Mahmoud et al. / Malaysian Journal of Fundamental and Applied Sciences Vol. 13, No. 2 (2017) 129-131

RESEARCH ARTICLE

M J FAS MALAYSIAN JOURNAL OF
FUNDAMENTAL AND APPLIED SCIENCES
PRINT ISSN: 2289-5981 | ONLINE ISSN: 2289-599X

The Laplacian energy of conjugacy class graph of some dihedral

groups

Rabiha Mahmoud 2, Amira Fadina Ahmad Fadzil 2, Nor Haniza Sarmin &*, Ahmad Erfanian P

2 Department of Mathematical Sciences, Faculty of Science, Universiti Teknologi Malaysia, 81310 Skudai, Johor, Malaysia
b Department of Mathematics and Center of Excellence in Analysis on Algebraic Structures, Ferdowsi University of Mashhad, Mashhad, Iran

* Corresponding author: nhs@utm.my

Article history Abstract
Received 28 February 2017

Accepted 28 March 2017

Let G be a dihedral group and T¢ its conjugacy class graph. The Laplacian energy of the graph,

LE(TE) is defined as the sum of the absolute values of the difference between the Laplacian
eigenvalues and the ratio of twice the edges number divided by the number of vertices. In this research,
the Laplacian matrices of the conjugacy class graph of some dihedral groups and its eigenvalues are
first computed. Then, the Laplacian energy of this graph is determined.
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INTRODUCTION

A graphT is a finite nonempty set of objects called vertices
together with a set of unordered pairs of distinct vertices of T called the
edges (Chartrand et al., 2010). The vertex-set of I is denoted by V (T),
while the edge-set is denoted by E (T).

Let I be a graph with set of vertices V(I') = {1, ...,n} and the set
of edges E(T') = {ey, ..., e,}. The adjacency matrix of I' denoted by
A(D), is an n x n matrix defined as follows: the rows and the columns
of A(T) are indexed by V(T'). If i # j, then the (i, j)-entry of A(T") is O
for nonadjacent and 1 for adjacent vertices i and j. The (i, i)-entry of
A(M)is0fori = {1,..,n} (Beineke and Wilson, 2004). The degree of
vertex i is denoted by dr(i) and the degree matrix on the other hand
denoted by D(I") is defined as D(I") = diag(d;(1),dr(2), ...,dr(n))
which is the diagonal matrix of vertex degrees. Then, the Laplacian
matrix is denoted by L(I') hence is defined as L(I) = D(I) — A(T)
(Teranishi, 2011). Then, the Laplacian energy of the graph T is defined
as the sum of the absolute values of the difference between the
Laplacian eigenvalues and the ratio of twice the edges humber divided
by the vertices number (Gutman and Zhou, 2006). By the Laplacian
eigenvalues of the graph we mean the eigenvalues of its Laplacian
matrix.

Suppose G is a finite group. Two elements a and b of G are said
to be conjugate if there exists an element g € G with gag™ = b
(Rotman, 1995). The conjugacy class of a group G is an equivalence
relation and therefore partition G into some equivalence classes. This
means that every element of the group G belongs to precisely one
conjugacy class. The equivalence class that contains the element a €
G is cl(a) = {gag™':g € G} and is called the conjugacy class of a
(Rotman, 1995). The classes cl(a) and cl(b) are equal if and only if a
and b are conjugate. The class number of G is the number of distinct
(non equivalent) conjugacy classes and we denote it by K(G). In this
paper we introduced the laplacian energy of conjugacy class graph of
dihedral groups.

PRELIMINARIES

In this section some concepts on the conjugacy class graph which
are used in the following section are presented.

Definition 1 (Bertram, et al., 1990)

Let G be a finite group and let Z(G) be the center of G. The vertices
of conjugacy class graph of G are non-central conjugacy classes of G
i.e.V(G) = K(G) — |Z(G)|, where K (G) is the class number of G. Two
vertices are adjacent if their cardinalities are not coprime (i.e. have
common factor).

Theorem 1 (Samaila, et al., 2013)
The conjugacy classes in dihedral group D,, are as follows,
depending on the parity of n.

1. Forodd n:
1.la,a?t, ag a%ai(% Jab,0<i<n-1!.
{1} {22’}

2. Forevenn:

{1}:{a,a1},{a2,a2},...,{an22,a_(n;2j}, {aZib,O <i< ngz} and

a?po<i< =2l
2

Proposition 1 (Mahmoud, et al., 2016)
Let D,,, be a dihedral group of order 2n where n > 3, n € Z*. Then
the conjugacy class graphs of D,,,, are as follows:
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Case 1: For n odd
vertices, namely I'§l = Kn-1.
2

: I‘ginis a complete graph joined with isolated

Case 2: For n and 2 even : Tgl = Kniz.
2

Case 3: Fornevenand % odd :T§ =Knrz UK,.
2

Proposition 2 (Beineke and Wilson, 2004)
The multiplicity of 0 as eigenvalue of L(T') is equal to the number of
connected components of the graph.

