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The energy of agraph I, which is denoted by &(T'), is defined to be the sum of the absolute values

of the eigenvalues of its adjacency matrix. In this paper we present the concepts of conjugacy class
graph of dihedral groups and introduce the general formula for the energy of the conjugacy class
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class graph of generalized quaternion groups and quasidihedral groups.
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INTRODUCTION

Let T, be agraph with set of vertex V(') = {1....,n} and set of
edge E(T')={e,....e,}. The adjacency matrix of T, denoted by
A(T), is an nxn matrix defined as follows: the rows and the
columns of A(T) are indexed by V (T'). If i = j, thenthe (i, j)-entry
of A(F) is 0 and 1 for nonadjacent and adjacent vertices i and j
respectively. The (i,i)-entry of A(T) is O for i=1..,n [1]. Let T

be a simple graph, A be its adjacency matrix and 4, 4,,...,4, be the

eigenvalues of the graph T". By eigenvalues of the graph T" we mean
the eigenvalues of its adjacency matrix. The energy of T is defined as
the sum of absolute values of its eigenvalues [2].

The energy of graph was first defined by lvan Gutman in 1978. It
is used in chemistry to approximate the total = -electron energy of
molecules. The vertices of the graph represented the carbon atoms
while the single edge between each pair of distinct vertices
represented the hydrogen bonds between the carbon atoms [3]. There
are many researches on the eigenvalues and energy of some kinds of
graphs, for instance see [4-9]. Recently there are many researches in
constructing a graph by a group, for instance one can refer to the work
in [10, 11]. This paper consists of three parts. The first part is the
introduction of the energy of the graph which is constructed by a
group, followed by some fundamental concepts and definitions related
to conjugacy classes and conjugacy class graph. The second part
consists of some previous results which are used in this paper. Our
main results are presented in the third part, in which we compute the
eigenvalues and the energy of the conjugacy class graphs of dihedral
groups of order 2n, generalized quaternion groups of order 4n and
quasidihedral groups, and lastly the general formulas for the energy of
conjugacy class graphs of these groups are introduced.

Suppose G is a finite group. Two elements a and b of G are

called conjugate if there exists an element g G with gag™ =h.

The conjugacy class is an equivalence relation and therefore partition
G into some equivalence classes. This means that every element of the
group G belongs to precisely one conjugacy class. The equivalence

class that contains the element a<G s cl(a)={gag™: g e G} and is

called the conjugacy class of a. The classes cl(a) and cl(b) are

equal if and only if a and b are conjugate. The class number of G is
the number of distinct (non-equivalent) conjugacy classes and we

denote it by K(G).

PRELIMINARIES

In this section, some previous results and definitions on the
conjugacy class graph and the energy of graph are presented which
are used in this paper.

Definition 1 (Bapat, R. B. 2010.)

Suppose that G is a finite group and Z(G) be the center of G.
The vertices of conjugacy class graph of G are non-central conjugacy
classes of G i.e. |V (G)|: K(G)-|Z(G)|, where K(G)is the class

number of G. Two vertices are adjacent if their cardinalities are not
coprime (i.e. have common factor).

Definition 2 (Beineke, L. W., and Wilson, R. J. 2007)

Let T be a simple graph. Then T is called a complete graph with
n vertices and is denoted by K, if there is an edge between any two

arbitrary vertices.
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Proposition 1 (Balakrishnan, R. 2004.)

If the graph T consists of (disconnected) components I';and T',
then the energy of I'is&(I")=¢(I,)+&(T,) and if one component
of the graph T'is T, and other components are isolated vertices, then

S(F) = 8(1"1).
Proposition 2 (Gutman, I. and Zhou, B. 2006)

A totally disconnected graph has zero energy, while the complete
graph K, with the maximum possible number of edges (among

graph on n vertices) has an energy 2(n—1).

Proposition 3 (Bapat, 2010)

Let T be a complete graph namely K,, then the eigenvalues of
K, are A=n-1 A=-1 (with
multiplicity n-1).

