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Abstract Accurate rainfall simulation is essential for hydrological risk assessment and water 

resources management. The ARMA-GARCH models effectively capture temporal dependence and 

volatility in rainfall series and copula models are frequently used to represent the joint dependence 

among rainfall stations. However, it is generally assumed that modelling cross-station dependence 

will improve forecasting performance, with limited attention given to whether sufficient residual 

dependence remains after temporal filtering to justify the additional modelling complexity. Hence, 

this study investigates whether incorporating copula-based dependence modelling provides 

additional benefits for rainfall simulation after ARMA-GARCH filtering. Daily rainfall data from three 

meteorological stations were first modelled using ARMA-GARCH, and the standardized residuals 

were transformed to uniform margins. Residual dependence was then evaluated using Kendall's 

tau and empirical upper tail dependence before fitting multivariate copula models. The dependence 

analysis revealed weak residual association among the stations, with Kendall's tau values ranging 

from 0.01 to 0.05. Although weak upper tail dependence was observed at the 90th percentile 

threshold, it decreased to approximately zero at higher thresholds, indicating limited co-occurrence 

of extreme rainfall events after temporal filtering. The forecasting comparison showed that the 

ARMA-GARCH model achieved lower MAE, MSE and RMSE values than the ARMA-GARCH-

copula framework. These findings suggest that, for the selected rainfall stations, modelling the 

remaining cross-station dependence after temporal filtering contributed only modestly to forecasting 

performance. This study highlights the importance of evaluating residual dependence before 

introducing copula-based dependence structures in multisite rainfall modelling. 
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Introduction  
 
Heavy rainfall is a significant factor contributing to natural disasters. The seemingly erratic occurrence 
of heavy rainfall, as a direct consequence of climate change, has garnered concerns due to its direct 
causation to devastative flood disasters [1]. According to the World Health Organization (WHO), flooding 
is often triggered by heavy rainfall, rapid snowmelt, or the storm surge of tropical cyclones, disrupting 
health systems and denying communities access to essential services. It was reported that floods were 
the leading cause of natural disaster-related deaths in the 20th century, accounting for approximately 
6.8 million fatalities [2]. This underscores the necessity of studying rainfall data to mitigate disaster risks 
effectively. Traditional models, such as the Autoregressive Moving Average (ARMA), are widely 
employed to capture the mean behavior of time series and predict short-term trends based on historical 
data. For instance, [3] used various ARMA models to identify the most suitable approach for accurate 
rainfall prediction. Besides that, [4] also used ARMA in forecasting the inflow of Dez dam reservoir. 
However, these models do not address time-varying volatility, which is critical in understanding rainfall 
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dynamics.  
 
To address the limitations of traditional models in capturing time-varying volatility advanced statistical 
frameworks such as the Generalized Autoregressive Conditional Heteroskedasticity (GARCH) model 
have been increasingly adopted. Introduced by Tim Bollerslev in 1986 as an extension of Engle's ARCH 
model, GARCH incorporates lagged conditional variances and squared residuals, enabling it to model 
volatility clustering, a phenomenon where periods of high variability are followed by sustained instability. 
This characteristic is particularly relevant to rainfall patterns, where extreme precipitation episodes often 
cluster temporally, exacerbating flood risks and complicating predictive efforts. Several studies highlight 
GARCH’s utility in modelling time series data [5, 6, 7]. Studies in rainfall data including [8] which proposed 
hybrid ARIMA-GARCH models for serial dependence and volatility in the daily rainfall series. 
Furthermore, [9] use hybrid of seasonal autoregressive integrated moving average (SARIMA)-(GARCH) 
to accounts the conditional variance of the SARIMA model of rainfall time series. The results of the study 
indicate that the hybrid SARIMA–GARCH models best fitted to the transformed rainfall across the humid 
and arid regions.  
 
Univariate approaches are highly effective at capturing temporal dynamics at a single station, but real-
world hydrological hazards are regional phenomena. Consequently, multisite rainfall modelling is 
required to capture daily rainfall variations across a network of spatially distributed gauge stations at the 
same time. The primary challenge in rainfall simulation is capturing the spatial dependency structure, 
which has driven the adoption of copula-based models. According to [10], the absence of an effective 
daily rainfall model at gauge stations limits the ability to accurately represent real-world dependencies. 
Copula models are highly effective in characterizing joint dependence, particularly when extreme values 
are distinctly observable [11]. An example of research that leverages copula includes [12] that 
exemplifies the application of copula-based methods in hydrological research. The research employs 
copula joint distribution models to investigate the spatial and temporal patterns of wet and dry conditions 
across three distinct river reaches. In another application, [13] presented a copula-based bivariate 
modeling framework to quantitatively assess meteorological and ecological droughts. The Gaussian 
copula provided the best fit for the Standardized Precipitation Index (SPI), while the Gumbel copula was 
optimal for the Ecological Index (EI). Furthermore, a study by [14] utilized trivariate copulas to analyze 
flood episodes at the Guillemard Bridge gauging station in the Kelantan River basin, Malaysia. Based 

on Cramer-von-Mises statistics (𝑆𝑛) and 𝑝-values, the Gaussian copula was identified as the best-fit 
model for representing the trivariate dependence structure of the floods.  
 
Recent advancements in the application of ARMA-GARCH-copula frameworks have demonstrated their 
immense versatility in modelling complex dependencies and volatility structures, offering critical insights 
for advanced risk management. In environmental and hydrological research, this integrated approach 
has steadily gained traction for its ability to simultaneously isolate temporal volatility and multivariate 
spatial dependencies. The foundational utility of Autoregressive Moving Average (ARMA) models to 
capture temporal autocorrelation, coupled with Generalized Autoregressive Conditional 
Heteroskedasticity (GARCH) structures to model time-varying volatility and clustering effects, is well 
documented in meteorological literature [8]. To scale these univariate predictions to regional catchments, 
modern researchers frequently pair GARCH processes with copula functions. This mathematical 
coupling enables the characterization of complex, non-linear, and non-Gaussian spatial tail 
dependencies between distinct monitoring stations without losing localized marginal traits or forcing the 
assumption of multivariate normality [15]. Globally, these frameworks have successfully mapped the joint 
probabilities of extreme precipitation events and subsequent severe drainage hazards [16]. 
 

