DISCUSSION

In the present work we have considered the unsteady flow of an
incompressible, isothermal, and homogeneous Powell-Eyring fluid.
The governing partial differential equation for the constant accelerated
flow of Powell-Eyring fluid has been analytically solved by using
Adomian Decomposition Method. In Figures 2 and 3, the velocity

G(&,7)is plotted versus & with different non-Newtonian

parameters to highlight the effect of these parameters on the constant
accelerated flow.

Figure (2) shows the variation of the velocity G(f,l’)by
changing the time 7 for different values of § .Generally there is a
proportional relationship between 7 and G(&, 7). Moreover, it is

noticed that at fixed value of E , the velocity increases by constant

value when time is changed from 0.2 to 1. Figure 3 illustrates the
influence of the non-Newtonian fluid parameter a on the velocity. It is

found that the velocity G(&, T) increasing with decreasing the non-

Newtonian parameter ¢ . This increase in velocity is due to the large
value of viscosity at a small value of ¢ . Generally the results indicate
that when the non-Newtonian parameter ) equal zero the solution

depend on the non-Newtonian parameter ¢ . the plot of the solution
is shown to be of Newtonian behaviour when y = M =0 ; see Fig
4.
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Figure 2 Velocity profile versus§ for different values of

using & = 3,M =0
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Figure 3 Velocity profile for different values of ¢« by using

y=0, M=0.
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Figure 4: Velocity gradient for different values of 5 by using
y=M=0,7=0.1
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CONCLUSION

The series solution for the velocity of MHD unsteady flow of
Powell-Eyring fluid was obtained using the ADM. Generally, several
methods are used in solving related non-linear PDEs. The Adomian
Decomposition Method is one of the effective methods, which
provides an efficient solution for the physical equations modelled by
nonlinear differential equations. The implementation of ADM and the
calculation of Adomian polynomials do not need complex
calculations, except for simple and elementary operations effectively
used. This has led to reduce the computational work compared to the
other methods. Furthermore, the influences of the parameters in the
velocity have been shown in different graphs. It was observed that the
velocity field depends on the involved parameters. In addition, it was
noticed that decreasing the value of non-Newtonian parameters
increased the velocity flow of the fluid. Moreover, it was found that
the shear thinning effect in the fluid was higher when the value of &
decreased.
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