Let I" be a complete graph namely K, then the eigenvalues of K,
are A=n-1 (with multiplicity 1) and A =-1 (with multiplicity n-
1).
L)et I' be a complete graph namely K,, then the eigenvalues of K,
are A=n-1 (with multiplicity 1) and A =-1 (with multiplicity n-
1).

(with multiplicity 1) and

Theorem 1 (Samaila, D., Abba, B. 1., and Pur, M. P. 2013)

The conjugacy classes in dihedral group D,, are as follows,

depending on the parity of n.
1. Foroddn:

n-1 7( n-1

{1},{a,a‘1},...,{a2,a J},{a‘b,ogign—l}.

2. Forevenn:

{1},{;,13},{a,a-l},{aZ,a-Z},_,,{a”‘zz,a[”ZZJHaZib’O i n;z}

n-2
> [

and {az”lb,o <i<

MAIN RESULTS

In this section we present our main results, namely the energy of
the conjugacy class graph of all dihedral groups of order 2n,
generalized quaternion groups and quasidihedral groups. First, we
found the conjugacy class graph for all dihedral groups, D,,.

Proposition 4

Suppose that D,,be a dihedral group of order 2n where
n > 3,n e N. Then the conjugacy class graphs of D,,, are as follows:
Case 1: n odd
Fg'z" is a complete graph joined with isolated vertices, namely

c  _
an - Knl

2
n
Case 2: n and 5 even

c
g, =K,
2

Case 3: neven and g odd

660 OPEN @ ACCESS

rgzn =K, ,UK,.
2
Proof

Suppose D,, is a dihedral group of order 2n and 1“°D'2" be its

conjugacy class graph,
Case 1: n odd
By using Theorem 1, the set of vertex of the conjugacy class graph

ry isV (Fﬂzn ) = {cl (a).cl(@),....cl [an;}cl (b)} For all vertices

n-1

of the form cl(ak),kzl,z,...,T, their cardinalities are not

coprime, hence they are adjacent and the greatest common diviser of
cl(ak) and cl(b), gcd(|cl(ak) ,|c| (b)|)=1, ry =K,

n-
2

thus

joined with isolated vertex cl(b).

Case 2: nand % even

By using Theorem 1, the set of vertex of the conjugacy class graph

Ty V(an)={cl(a),cl(az),...,cl[an;],cl(b),cl(ab)}. For all

vertices of the form cl(ak), k :1,2,...,”7_2, their cardinalities are

equal to 2 and are not coprime, hence they are adjacent and
|c|(b)| =|c|(ab)| = even integer thus all vertices are adjacent and

FCD'M is a complete graph. Now we have nTZ and two adjacent

vertices, [n_22+ 2= anzj Jthus T5 =K

n+2°
n
Case 3: nevenand > odd

By using Theorem 2, the set of vertex of the conjugacy class graph

cl

I, is

v(rs, )= {cl (a).cl (az),...,cl[an-zz}cl (b),cl (ab)}.

For all vertices of the form cl (a"), k= 12”—22 their cardinalities

are equal to 2 and are not coprime, hence they are adjacent and
|c|(b)|:|cl(ab)|:odd integer thus for all vertices of the|cf@m)|1

cl(ak),k :1,2,...,L22, their cardinalities are coprime with
and [cl(ab)| Thus 5 =K, , UK,

2
Next, the energy of the conjugacy class graphs of dihedral groups are
introduce in the following three theorems according to the cases as in
Proposition 4. m

Theorem 2

Let G be a dihedral group of order 2n, where n is an odd, integer,
n>3neZ" and 1“°D'2" be its conjugacy class graph. Then the energy

of the graph T'3 is &(T'3 )=n-3.
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Proof

Suppose G is a dihedral group of order 2n and FCD'M be its conjugacy

class graph, from Proposition 4 case 1, the conjugacy class graphs of
the group G, are complete graphs joined with isolated vertices,

namely ngn =K,,. The eigenvalues of the complete graph K,

n-
2

are ﬂ,:(nT_lj-l (with multiplicity 1) and A=-1 (with

multiplicity (nle -1)  Hence by Proposition 2,

&(Tg, )= 2((%)1} =n-3.