Although the integration of copula models with time-series frameworks has gained increasing attention 
in hydrological forecasting, it is generally assumed that incorporating copula-based dependence 
modelling automatically improves rainfall simulation or forecasting. In many cases, the spatial or cross-
station dependence structure is modelled immediately after the marginal time-series models are 
established, with limited investigation into whether sufficient residual dependence remains after temporal 
filtering [17]. Because ARMA-GARCH models are explicitly designed to filter out serial autocorrelation 
and conditional heteroscedasticity, the resulting standardized residuals often exhibit significantly 
weakened cross-station correlation. Under such circumstances, introducing a highly parameterized 
multivariate copula layer inflates model complexity without yielding meaningful gains in forecasting 
accuracy [18,19]. Despite the practical risk of over-parameterization, this diagnostics-driven question 
has received surprisingly little critical attention in the existing rainfall modelling literature. 
 
Therefore, this study investigates whether incorporating copula-based dependence modelling provides 
additional benefits for rainfall simulation after ARMA-GARCH filtering. Although copula models have 
been widely applied in rainfall studies, it often incorporated without first evaluating whether sufficient 
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residual dependence remains after temporal filtering. Consequently, it remains unclear whether 
modelling the residual dependence using copulas provides additional benefits when the temporal 
dynamics have already been effectively captured by ARMA-GARCH models. This study aims to evaluate 
the applicability of copula-based dependence modelling for rainfall simulation after temporal dependence 
has been accounted for using ARMA-GARCH models. Specifically, the study first models the temporal 
dependence and conditional heteroscedasticity of rainfall series using ARMA-GARCH. The residual 
dependence among the transformed standardized residuals is then assessed using Kendall's tau (𝜏) 
and empirical upper tail dependence before fitting multivariate copula models. Finally, the performance 
of the ARMA-GARCH and ARMA-GARCH-copula frameworks is compared to determine whether 
modelling the remaining cross-station dependence improves rainfall simulation accuracy. 
 

Materials and Methods 
 

Figure 1 illustrates the framework of this study. The initial phase focuses on partitioning the historical 
records and auditing the fundamental statistical properties of the raw data. The dataset is first divided 
into two subsets: a Training Dataset (90%) used for data pre-processing, model fitting and multivariate 
dependence modelling in Phases 1, 2 and 3, and a Testing Dataset (10%) reserved strictly for out-of-
sample validation in Phase 4. Following this partition, descriptive statistics are calculated to profile the 
distribution, central tendency, and variance behavior of each series. A critical step in this phase is the 
evaluation of stationarity in mean. This study initially assesses variance stationarity, followed by mean 
stationarity. When variance is unstable over time, a Box-Cox transformation is utilized to stabilize it. Once 
stationarity is established, the process begins by fitting an ARMA model to capture the linear serial 
correlation in the mean of the series. Then, the residuals are evaluated to determine if they are serially 
correlated and if the residual variance is heterogeneous over time (heteroscedasticity). 
 
Upon confirming the presence of ARCH effects or volatility clustering, a GARCH model is introduced and 
combined with the ARMA process to establish a joint ARMA-GARCH. The standardized residuals from 
the ARMA-GARCH models are subsequently tested for normality. If the residuals are non-normal, 
alternative distributions like the Student-t, skew-t, or Generalized Error Distribution (GED) are 
considered. To capture the spatial dependency, this study integrates copula functions into the time-series 
model. The standardized residuals obtained from the optimal ARMA-GARCH models in Phase 2 are 
transformed into uniform marginal distributions on the interval [0, 1]. Following this transformation, the 
cross-sectional rank correlation between stations is evaluated using non-parametric metrics such as 
Kendall's. Additionally, because concurrent extreme events represent the highest structural or 
environmental risk, joint tail behavior is assessed. This step focuses on upper tail dependence, which 
measures the probability that multiple stations experience simultaneous extreme values.  
 

Next, the residuals are modelled using copula, specifically Gaussian, Student-t and Skewed-t copulas. 
The final phase of the framework focuses on validating the predictive and generative capacity of the 
integrated modelling approach. The validation process begins by generating out-of-sample forecasts on 
the reserved testing dataset, independent ARMA-GARCH models. Next, ARMA-GARCH-Copula model 
is utilized for synthetic data generation. By leveraging the joint dependence structure captured by the 
selected copula, the simulation produces synthetic datasets that replicate both the individual temporal 
properties of each station and the spatial dependencies observed across the network. Finally, a 
quantitative comparison is conducted between the forecasts generated by the ARMA-GARCH models 
and the simulated paths from the ARMA-GARCH-Copula model. Both models are evaluated using error 
metrics such as MAE, MSE, and RMSE. 
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Figure 1. The overall research framework for ARMA-GARCH-Copula model 
 

Study area and data 
The study focuses on the East Coast region of Peninsular Malaysia, specifically the state of Kelantan, is 
unique due to weather conditions and geographical features, making it an ideal location for rainfall 
monitoring. Kelantan experiences significant rainfall, particularly due to its exposure to the Northeast 
Monsoon, which contributes to some of the highest daily rainfall records in the country [20]. According 
to the Malaysian Meteorological Department, Kelantan holds the record for the highest daily rainfall in 
Malaysia, with an extraordinary 698.7 mm recorded in 1981. A major flood event in Kelantan and 
Terengganu in December 2022 was also caused by exceptionally high daily rainfall. Based on a report 
from the National Disaster Management Agency (NADMA), a key trigger was the 340.6 mm of rain 
recorded in Tumpat, Kelantan, on 28 November 2024. 
 