Proposition 3 (Bapat, 2010)
The Laplacian matrix of the complete graph K, has eigenvalues 0 with
multiplicity 1 and n with multiplicity n-1.

MAIN RESULTS

In this section we present our main results, namely the Laplacian
energy of the conjugacy class graph of some dihedral groups of order
2n,n = 3,n € Z*. First we found the eigenvalues, the number of edges
and the number of vertices of 5. .
Proposition 4
Let D,, =< a,b|a™ = b?> = 1,bab™' = a~! > he a dihedral group of
order 2n, where n > 3, n € Z* and I'st._ be its conjugacy class graph .

Dan

The Laplacian eigenvalues of I5. are u = 0 with multiplicity 2 and
p = "= with multiplicity ==,

Proof

Consider G = D,, is a dihedral group of order 2n, where n is an ogd

integer and n > 3 by using Proposition 1 T§: is a complete graph Kn-1
2

2n

joined with one isolated vertex, hence by using Proposition 2 the
multiplicity of 0 as Laplacian eigenvalue of I's} is equal to Z-and by

using Proposition 3 the Laplacian eigenvalues of Kn-1 is ngl—with
2
multiplicity nT_l -1= "7_3 that gives u = nT_lwith multiplicity n;B.

Proposition 5
The number of the vertices of the conjugacy class graph of dihedral
group Dy, =< a,bla™ = b? =1,bab™! = a~! >where n is an odd

integer and n > 3 is |V (rg, )| = ==

Proof —
Consider G = D,,, is a dihedral group of order 2n, where n is an odd
integer and n > 3 by using proposition 1, I's}, is a complete graph K»-1

2
joined with one isolated vertex, hence the number of vertices of I's. is
n+1

n-1 _n+1
equal to—+1=—unm
Proposition 6
Let D,, =< a,b|a™ = b?> = 1,bab™! = a~! > be a dihedral group of
order 2n, where n > 3, n € Z* and TS be its conjugacy class graph.

Dan
n?-4n+3

The number of edges of g, is: [E(T5,, )| = ——

2n

Proof

Consider G = D,,, is a dihedral group of order 2n, by using Proposition

118 is a complete graph K»-1 joined with one isolated vertex, from
2

Proposition 3 the number of edges of a complete graph K, is equal to
me |E (Kn_l)

2

, hence the number of edges of Kn-1 is
2

n-1 -1
CHETD  p2-an+3
2 T8

Proposition 7

Let Dg =< a,b|a® = b? = 1,bab™! = a~' > be the dihedral group of
order 6. Then the Laplacian energy of the conjugacy class graph of D,
LE(Tg.) = 0.

Proof

Consider Dg = {1,a,a?, b, ab, a%b}, then the conjugacy classes of Dg
are cl(1) = {1}, cl(a) = {a,a?} and cl(b) = {b, ab, a?b}. This gives
V(g = {cl(a),cl(b)} and ged([cl(a)l,|cl(b)| = 1, hence by the
definition of the conjugacy class graph, I's! is an empty graph and
LE(T§)=10.m

Theorem 2
Let D,,, =< a,bla™ = b? = 1,bab™! = a~! > be a dihedral group of
order 2n, where n is an odd integer, n > 3, n € Z* and TI§. be its
conjugacy class graph. Then the Laplacian energy of I's , LE(ngn) =
2(n?-4n+3)

n+1

Proof
By the definition of the Laplacian energy we have LE(T;) =

2 - - .
LT —Tm|, where p; are Laplacian eigenvalues of Iz, m is the

number of edges and n is the number of vertices. From Proposition 4,
Proposition 5 and Proposition 6 the Laplacian energy of ngn is given
as in the following:

n’-4n+3 n’-4n+3
o \_oln_ 8 n-3\[(n-1 B 8
LE(rg, )=20-2 ] +( - M_Z j —S—
2 2
cl \ _ 2(n*—4n+3)
Hence, LE(Tf ) ==——— =

We illustrate the above theorem with the following example.

Example 1
Let Dy =< a,b|a® = b? = 1,bab~' = a~! > be a dihedral group of
order 10. We have Ff,in = K, joined with isolated vertex, hence

1 -1 0
L(rg) = —01 é 8] and the characteristic equation of L(T's! ) is

det(ul — L) = u3 — 2u? = 0. This gives the eigenvalues u = 0 with
multiplicity 2 and u = 2 with multiplicity 1. Hence, the Laplacian
energy of the conjugacy class graph of Dy,

CONCLUSION

In this paper, the general formula for the Laplacian energy of
conjugacy class graph of dihedral groups D,, is found when n is an

odd integer and n> 3.
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