Suppose G is a dihedral group of order 2n and F°D'2" be its conjugacy

class graph, from Proposition 4 case 1, the conjugacy class graphs of
the group G, are complete graphs joined with isolated vertices,

namely F“D'M =K, .. The eigenvalues of the complete graph K,

= nd
2

n-1

are /1:(7)-1 (with multiplicity 1) and A=-1 (with

multiplicity) (nle -1)  Hence by Proposition 2,

&(rs, )= 2((%)1} =n-3.m

The following example illustrate Theorem 2.

Example 1

If G is a dihedral group of order 10, ie.
G=D,= <a,b 2’ =b*=1bab = a‘1>, and Tl be its conjugacy
class graph. Then the conjugacy classes of D,, are, cl(e) = {e}
cl(a)= {a,a“},cl (az) = {az,a3} andcl(b) = {b,ab,azb,aSb,a“b}.
Thus,V (5, ) =k(Dy)—[Z(Dy )| =3.

The set of vertex of this graph is V (Fﬂm ) = {cl (a).cl(a’).cl (b)} and
the set of edge is E(I'g, ) = {cl (a)cl (az)}. Thus the conjugacy class

graph of the dihedral group Dy is Iy = KZU{CI(b)} and the

010
adjacency matrix of the graph T3~ is A(l“‘:D'm ) =100
000

and the eigenvalues of A(F°D'm ) are 0,1 and -1. By the definition of the
energy of the graph, we have g(rﬁ',m):|o|+|]1+|—]j: 2. Meanwhile
by using Theorem 2, g(rgm ) =5-3=2.

Let G be a dihedral group of order 10, i.e.

G=D,= <a,b :a®=h?=1bab= a’1>, and TS be its conjugacy

class graph. The conjugacy classes of D, are, cl(e)={e}

cl(a)= {a,a“},cl (a®)= {az,a3} andcl (b) = {b,ab,a’,a’h,a’b}.

Thus,V (T3, ) =k(Dy)—|Z(Dy )| = 3.

The set of vertex of this graph is V (Fgm ) = {cl (a)cl (az),cl (b)} and
the set of edge is E(Fgm ) = {cl (a)cl(az)}. Thus the conjugacy class

graph of the dihedral group D,, is T = KZU{CI(b)} and the

010
adjacency matrix of the graph l“gw is A(F‘,;'l0 ) =100
000

and the eigenvalues of A(T'3 )are 0,1 and -1. By the definition of the
energy of the graph, we have g(rﬁ',w):|o|+|q+|—14: 2. Meanwhile

by using Theorem 2, &(I'3 ) =5-3=2.

Theorem 3

Let G be a dihedral group of order 2n, where n and g are even

integers and n =>4, and 1“°D'2n be its conjugacy class graph. Then the

energy of the graph T , g(rcolz" ) =n.
Proof

Suppose G is a dihedral group of order 2n and 1““,3'2" be its conjugacy

class graph, from Proposition 3.1 case 2, the conjugacy class graphs of

G when n and 2 are even integers, are complete graphs of the form

FE',ZH =K,,,- By using Proposition 3, the eigenvalues of the
2

n+2

complete graph K., are ﬂ:[Tj—l(with multiplicity 1) and

2

A =-1 (with multiplicity[izzj—l). Hence by using Proposition 2,

&(T, )= 2((”—;2)—1j =n =

The example below gives the illustration of the above theorem.
Example 2

Suppose G=D, = <a,b ra* =b? =Lbab = a’1> is a dihedral group

of order 8, and rgﬂ be its conjugacy class graph. Then the conjugacy

cl(e)={e}, cl(a)={aa’},

cl(a) ={a’},cl(b) = {b,a’h},cl (ab) = {ab,ab}, thus the set of

classes of D, are,

vertex of this graph is V(FE‘,S): {cl(a),cl(b),cl(ab)} and the set of

edge is E(Tp, )={cl(a)cl(b),cl(a)cl (ab),cl (b)cl (ab)}. Thus the

is 'y =K. The
011

adjacency matrix of the graph 1“35 is A(Fga): 101(, and the
110

conjugacy class graph of dihedral group D
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eigenvalues of A(r;‘a)are A=2 and A=-1 (with multiplicity 2).
By the definition of the energy of the graph, we have
&(Ty, )=[2]+|-4+[-4 =4. Meanwhile by using Theorem 3,

g(l"fj's ) =4,

Theorem 4

Let G be a dihedral group of order 2n, where n is even integer and %

is odd integer, and F°D'2" be its conjugacy class graph, then the energy

of the graph T3 is (T3 )=n-2.