Given the consistently high annual rainfall in Kelantan, this study utilizes meteorological data obtained 
from the Malaysian Meteorological Department across three monitoring stations: Kota Bharu, Kuala Krai, 
and Pos Gob. Table 1 shows the latitude, longitude, and elevations for the stations involved. The daily 
rainfall data covers a 5-year period from 2018 to 2022. Although this period is relatively short for 
climatological trend analysis, this specific timeframe was selected to ensure maximum data 
completeness, minimize missing records across the chosen stations, and capture recent high-intensity 
monsoon behaviors. The rainfall data considered in this study corresponds to the Northeast Monsoon 
season, which occurs from November to March. The data has been split into two groups of training and 
testing data using common ratio of 90:10 [21]. However, data points containing zero values were 
excluded to avoid distortions in the analysis, ensure the validity of statistical transformations, and 
maintain result accuracy. This exclusion is necessary as the daily rainfall datasets often contain a high 
frequency of zero-rain days, which can heavily skew probability distributions and violate the normality 
assumptions required for parametric testing. Furthermore, removing zeros prevents mathematical errors 
during Box-Cox transformations, which strictly require positive data values. Figure 2 displays the map 
showing the geographic locations of the rainfall stations. The red bullets indicate the station use in 
Kelantan.  
 

Table 1. The geographical coordinates for each station. 
 

Stations Elevations (m) Latitude Longitude 

Kota Bharu  4.4 06° 10' N 102° 18' E 

Kuala Krai 68.3 05° 32' N 102° 12' E 

Pos Gob 457 05° 17' N 101° 38' E 
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Figure 2. The location of rainfall stations 
 

Exploratory Data Analysis on Rainfall Data 
The initial stage of the modeling process entails conducting a descriptive statistical analysis to examine 
the fundamental characteristics of the dataset. This step is essential for assessing stationarity in both 
variance and mean, which are critical prerequisites for the robustness and validity of subsequent 
modeling techniques. In cases where the time series exhibits non-stationary in variance, a Box-Cox 
transformation is employed to stabilize the variance. According to [22], the Box-Cox transformation 
shown in Equation (1) is used to transform a skewed distribution into an approximately normal distribution 
by altering the original scale of the data 
 

𝑌𝐵𝐶(𝑌, 𝜆) = 𝑋𝛽 + 𝜎𝑒                                                                               (1) 
 

where 𝑋 is covariates matrix, 𝛽 = (𝛽0, 𝛽1, 𝛽2, … . . , 𝛽𝑘) is vector of regression coefficients, 𝜎 is variance of 

random error and 𝑒 is random error follows standard normal distribution. Meanwhile, the Augmented 
Dickey Fuller (ADF), Phillips–Perron (PP) and Kwiatkowski Phillips Schmidt Shin (KPSS) tests are 
employed to verify the mean stationarity of the time series. For both the ADF and PP tests, the null 
hypothesis shows that the series is non-stationary due to the presence of a unit root, which is tested 
against the alternative hypothesis of stationarity [23,24]. A 𝑝-value less than the chosen significance 
level (typically 0.05) leads to the rejection of the null hypothesis, indicating that the series is stationary. 
For the KPSS test, the null hypothesis of time series stationarity is tested against the alternative 
hypothesis that the series is non-stationary due to the presence of a unit root [24]. In this case, a 𝑝-value 
greater than the chosen significance level (typically 0.05) fails to reject the null hypothesis, confirming 
that the series is stationary. 

 
Box-Jenkins Model 
 
The next part involves the ARMA-GARCH model. The Box-Jenkins methodology serves as the basis for 
ARMA modelling, which effectively addresses autocorrelation in time series data, and is subsequently 
enhanced by GARCH to account for volatility clustering. The Box-Jenkins model is a methodology 
developed by George Box and Gwilym Jenkins (1970) for analyzing and forecasting time series data. 
The methodology emphasizes model identification, estimation, diagnostic validation, and forecasting, 
ensuring models balance simplicity and accuracy. A foundational subset of the Box-Jenkins framework 
is the ARMA (Autoregressive Moving Average) model, which applies to stationary time series. 
 
The ARMA model consists of two part which are Autoregressive (AR) and Moving Average (MA) [25]. 
The ARMA model is highly effective for analyzing time series data, particularly when the data series is 
stationary. These models are well-suited for applications where the time series exhibits stationarity 
without the need for differencing. According to [26] the equation for ARMA model is expressed in 
Equation (2), 
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𝑦𝑡  =  𝜇 +  𝜑1𝑦𝑡−1  + · · ·  + 𝜑𝑝𝑦𝑡−𝑝  + 𝜃1𝑢𝑡−1  + · · ·  +𝜃𝑞𝑢𝑡−𝑞  + 𝑢𝑡                                  (2) 

 

where p and q represent the number of autoregressive and moving average terms,  𝜑1 , . . . . ,  𝜑𝑝 and 

𝜃1 , . . . . , 𝜃𝑞 are the autoregressive and moving average coefficients, and 𝑢𝑡 is the error term. 

 

GARCH Model 
GARCH models are specially created to capture and model heteroskedasticity in time series data, a task 
that ARMA models cannot accomplish. Based on research by [27], the combination of ARMA and 
GARCH allows for the incorporation of multiple types of information and data sources, resulting in more 
accurate and robust forecasts. Heteroskedasticity refers to the phenomenon where the variance of the 
residuals is not constant over time. The foundational ARCH model was developed first, followed by its 
widely used extension, the GARCH model [8]. The basic GARCH model extends the ARCH model by 
including lagged value of both squared residual and past variance. According to [27], the GARCH (𝑚, 𝑠) 
model is expressed as: 
 

𝜀𝑡  =  𝜎𝑡𝑧𝑡                                                                                          (3)  
 

𝜎𝑡
2 = 𝜔 + ∑ 𝛼𝑘

𝑚

𝑘=1

𝛼𝑡−𝑘
2 + ∑ 𝛽1𝜎𝑡−𝑙

2

𝑠

𝑙=1

                                                           (4) 

 

where 𝜀𝑡 is error at time t, 𝜎𝑡 is conditional standard deviation at time t, and 𝑧𝑡 is the standardized residual. 

Besides that, 𝜎𝑡
2 is the conditional variance at time t, 𝜔 is the constant term, 𝛼𝑘 is the coefficient that 

measure the impact of past squared residuals on current variance and 𝛽𝑙 coefficients that measure the 
impact of past variances on current variance. 
 
