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Graphs can be related to groups by looking at its vertices and edges. The vertices are comprised of

the elements or sets from the groups and the edges are the properties and conditions for the graph.
Recently, researches on graphs related with groups have attracted many authors. A conjugate graph
of a group is defined as; its vertex set is the set of non-central classes of G, and two distinct vertices A
and B are connected by an edge if and only if they are conjugate. In this research, the conjugacy class
of some finite p-groups are first found. Then, the conjugate graphs are determined.
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INTRODUCTION

Studies on graphs of groups have been done extensively for the
past few years. Also, many researches have been done on p-groups (p
is prime) as in [1-3]. In addition, varieties of graphs have been
introduced by researchers such as conjugate graph which was
introduced by Erfanian and Tolue [4].

Bertram et al. [5] studied the relation between the graph and the
conjugacy classes of groups. In 2001, Segev [6] explored the relation
between finite minimal nonsolvable groups with the commuting graph.
The result showed that the commuting graph has diameter > 3.

In 2006, Akbari et al. [7] determined the diameter of commuting
graph of the group and some of its subgroup. The results showed that if
the graph is commuting graph, then the diameter is at most six for every
field. In the same year, Bundy [8] studied the relation between
commuting graph and its connectivity.

In 2008, Darafsheh [9] studied the relations between the non-
commuting graphs with non-abelian group. He showed that when the
non-commuting graph of a non-abelian group G is isomorphic with the
non-commuting graph of a non-abelian group H, this implies that the
non-abelian group G is isomorphic with the non-abelian group H.

In 2013, Omer et al. [10] investigated the relation between the
graph of conjugacy classes with the probability of metacyclic 2-group
fixes a set. Meanwhile in the same year, Moradipour et al. [11] studied
the relation between non-commuting graphs with some metacyclic 2-
groups.

In 2016, Sarmin et al. [12] explored the relation between the
probability for dihedral group of order 2n and graphs including
generalized conjugacy class graph and orbit graph. In 2010, Darafsheh
et al. [13] studied the characteristics of non-commuting graph of a finite
group including the number of edges and the chromatic number in
general.

PRELIMINARIES

In this section, some basic concepts in group theory and graph theory
that will be used in obtaining the results are provided.

Definition 1 [14] p-Group
A p-group is defined as the group that has its order as prime power,
labelled as p", where p is prime and n is non-negative integers.

Definition 2 [14] Conjugate of an Element
If G is a group and a € G, then a conjugate of a is any element in G of
the form gag* where g € G.

Definition 3 [15] Conjugacy Class of an Element

Leta, b € G. We say a and b are conjugate in G (and call b a conjugate
of a) if x*ax=b for some x in G. The conjugacy class of a is the set
cl(@={x'ax | x €G}.

Definition 4 [16] Graph

A pair of the set vertices, V and the set of edges, E, labelled as T =
(V,E). The elements of V are the vertices of T and the elements of E
are the lines that combine two elements of V.

Definition 5 [17] Complete Graph
A complete graph is a simple graph in which every pairs of distinct
vertices are adjacent. The complete graph with n vertices denoted as K.

Definition 6 [4] Conjugate Graph

A graph is called a conjugate graph, denoted as T5*™ , if it is associated
to a non-abelian group G with vertex set G/Z(G) such that two distinct
vertices are joined by an edge if they are conjugate.
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The classification of groups of order p*is given by Burnside in
[18]. The non-abelian group of order p* that will be focused in this
paper is given in the following:

G=(x,y|xP" =yP* =1,x¥ = xP*1),

RESULTS AND DISCUSSION

This section provides the results of the conjugate graphs for the non-
abelian group G of order p* for p = 2 and 3 given as in the following
theorems.

Theorem 1 Let G = (x,y | xP* = yP* = 1,x¥ = xP*) be a non-
abelian p-group of order p* where p = 2. Then, the conjugate graph of
G, I;°™ is a union of six complete graphs with two vertices.

Proof: Suppose p = 2, then G = (x,y | x* = y* = 1,x¥ = x3). Thus
the elements of G is listed as follows:

G = {1, %2, x3y2, v2, %, %3, y, X3y, xy, X3y, xy2, x3y2, y3, x2y3, xy®, x3y°%}.

By using Definition 3, the conjugacy classes of G are listed in the
following:

iooocl@)={1}
ii. cl(x® = {x%,
i cl(y?) ={xy},
iv. ey’ ={y%},
V. cl(x) = {x, x3} = cl(®),
vi. cl(y) = {y, X%y} = cl(x?y),

Vii. cl(xy) = {xy, x3y } = cl(3y),
viii. cl(xy?) = {xy?, x3?} = cl(x3?),
X, cl(y®) = {y3 X%y} = cl(x?y?),

x. o clxy®) = {xy3, xX°y%} = cl(xy).

From the above, it can be seen that the center of the group G, Z(G) =
{1, X2, y?, xy?}. The order of the group G is 16 and the order of Z(G) is
four. Thus by Definition 6, the vertices of the conjugate graph of the
group G is 12. Each of the six conjugacy classes has size two, hence the
conjugate graph of group G is a union of six complete graphs of Kz, as
presented in Figure 1.
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Fig. 1 The conjugate graph of the group G with p=2.

Theorem 2 Let G = (x,y | xP* = y?* = 1,x¥ = xP*1) be a non-
abelian p-group of order p* where p = 3. Then, the conjugate graph of
G, I;”™ is a union of 24 complete graphs with three vertices.