Proof
Suppose G is a dihedral group of order 2n and F°D'2" be its conjugacy
class graph, from Proposition 4, case 3, the conjugacy class graphs of

. . n . . .
D,,, when n is even integer and 5 is odd integer, are the union of

the complete graphs of the form FCDIZ” =K,_, UK,, using Proposition
2

3, the eigenvalues of the complete graph K, , are A= [_n;ZJ_l

2
(with multiplicity 1) and A =-1 (with multiplicity [%2]—1) and

the eigenvalues of the graph K, are 2=1 and 4=-1. Hence by

Proposition 2 &(I'g )= 2[(”—;2j—1j+ 2(2-1)=n-2.m

Example 3

If G is a dihedral group of order 28,
G=D,= <a,b ;a" =b? =1 bab = a’1> and 'y be its conjugacy

class graph. Then the conjugacy classes of D,, are:
cl(e)={e}.cl(a)= {a, a“},cl (az) = {az,a“},

a(e) = o ) = a7

1(e) = o) = e} (o) =)
cl(b) = {b,a’b,a’b,ab,a’,a"b,ab|,
cl(ab) = {ab,a3b,a5b,a7b,a9b,a“b,a13b}.
k(D) =10, and

adat
a®,a’

a3)

a5)

Thus, Z(Dy)= {e,a7}, thus

|V (T3, )| =K(Dy)~|Z (D, )| =8 the set of vertex of the graph I}

. V(F& ): cl(a),cl(az),cl(aS),cI(a“),cl(as),cl(ae), o the
! cl(b),cl(ab)

set of edge is

Thus, nga =K, UK, and the adjacency matrix of this graph is the

following 8 x 8 matrix:

ML)

(=R = N o =)
= T = I T =
O O R P P O R Bk
O O R kP O R R, .
O O R O R Rk Rk Bk
[= I = T = T e e e N
m OO0 oo oo
O L OO0 oo o o

Thus A =5,4=-1 (with multiplicity 5), A=1 and A=-1. By the
definition of the energy of the graph we have

g(rg',m ):|5|+ 5]-1+ [ +|-1 =12.
Proposition 5

Let G be a generalized quaternion group of order 4n where
n > 2,n € N. Then the conjugacy class graphs of Q,, are as follows:
Case 1: n odd

Iy, =K, UK,

Case 2: n even

re =K

Qi — SN+l

Proof

Suppose Q,, be a generalized quaternion group of order 4n and FSM

be its conjugacy class graph,
Case 1: n odd
The conjugacy classes in generalized quaternion group Q,, when n

is odd are {1},{a”},{a,a’l},...,{a”’l,a’("’”},{az‘b,ogi <n-1} and
{a”b,0 <i <n-1}. Then the set of vertex of the conjugacy class
graph T s V(Fg“)={cl(a),cl(az),...,cl(a”’l),cl(b),cl(ab)}.
For all vertices of the form cl(ak),k =12,...,n—1, their cardinalities
are not coprime, hence they are adjacent and|c|(b)| = |c|(ab)| = odd
integer. Thus for all vertices of the form cl(a"),k =12,...,n-1
their cardinalities are coprime with |c|(b)| and |c|(ab)| Thus
re, =K, UK,

Case 2: n even
The conjugacy classes in generalized quaternion group Q,, when n

is even are
{1},{a”},{a, a’l},{az,a’z},...,{a”’l,a’(”’”},{a”b,o <i<2n —2} and

{a®b,0<i<2n—1f. Then the set of vertex of the conjugacy class
graph 9 V(l“g'm):{cl(a),cl(az),...,cl (a”’l),cl (b),cl (ab)}. For

all vertices of the form cl (ak), k=12,...,n—1 their cardinalities are

equal to 2 and are not coprime, hence they are adjacent and
|cI(b)| =[cl (ab)| = even integer. Thus, all vertices are adjacent and

FSM is a complete graph. Now we have n-1 and two adjacent

vertices, (N—1+2=n+1).,thus T =K . m
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Theorem 5

Let G be a generalized quaternion group of order 4n, where n is an
odd, integer, n>3,neN and FSM be its conjugacy class graph.