 

Box-Jenkins-GARCH Model 
Model Estimation  
Parameter estimation determines the optimal parameter values required to accurately capture the 
underlying data-generating process. In the context of Box-Jenkins modeling, parameter estimation 
typically relies on Maximum Likelihood Estimation (MLE). Following the approach of [28], the estimator 
of 𝛿 in the MLE of the ARMA-GARCH model is obtained by solving Equation (5), 
 

𝛿𝑀𝐿𝐸 = max 𝑓(𝛿|𝑦, 𝑥)                                                                            (5) 

𝛿𝜖𝑆𝛿  
 

where 𝑓(𝑦|𝑥, 𝛿) is the likelihood function of the ARMA-GARCH Model, 
 

𝑓(𝑦|𝑥, 𝛿) = ∏
1

√2𝜋𝜎𝑡

𝑇

𝑡=1

exp (−
𝜀𝑡̂

2

2𝜎𝑡
2) ,                                                           (6) 

  

Since the parameter space 𝑆𝛿 for 𝛿 is typically a subset of ℝ𝑘+𝑝+𝑞+𝑟+𝑠+1 a constrained maximum 
likelihood problem must be solved to estimate 𝛿. Here, the dimensions correspond to the k exogenous 
coefficients, p autoregressive terms, q moving average terms, r ARCH parameters, s GARCH 
parameters, and the baseline variance constant, respectively. 

 
According to Naji et al. [21], Maximum Likelihood Estimation (MLE) identifies parameter values that 
maximize the likelihood of observing the empirical data. In the Box-Jenkins, preliminary model estimation 
must satisfy two diagnostic criteria to ensure parameter reliability: the absolute value of the model 
coefficient must exceed twice its standard error, and the 𝑝-value must be statistically significant (p-value 
≤ 𝛼) [29]. Following parameter validation, optimal model selection is determined through information 
criteria, specifically the Akaike Information Criterion (AIC) and Bayesian Information Criterion (BIC). The 
model yielding the lowest information criterion value is selected, balancing goodness-of-fit with model 
parsimony. 
 
Model Selection  
The Akaike Information Criterion (AIC) is employed as the model selection criterion and is computed 
using the following formula: 
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𝐴𝐼𝐶 =  −2 · log 𝐿(𝜃)  +  2𝑘                                                                   (7) 
 

where log 𝐿(𝜃) is the log likelihood and k is the number of parameters. Additionally, other criteria such 
as the Bayesian Information Criterion (BIC) are also significant. The BIC is calculated using the equation: 
 

𝐵𝐼𝐶 =  −2 · log 𝐿(𝜃)  +  𝑘 ·  log(𝑛)                                                           (8) 
 

where log 𝐿(𝜃) is the log likelihood, k is the number of parameters, and n is the sample size. 
 
Diagnostics Checking  
Diagnostic checking is performed to assess the adequacy of the model by examining two key aspects, 
that are the serial correlation and heteroscedasticity in residuals. If the residuals exhibit serial correlation, 
it indicates that the ARMA model is insufficient, requiring modifications such as adjusting the model order 
or incorporating additional terms to improve its fit. The Ljung-Box statistics are used to test for serial 
correlation [30]. This statistic is formally defined in Equation (9), 
 

𝑄𝑀 = 𝑛(𝑛 + 2) ∑
𝑟𝑘

2

𝑛 − 𝑘

𝑀

𝑘=1

                                                                       (9) 

 

where 𝑟𝑘 is the sample autocorrelations, n is the sample size and M is the time lag. 
 

Similarly, if the residuals are heteroscedastic, an ARMA-GARCH model is constructed to account for 
both the mean and variance structures of the data. After fitting the ARMA-GARCH model, the residuals 
are further analyzed for normality. The JB test statistics are used to evaluate the normality of the data 
[31]. This statistic is defined in Equation (10), 
 

𝐽𝐵 = 𝑛 (
𝑆2

6
+

(𝐾 − 3)2

24
)                                                                         (10) 

 
where S is the squares of normalized skewness and K is kurtosis. If the residuals follow a normal 
distribution, the ARMA-GARCH model is finalized. However, if deviations from normality persist, 
alternative distributions such as the student-t distribution, skewed-t distribution, or Generalized Error 
Distribution (GED) are considered to better capture residual behavior. 
 
GARCH Innovation 
Standard normal distributions assume symmetric, average behavior, but real-world data frequently 
exhibits heavy tails and asymmetry. To capture these extremes, GARCH modeling relies on innovations, 
which are unpredictable shocks, residuals, or error terms that drive volatility over time. By modeling these 
innovations using non-normal distributions like the student-t, skewed-t or the Generalized Error 
Distribution (GED), GARCH models can far more accurately capture the sudden extreme shocks. 
  
Student’s t-Distribution 

The Student-𝑡 distribution is a continuous probability distribution that arises when estimating the mean 
of a normally distributed population. According to [32], the probability density function is show as 
Equation (11), 
 

𝑓(𝑧) =
Γ (

𝑣 + 1
2 )

Γ (
𝑣
2) √𝜋𝑣

(1 +
𝑧2

𝑣
)

−
𝑣+1

2

                                                                 (11) 

 

where 𝑧 represents the variable, 𝑣 is for the degrees of freedom, and Γ is the function of gamma. 
Skewed t-Distribution 

The Skewed 𝑡-Distribution is probability distribution used to model data that exhibits both heavy tails 
(leptokurtosis) and asymmetry (skewness). The Skewed 𝑡-Distribution extends the traditional Student’s 
t-Distribution by incorporating a shape parameter to capture asymmetry [32]. The probability density 
function is as Equation (12), 
 

𝑓(𝑧) =  
2

𝜎𝐵 (
𝑣
2 ,

1
2)

(1 +

𝑥 − 𝜉
𝜎
𝑣

)

−
𝑣+1

2

                                                        (12) 
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where 𝜉 determines the skewness, 𝑣 is for the degrees of freedom and 𝐵 (
𝑣

2
,

1

2
) denotes the Beta function. 

 

Generalised Error Distribution (GED) 
GED extends the normal distribution by introducing a shape parameter that allows for the flexible 
modeling of both lighter and heavier tails [32]. The probability density function is as in Equation (13), 
 

𝑓(𝑧) =
𝜅

21+1
𝜅⁄  Γ(1

𝜅⁄ ) 𝜎
𝑒𝑥𝑝 (−

1

2
|
𝓏 − 𝜇

𝜎
|

𝜅

)                                                     (13) 

 

where 𝜇 represents the mean, 𝜎 represents the parameter scale and 𝜅 is the shape parameter that 
determines the tail distribution. 