Proof: Suppose p = 3, then G = (x,y | x° = y° = 1,x¥ = x*). Thus
the elements of G is listed as follows :

G= {1’ X3, XG’ y3, X3y3, X6y3, y6, X3y6, X6 y(il X, X4, )(7l X2 , X5, )(8l Y, X3yl XGy’
XY, X4y, X7y , X2y’ X5y’ X8y, yZ’ X3y2, X6y2’ Xy2’ X4y2, X7y2, X2y2, X5y2, X8y2,
XyS’ X4y3, X7y3, X2y3, X5y3, X8y3, y4, X3y4| X6y4, Xy4, X4y4l X7y4, X2y4l X5y4l
X8y4, y5, X3y5’ X6y5, Xy5, X4y5, X7y5, XZySl X5y5’ X8y5l Xy(il X4y6, X7y6l X2y6l
X5y6, X8y6, y7, X3y7, X6y7, Xy7, X4y7, X7y7, X2y7, X5y7, X8y7, yB’ X3y8, X6y8, Xy8’
X4y8, X7y8, X2y8, X5y8, X8y8}.

By using Definition 3, the conjugacy classes of G are listed in the
following:

i.ocl@)=A{1}
i cl(x®) = {c,
i, cl(x®) = {x°,
iv. cly®) ={y*,
v el(y?) = {x%%,
vi.  cl(xBy®) = { x8y3},
vii. - cly®) = {y°},
viii.  cl(x®y®) = {x%°},
ix.  cl(x®y®) = {xty5},
X, clx)=clx*)=cl(x")={ x, x4, X7},
xi.  cl(®)=cl(x%)=cl(x®)={ x?, x5, x&},
xii.  cl(y)=cl(y)=cl(Cy)={y, x%, x% },
xiii.  cl(xy)=cl(x*y)=cl(x’y)={ xy, x*y, Xy },
xiv.  cl(x?y)=cl(x3y)=cl(x®y)={ x?y, x%, x8y },
xv.  cl(y?)=cl(y?)=cl(x’y?)={ y?, x%? x%y?},
xvi.  cl(xy?)=cl(x*y?)=cl(x"y?)={ xy?, x*y?, x'y?},
xvii.  cl(x? y2)=cl(x®y?)=cl(x8y?)={ x?y?, x%?, x8y?},
xviii.  cl(xy®)=cl(x*y3)=cl(x7y®)={ xy3, x*%3, x7y%},
xix.  cl(x® y3)=cl(x>x3)=cl(x8y3)={ x?y?, x3y3, x8y3},
xx. cly)=cloey)=cl(x’y*)={ y*, x’y*, x4},
xxi.  clxy)=cl(x*y*)=cl(x'y*)={ xy*, x*y*, xy*},
xxii.  cl(x? yH)=cl(x®y*)=cl(x8y*)={ x2y*, x5y*, x8y*},
xxiii.  cl(y®)=cl(x3y®)=cl(xy®)={ y5, x3y®, xby5},
xxiv.  cl(xy®)=cl(x*y®)=cl(x7y5)={ xy°, x*?, Xy},
xxv. el yB)=cl(x®y®)=cl(x®y®)={ x2y5, x35, x8y5},
xxvi.  cl(xy®)=cl(x*y®)=cl(x"y8)={ xy®, x*®, x"y®},
xxvii.  cl(x? y&)=cl(xPy8)=cl(x®y®)={ x?y8, x5y, xBy5},
xxviii. — cl(y")=cl(Cy")=cl(xby")={y7, X3, xby'},
xxix.  cl(xy")=cl(x*y")=cl(xy")={ xy’, %7, X'y},
xxx. ¢l y7)=cl(x5y")=cl(xqy")={ x?%y7, x5y7, xy},
i cl(yB)=cl(y®)=cl(x%y®)={ y&, x%8, xby},
xxxii.  cl(xy8)=cl(x*y®)=cl(x"y®)={ xy8, x*y8, x"y8},
xxxiii. — cl(x? y&)=cl(x%y®)=cl(xBy8)={ x?y8, x5y8, xBy®}.

From the above, it can be seen that the center of the group G, Z(G)

= {1, x3, x5, y3, y8, x3y3, xBy3, x3y6 xby6}. The order of the group G is 81
and the order of Z(G) is nine. Thus by Definition 6, the vertices of the
conjugate graph of the group G is 72. Each of the 24 conjugacy class
has size three, hence the conjugate graph of group G is a union of 24
complete graphs of Ks, as presented in Figure 2.

OPEN 8 ACCESS Freely available online 101



Zulkarnain et al. / Malaysian Journal of Fundamental and Applied Sciences Vol. 13, No. 2 (2017) 100-102

>
A
I )

>
<
>
@
<

x4y X8y A XBy x3y2

;
< >'
R

X7y X6y2
X2 2
XTy2 x4y? x8y2 A XBy2 x4y3
x2y® y*
XBy3 Xoy® Xy A Xyt xTyt Xty
¥

>
pN

<
3]

X8y4 XSy X6 XSy X7

>
o % =< x > <
[3,] w
>
8
<
w

><m£>ff> PP

VAN
WA
A
A

X5y X7 X4y X8y6 X5y6

X6y7 X3y X7 X4y XS A X5y7
X2y8

X6y8 X3y X7 X4y XB A XSyB

Fig. 2 The conjugate graph of the group G with p=3.

CONCLUSION

As a conclusion, the conjugate graphs for the non-abelian groups
of order p*turned out to be the union of six complete graphs with two

vertices and the union of 24 complete graphs with three vertices for p
=2 and p = 3 respectively.
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