Then the energy of the graph T, is &(I'g, )=2n-2.

Proof

Suppose G be a generalized quaternion group of order 4n and F&n

be its conjugacy class graph, from Proposition 5, case 1, the

conjugacy class graphs of Q,,, when n is odd integer are the union of
the complete graphs of the form l“g'” =K, ,UK,. The eigenvalues
of the complete graph K,_, are A4 :(n—l)-l (with multiplicity 1)
and A =-1 (with multiplicity (n—1)-1) and the eigenvalues of the
are A=1 and A=-1.

graph K, Hence, by Proposition 2,

&(rs, )=2((n-1)-1)+2(2-1)=2n-2. m

The following example illustrate Theorem 5.

Example 4

Let G be a generalized quaternion group of order 12, i.e.
G=Q,=(ab:a’=b’a’=1b ab=a"), and I§. beits
conjugacy class graph. The conjugacy classes of Q,, are, cl(e) = {e}
d(a’)=a’ cl(a)={aa’}, cl(a’)={a’a"},

cl(b) = {b,a’b,a'b,}, and cl(ab) = {ab,a’h,a’b,}.

The set of graph is
v(re,)= { I(a),cl(a%),.cl(b),cl(ab) } and the set edge is

cl(a)cl(az),cl(a ( ) I(a)cl(b),
1) e a

vertex of this

I I(ab),cl(a I(a®)cl(b),
alajeie C( ) ( )C( )C . Thus, the
cl az)cl(ab),cl( ) ,cl(a3)cl
cl(b),cl(ab) Q, s
conjugacy class graph of the generalized quaternion group FCQIiz is

l"g'u =K,UK, and the adjacency matrix of the graph

0100
1000

AFCIZ

(Qu) 0001
0010

and the eigenvalues of A(I'g )are 2=1 with multiplicity 2and
A =-1 with multiplicity 2.

By the definition of the energy of the graph, we have
(8. =2 2-4=2.

e(r? }=23-2=4.
( le)

Meanwhile by wusing Theorem 3,

Theorem 6

Let G be a generalized quaternion group of order 4n, where n is even
integers, n>2, and FSM be its conjugacy class graph. Then the

energy of the graph '3 &(I'g, )=2n.

Proof

Suppose G be a generalized quaternion group of order 4n and F&n

be its conjugacy class graph, from Proposition 5, case 2, the
conjugacy class graphs of G when n is even integer, is complete

graphs of the forml“gM =K,.,. By using Proposition 3, the
eigenvalues of the complete graph K, are A=(n+1)—1(with
multiplicity 1) and A =-1 (with multiplicity(n+1)—1). Hence by

using Proposition 2, &(I'g ) =2((n+1)-1)=2n.m

Example 5

Suppose G is a generalized quaternion group of order 16, i.e.
G=Q,= <a b:a*=b*a®=1b"ab= a’1> and  Tgl o be its
conjugacy class graph. The conjugacy classes of Q; are, cl(e) = {e}
cl(a)={a,a7}, cl(az)z{az,a"},

cl(a®) ={a’,a*}, cl(b) = {b,a’b,a’b,ab}, and
cl(ab) = {ab,a’h,a’h,a’b|.