 

Dependence Measure  
Before fitting the copula model, it is important to examine the dependence structure among the variables. 
Unlike linear correlation measures, copula-based dependence measures can capture nonlinear 
relationships and dependence in the joint distribution. In this study, Kendall's tau is employed to quantify 
the overall strength and direction of pairwise dependence, while tail dependence coefficients are used 
to assess the degree of association in the upper tails of the distribution. These measures provide valuable 
insights into the dependence characteristics of the rainfall data and assist in selecting an appropriate 
copula model for subsequent analysis. 
 

Kendall’s correlation coefficient  
Kendall’s tau serves as a non-parametric metric that quantifies the degree of concordance between two 
observed variables [33]. Kendall’s correlation coefficient (𝜏) can be calculated using Equation (14), 
 

𝜏 =
𝑁𝑐 − 𝑁𝑑

𝑛2 − 𝑛
2

                                                                                   (14) 

 

where 𝑁𝑐 is the number of corresponding ranks, 𝑁𝑑 is the number of inconsistent ranks and n is the 
sample size. 
 
Tail Dependence Measure 
Tail dependence analysis evaluates the probability of a pair of random variables experiencing extreme 
events simultaneously. Generally, tail dependence is categorized into upper and lower tail dependence 
[34]. Since hydro-climatological risk assessments prioritize high-magnitude precipitation events, the 
primary focus is placed on the upper tail dependence. The upper tail dependence coefficient is defined 
as: 
 

𝜆𝑢𝑝 = lim
𝑣→1−

𝑃 {𝑋1 > 𝐹1
−1(𝑣) | 𝑋2 > 𝐹2

−1(𝑣)} > 0                                               (15) 

 

where 𝑣 represents the probability threshold and 𝐹1
−1 and 𝐹2

−1 represent the generalized inverse 
distribution functions of 𝑋1 and 𝑋2 respectively. If the tail dependence coefficient equals zero, 𝑋1 and 𝑋2 
are asymptotically independent, whereas a higher coefficient value indicates stronger tail dependence 
[35]. 
 

Copula  
A copula is a mathematical function that links a multivariate distribution with its univariate marginal 
distributions [36]. Formally, it represents a multivariate cumulative distribution function (CDF) 
characterized by uniformly distributed margins on the interval [0,1]. According to [37], multivariate 
distribution 𝐹 (𝑥1 , . . . , 𝑥𝑛) can be expressed in terms of copula, C and its marginal distribution, 𝐹𝑋𝑛

 (𝑥𝑛). 

 
 𝐹(𝑥1 , . . . , 𝑥𝑛)  =  𝐶 (𝐹𝑋1

 (𝑥1), . . . , 𝐹𝑋𝑛
 (𝑥𝑛)) 

 (16) 
 𝐶(𝑢1, 𝑢2 , … , 𝑢𝑛) = 𝐹(𝐹1

−1(𝑢1), … , 𝐹𝑛
−1(𝑢𝑛))  

 𝐶 ∶  [0, 1]𝑛  →  [0, 1] 
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where 𝐹𝑋1
 (𝑥1), . . . , 𝐹𝑋𝑛

 (𝑥𝑛) represents the marginal distribution function for n variables and 

𝐹1
−1(𝑢1), … , 𝐹𝑛

−1(𝑢𝑛) represents the marginal distribution inverse function for n variables. 
 
Copulas are broadly categorized into families based on their mathematical structure and dependence 
properties. The two most prominent families are Archimedean and Elliptical copulas [38]. Elliptical 
copulas are derived from elliptical distributions, such as the Gaussian (normal) and Student-t 
distributions. Common Archimedean copula are Clayton, Frank and Gumbel. This work concentrates on 
the Elliptical copula family, particularly the Gaussian and Student-t and Skew-t copulas, owing to their 
appropriateness for modeling symmetric and linear dependency patterns typically found in standardized 
rainfall data. 
 
Gaussian 

The Gaussian copula, which originates from the multivariate normal distribution, serves as a 
mathematical function designed to model the dependence structure among random variables [39]. 
Gaussian copulas allow for arbitrary marginal distributions and use the copula function to describe the 
dependency structure. According to [40], the density function of Gaussian copula is defined by Equation 
(17), 
 

𝑐𝐑(𝑢1, 𝑢2 , 𝑢3) =
1

|𝐏|
1

2⁄
exp (

1

2
𝐪𝑇(𝐈 − 𝐏)𝐪)                                                     (17) 

 

For this trivariate case, 𝐏 represents the symmetric linear correlation matrix defined as: 
 

𝐏 = [
1 𝜌12 𝜌13

𝜌21 1 𝜌23

𝜌31 𝜌32 1
] 

 

where 𝐪 = (𝑞1 , 𝑞2 , 𝑞3)𝑇 is the vector of normal scores, 𝐈 is the 3 × 3 identity matrix. 
 
Student-t  
The Student-t copula is derived from the multivariate Student-t distribution and is particularly useful for 
capturing tail dependence. According to [40], the density function of Student-t copula is then defined as 
follows: 
 

𝑐𝑣,𝐏
𝑡 (𝑢1, 𝑢2 , 𝑢3) =

𝑓𝑣,𝐏(𝑡𝑣
−1(𝑢1), 𝑡𝑣

−1(𝑢2), 𝑡𝑣
−1(𝑢3))

∏ 𝑓𝑣
3
𝑖=1 (𝑡𝑣

−1(𝑢𝑖))
                                                   (18) 

 

where 𝑓𝜈,𝐏 is the joint density of a 𝑡3(𝜈, 𝟎, 𝐏)-distributed random vector, 𝑓𝜈 is the density of the univariate 

standard 𝑡-distribution with 𝜈 degrees of freedom and 𝐏 is the correlation matrix. The degrees of freedom 
parameter, denoted as 𝜈, plays an important role in determining the strength of dependence in the tails 
of the distribution. Specifically, lower values of 𝜈 correspond to stronger tail dependence, while higher 
values result in weaker tail dependence. In the limiting case, as 𝜈 approaches infinity, the Student-t 
copula converges to the normal copula, which lacks tail dependence [38]. 
 
Skew -t  

The skew-t distribution is a flexible probability distribution that generalizes the Student-t distribution by 
incorporating a skewness parameter, enabling the modeling of asymmetric, heavy-tailed data. As 
described in Yusof and Syed Jamaludin [40], it is constructed by skewing the density of the Student-t 
distribution. According to [41], a copula is categorized as a skew t3,ν-copula if: 
 

𝐶3.𝑣(𝑢1, 𝑢2 , 𝑢3; 𝝁, 𝐏, 𝛄) = 𝐺3,𝑣 (𝐺1,𝑣 
−1 (𝑢1; 𝜇1 , 𝜎11; 𝛼1), 𝐺1,𝑣 

−1 (𝑢2; 𝜇2, 𝜎22; 𝛼2), 𝐺1,𝑣 
−1 (𝑢3; 𝜇3 , 𝜎33; 𝛼3); 𝝁, 𝐏, 𝛄)  (19) 

 

Where 𝝁 is the location vector, 𝐏 is the matrix,  𝛄 is the skewness vector, 𝐺1,𝑣 
−1  denotes the inverse of the 

univariate 𝑡1,𝑣  distribution function and 𝐺3,𝑣  is the distribution function of the trivariate skew 𝑡𝑝,𝑣 

distribution with the density. 
 

The density function of the associated copula as defined in [42], is given by: 
 

𝑔3,𝑣(𝐱; 𝛍, 𝐏, 𝛄) = 2 ∙ 𝑡3,𝑣(𝐱; 𝐏) ∙ 𝑇1,𝑣+3 [𝛄𝑇𝐱 (
𝑣 + 3

𝐱𝑇𝐏−1𝐱 + 𝑣
)

1
2⁄

]                                     (20) 
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where 𝑡3,𝑣(𝐱; 𝐏) is the probability density function (PDF) of the trivariate skew-𝑡 distribution, evaluated at 

the vector of transformed variables 𝐱, with correlation matrix 𝐏, skewness vector 𝜸, and 𝑣 degrees of 
freedom. 
 
The selection of the optimal copula model follows criteria that prioritize choosing models with the smallest 
AIC and BIC values. This approach not only aligns with best practices in dependence modeling but also 
strengthens the results by finding the most suitable copula. 

 

Forecasting 
ARMA-GARCH Model  
In this study, model evaluation is conducted using testing datasets to assess final forecasting accuracy. 

This process helps avoid overfitting training data and ensures reliability in real-world scenarios. 
According to [43], for a fitted ARMA(p,q)-GARCH(m,s) model, the equations used for forecasting are as 
follows: 
 
Conditional Mean Equation (ARMA): 
For the l-step-ahead forecast, the formula is derived from the ARMA model structure: 

 

𝑟̂ℎ(ℓ) = 𝐸(𝑟ℎ+ℓ|𝐹ℎ) = 𝜑0 + ∑ 𝜑𝑖𝑟̂ℎ(ℓ − 𝑖) − ∑ 𝜃𝑖𝑎ℎ(ℓ − 𝑖)

𝑞

𝑖=1

𝑝

𝑖=1

                                   (21) 

 

where 𝑟̂ℎ(ℓ) is the ℓ-step-ahead forecast of the return 𝑟ℎ+ℓ and 𝐸(𝑟ℎ+ℓ|𝐹ℎ) is represents the conditional 
expectation. ∑𝜑𝑖𝑟̂ℎ(ℓ − 𝑖) (AR component) is the forecast depends recursively on its own previous 
forecasts. While ∑ 𝜃𝑖 𝑎ℎ(ℓ − 𝑖) (MA component) is the part that incorporates the forecasted shocks. 
 
Conditional Variance Equation (GARCH): 

In the GARCH(1,1) model, multistep-ahead forecasts are generated by using the relation 𝑎𝑡
2 = 𝜎𝑡

2𝜀𝑡
2 and 

rewriting the volatility equation as: 
 

𝜎𝑡+1
2 = 𝛼0 + (𝛼1 + 𝛽1)𝜎𝑡

2 + 𝛼1𝜎𝑡
2(𝜀𝑡

2 − 1)                                                      (22) 

 
where α1 is the ARCH parameter that measures how much volatility is influenced by past squared shocks 
and β1 is the GARCH parameter that measures volatility persistence from past conditional variance. 
 
ARMA-GARCH-Copula Model  
This paper outlines an integrated methodological framework for generating synthetic multivariate rainfall 
data by combining univariate time-series models with multivariate copula functions. The implementation 
process is executed through the following step-by-step approach: 
 
Step 1: Apply an ARMA-GARCH model to the daily rainfall data of each individual meteorological station 
to filter out localized temporal trends, conditional means, and time-varying volatility. 
 
Step 2: Following the estimation of the ARMA-GARCH model, the standardized residuals were modelled 
using four alternative conditional distributions, namely the Normal, Student-t, Skewed Student-t, and 
Generalized Error Distribution (GED). These distributions were considered to accommodate different 
residual characteristics, including skewness and heavy-tailed behaviour, which are commonly observed 
in rainfall time series. The most appropriate residual distribution was selected based on the Akaike 
Information Criterion (AIC) and Bayesian Information Criterion (BIC). The selected model was 
subsequently used to generate standardized residuals for copula modelling. 
 

Step 3:  Extract the residuals from the fitted ARMA-GARCH with innovation models for all three locations 
and standardize these residuals. 
 

Step 4: Convert the standardized residuals into uniform marginal distributions constrained to the [0,1] 
interval. This is achieved by applying the cumulative distribution function (CDF) corresponding to the 
parametric distribution of the ARMA-GARCH residuals. 
 
Step 5: Assess the dependence structure of the uniformly transformed data using Kendall's tau and tail 
dependence coefficients. Kendall's tau is employed to quantify the strength and direction of pairwise 
dependence between rainfall series, while the upper tail dependence coefficients is used to evaluate the 
extent of dependence during extreme rainfall events.  
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Step 6:  Fit the trivariate copula models (Gaussian, Student-𝑡, and Skew-𝑡) to the uniformly transformed 
data to capture the joint spatial and tail-dependence structures across the three stations. 
 