The set of
Y, (Fg'm ) = {cl (a).cl (az),cl (as),cl (b),cl (ab)} and the set of edge is

vertex of this graph is

cl(a)cl(a®).cl(a)cl(a’),cl(a)cl (b),cl (a)cl (ab),
E(Fgm)z cI(az)cl(a3),cl(az)cl(b),cl(az)cl(ab),cl(a3)cl(b),
cl (a3)cl (ab),cl(b),cl(ab)

Thus the conjugacy class graph of the generalized quaternion group

Qplis T5 =K, and the adjacency matrix of the graph Ig is
01111
1 011
Arg,)=l1 1011
11101
11110
and the eigenvalues of A(F‘:Q'm)are A=4, and A=-1 with
multiplicity 4.
By the definition of the energy of the graph, we have
&(rg, )=l4+4/-4=8. Meanwhile by using theorem 3.2,

&(rg,)=24=8

Proposition 6

Let be a quasidihedral group of order 2" where n>4,neZ". Then

the conjugacy class graphs of QD,, is as follows: l"g'D" =K.,
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Proof

Suppose QD,, be a quasidihedral group of order 2" and FCQ'D" be its

conjugacy class graph,
By using Proposition 4, the set of vertex of the conjugacy class graph

1"802" is V(FSM):{cl(a),cl(az),...,cl(aznfz’l),cl (b),cl(ab)}. For
all vertices of the form cl(a*),k =12,...,

are equal two and not coprime, hence they are adjacent and
|cl(b)| :|cl(ab)| = even integer. Thus, for all vertices of the form

cl(ak), k=12,...,2"2

|c|(b)| and |c|(ab)|, thus all vertices are adjacent and 'y, is a

2"2_1, their cardinalities

—1, their cardinalities are not coprime with

complete graph. Now we have 2"2—1 and two adjacent vertices,

(272 -1+2=2"7+1)  thus T =K., m

2241"
Theorem 7

Let G be a quasidihedral group of order 2", where n>4, and l"g'D"

be its conjugacy class graph. Then the energy of the graph FSD"

s(l“g'D i ) =2"%

Proof

Suppose G be a quasidihedral group of order 2" and rg% be its
conjugacy class graph, from Proposition 6, the conjugacy class graphs
of G, is complete graphs of the form FSDZH =K., By using
Proposition 3, the eigenvalues of the complete graph K
A=2"?41-1=2"%(with multiplicity 1) and A=-1
multiplicity (2" +1) -1

oz, A€

(with
=2"?) . Hence by using the definition of the

2n—2

energy of the graph, S(Fgon ) = + 2n72|_]4 —oon2_onlg

Example 6

order 32, ..
ISt be its
10

Let G be a quasidihedral group of
G=QD, = <a,b ;a® =b?=1bab™ = a7>, and

conjugacy class graph. The conjugacy classes of QD,, are, cl(e) =
{e} cl(as) =a°

cl(a):{a,a7},cl(a ) {a2 al“} cl(a3):{a3,a5},

a‘,a%},cl(a’) = {a’,a"} cl(a) = {a°,a"},

cl(b) = {b,a’h,a’h,a®b,a",a*b,a”h,ab|, and

cl(ab) = {ab, a’h,a’h,a’b,a’h,ab,a", a“"b}.

The set of vertex of this graph is

v (Fa ) _ cl(a),cl (az),cl(a3),cl (a“),cl (aﬁ),cl(ag),cl(a“),
"7 lcl(b),cl(ab)

and the set of edge is

Thus the conjugacy class graph of the quasidihedral group QD,, is

o, =K, and the adjacency matrix of the graph Iy is

01111111 1]
101111111
110111111
111011111

Al )=t 11101111
111110111
111111011
111111101
111111110

and the eigenvalues of A(Tg; )are 2=8, and 4 =-1 with

multiplicity 8.
By the definition of the energy of the graph, we have

g(l“g'ls )=|8|+ 8|-1/=16 . Meanwhile by using theorem 3.2,
&(Tp, ) =27 =16.

CONCLUSION

In this paper, the general formulas for the energy of conjugacy
class graph of dihedral groups are introduced. For n an odd integer,

: n :
5(1"32"): n-3., while for n and 2 even integers g(rgh):n. and

if nis even integer and 2 is odd integer then, g(rgzn): -2. Also

we introduced the general formulas for the energy of conjugacy class
graph of generalized quaternion groups and quasidihedral groups.
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