Step 7: Utilize the best-fitting copula model (selected via AIC/BIC criteria) to simulate a large, dependent 

vector of uniform random variables (𝑢̂1 , 𝑢̂2 , 𝑢̂3). 
 
Step 8: Transform the simulated uniform variables back into the standardized residual scale by applying 
the inverse CDF (quantile function) with the previously estimated location-specific parameters. 
 
Step 9: Reintroduce the ARMA-GARCH temporal structure to the simulated residuals. Finally, convert 
these values back to the original physical rainfall scale (mm) using an inverse Box-Cox transformation 
with location-specific shape parameters (𝜆). The final output yields synthetic daily rainfall series that 
accurately preserve both individual temporal dynamics and joint spatial dependence structures. 

 
Model Evaluation 
The forecast results are used to evaluate the accuracy of the model predictions. The error metrics 
considered are Mean Absolute Error (MAE), Mean Squared Error (MSE), and Root Mean Squared Error 
(RMSE), which are standard measures for assessing the performance and predictive accuracy of time 
series models. The MAE, MSE, and RMSE are defined in Equations (23), (24), and (25), respectively. 
 

(a) Mean Absolute Error (MAE) 
According to [44], the mean absolute error (MAE) is the average of the absolute distance between the 
observed and predicted value. The MAE is calculated by using: 
 

𝑀𝐴𝐸 =
1

𝑛
∑ |𝑦𝑡 − 𝑦𝑡

′|

𝑛

𝑡=1

                                                                            (23) 

 

where n is the sample size, 𝑦𝑡 is the actual value, and 𝑦𝑡
′  is the predicted value. 

 
(b) Mean Squared Error (MSE) 

According to [46], the Mean Squared Error (MSE) is a risk metric that calculates the average of the 
squared residuals. This squaring operation ensures that more substantial prediction errors contribute 
more significantly to the total error. The equation of MSE is given by: 
 

𝑀𝑆𝐸 =
1

𝑛 
∑(𝑦𝑡 − 𝑦𝑡

′)2

𝑛

𝑡=1

                                                                         (24) 

 

where n is the sample size, 𝑦𝑡 is the actual value, and 𝑦𝑡
′ is the predicted value. 

 

(c) Root Mean Squared Error (RMSE) 
RMSE is a measure of the dispersion of residuals, indicating how closely the data points cluster around 
the best-fit line [46]. The formula for RMSE is as follows: 
 

𝑅𝑀𝑆𝐸 = √
1

𝑛
∑(𝑦𝑡 − 𝑦𝑡

′)2

𝑛

𝑡=1

                                                                    (25) 

 

where n is the sample size, 𝑦𝑡 is the actual value, and 𝑦𝑡
′ is the predicted value. 

 

Results and Discussion  
 
This section presents a comprehensive analysis of the study’s findings. It begins with a detailed 
exploration of descriptive statistics, which serve to characterize the core properties of the data, including 
central tendencies, dispersion, and distributional shapes. Subsequently, the results of the ARMA model 
are discussed, and the analysis is extended with the GARCH model. Finally, a copula model is used to 
examine the dependency structure providing deeper insights into their relationships. 
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Exploratory Data Analysis on Rainfall Data 
Table 2 provides a suite of descriptive statistics, presented to summarize the central tendencies, 
variability, and distributional shapes of the rainfall data for each location. The measures include the 
mean, median, minimum, maximum, standard deviation, skewness, and kurtosis. Kota Bharu records 
the highest mean daily rainfall at 21.83 mm, closely followed by Kuala Krai at 21.33 mm, while Pos Gob 
exhibits a substantially lower average of 15.58 mm. Additionally, the kurtosis values for all stations 
exceed 3, implying the presence of heavier tails than in a normal distribution. In practice, this 
characteristic indicates a greater risk of extreme rainfall events, emphasizing the significance of using 
advanced statistical models capable of capturing such non-normal behavior. 

 
Table 2. The descriptive statistics of the rainfall data for each station. 

 

Stations Mean Standard Deviation Skewness Kurtosis 
Coefficient of 
Variation (%) 

Kota Bharu  21.83 43.09 5.22 47.22 197.38 

Kuala Krai 21.33 35.73 2.88 12.14 167.53 

Pos Gob 15.58 16.26 1.69 5.24 104.35 

 
To resolve distributional asymmetries and stabilize conditional variance prior to time-series modelling, a 

Box-Cox transformation was deployed. The procedure yielded optimal 𝜆 (lambda) values of 0.1 for both 
Kota Bharu and Kuala Krai, and 0.2 for Pos Gob. Since these values deviate significantly from 1, the 
transformation was necessary to address the non-stationarity in variance across all stations. 
Furthermore, Table 3 reveals the result of stationarity tests. All stations exhibit stationarity in the mean, 
as confirmed by the Augmented Dickey-Fuller (ADF) and Phillips-Perron (PP) test results, which yielded 
p-values below 0.05 for each station. This indicates that the null hypothesis of non-stationarity is rejected 
at the 5% significance level, validating the stationarity in the mean for all stations. Additionally, the 
Kwiatkowski-Phillips-Schmidt-Shin (KPSS) test results, with values greater than 0.05, support the 
conclusion of stationarity, as the null hypothesis of stationarity is not rejected at the 5% significance level. 

 
Table 3. The result of stationarity test. 

 

Stations ADF (p-value) PP (p-value) KPSS (p-value) Stationarity 

Kota Bharu  0.01 0.01 0.1 

Kuala Krai 0.01 0.01 0.1 

Pos Gob 0.01 0.01 0.1 

 

Box-Jenkins-GARCH Model Identification  
Based on the previous analysis, the daily rainfall series has shown stationary patterns over time. 
Therefore, an ARMA(p,q) model serves as the appropriate Box-Jenkins for modeling the daily rainfall 
data.  
 

Model estimation and Diagnostic Checking  
This study utilizes the auto.arima() function in R, which automatically identifies the optimal parameters 
for the Autoregressive Integrated Moving Average (ARIMA) model. Based on the AIC, BIC and 
parameter significance value, the ARMA(2,1) model is selected as the most suitable for Kota Bharu 
station, the ARMA(2,3) model for Kuala Krai station, and the ARMA(2,0) model for Pos Gob station. 
These models are chosen as they are statistically significant at the 5% significance level. Among all 
models for Kota Bharu station, the ARMA(2,1) model has the lowest AIC and BIC values of 1763.73 and 
1783.457, respectively. Similarly, for Kuala Krai station, the ARMA(2,3) model has the lowest AIC and 
BIC values of 1557.87 and 1585.146, respectively. On the other hand, the ARMA(2,0) model is selected 
for Pos Gob station, as it has the lowest AIC and BIC values of 1453.61 and 1469.62, respectively. Table 
4 presents the subsequent parameter estimates and their associated standard errors (S.E) for the 
selected best-fit ARMA models at the three stations. The distinct model structures for Kota Bharu, Kuala 
Krai, and Pos Gob reflect the unique temporal patterns and dynamics inherent to each location’s data. 
These differences likely arise from a confluence of localized factors, including topography, land use, and 
microclimatic conditions. 
 
 
 
\ 
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Table 4. Result for estimated ARMA model parameters 
 

 
Kota Bharu 
ARMA (2,1) 

Kuala Krai 
ARMA (2,3) 

Pos Gob  
ARMA (2,0) 

Coefficients Estimates S.E Estimates S.E Estimates S.E 

𝜑1 1.1259 0.0960 0.9842 0.0614 0.1361 0.0492 

𝜑2  -0.2055 0.0657 -0.8424 0.0644 0.1535 0.0492 

𝜃1 -0.8061 0.0783 -0.6216 0.0678 - - 

𝜃2 - - 0.6092 0.0649 - - 

𝜃3 - - 0.3104 0.0620 - - 

 
To mathematically validate the adequacy of these selected ARMA configurations, diagnostic checks 
were systematically performed on their estimated residuals. The linear dependencies were evaluated 
using the Ljung-Box test, which operates under the null hypothesis (𝐻0) that the residuals are 
independently and identically distributed with no serial correlation. As presented in Table 5, the empirical 
𝑝-values for all three stations comfortably exceed the 0.05 significance threshold, for example Pos Gob 
𝑝-values = 0.9971. Consequently, 𝐻0 cannot be rejected, confirming that the chosen ARMA frameworks 
successfully and exhaustively captured the linear autocorrelation structure within the daily rainfall time 
series. However, ensuring linear adequacy is insufficient for volatile hydrometeorological data. Thus, the 
raw residuals were subsequently tested for time-varying volatility clustering using the Engle ARCH 
Lagrange Multiplier (ARCH-LM) test. This test evaluates the null hypothesis (𝐻0) that no conditional 
heteroskedasticity exists in the residuals. In contrast to the linear diagnostic results, the empirical 𝑝-
values for Kota Bharu (0.0440), Kuala Krai (0.0360), and Pos Gob (0.0010) all fall strictly below the 0.05 
significance level as shown in Table 6. As a result, the null hypothesis of homoskedasticity is decisively 
rejected across all locations, providing robust empirical evidence of significant ARCH effects (volatility 
clustering) and formal justification for extending the framework to a conditional variance (GARCH) model. 
 

Table 5. The Ljung-Box test 
 

Stations Test Statistics p-value Decision (at 5% level) Autocorrelation 

Kota Bharu  23.138 0.2821 Fail to Reject 𝐻0 

Kuala Krai 7.6573 0.9939 Fail to Reject 𝐻0 

Pos Gob 6.8641 0.9971 Fail to Reject 𝐻0 

 

Table 6. The ARCH-LM test 
 

Stations Test Statistics p-value Decision (at 5% level) ARCH Effect 

Kota Bharu  11.401 0.0440 Reject 𝐻0 

Kuala Krai 45.326 0.0360 Reject 𝐻0 

Pos Gob 29.467 0.0010 Reject 𝐻0 

 
The GARCH model captures the time-varying volatility (heteroskedasticity) in the residuals of the ARMA 
model. The aim of this GARCH model was to improve modeling by taking into account past conditional 
variance (volatility) in such a way that it is dependent on previous return values [47]. The order of the 
GARCH model is determined based on the Autocorrelation Function (ACF) and Partial Autocorrelation 
Function (PACF) of the squared residuals of the ARMA model as shown in Figure 3. The diagnostic plots 
in Kota Bharu (Figure 3a) exhibited a significant spike at lag 1 in the PACF alongside a gradual geometric 
decay up to lag 2 in the ACF. Kuala Krai (Figure 3b) displayed prominent, highly isolated spikes strictly 
at lag 1 for both functions and Pos Gob (Figure 3c) revealed significant spikes at the first lag with minor 
lingering decay into the second lag. Given that the significant conditional heteroskedasticity across all 
stations was concentrated within these initial lags, a comprehensive suite of low order specifications, 
specifically GARCH(1,1), GARCH(1,2), GARCH(2,1), and GARCH(2,2), was evaluated to select the 
most parsimonious and statistically optimal framework for each location. 
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Figure 3. The squared residuals of ACF and PACF plots of the (a) Kota Bharu, (b) Kuala Krai, (c) Pos Gob. 
 

Subsequent analysis guided by these diagnostics led to distinct ARMA-GARCH frameworks for each 
monitoring station, as summarized in Table 7. Specifically, an ARMA(2,1)-GARCH(1,1) model was 
selected for Kota Bharu, an ARMA(2,3)-GARCH(2,2) model for Kuala Krai, and an ARMA(2,0)-
GARCH(1,1) model for Pos Gob. The estimated parameters reveal varying degrees of persistence in 
both the conditional mean and conditional variance across the stations. For instance, the autoregressive 
parameter 𝜑1 is prominent in Kota Bharu (0.5928) and Kuala Krai (0.2494), indicating notable short-term 
memory in the mean process, whereas Pos Gob's mean structure relies entirely on its second-order lag 
(𝜑2 = 0.0094). In terms of volatility dynamics, all stations exhibit high volatility persistence, as evidenced 
by the GARCH coefficients (𝛽). This persistence is especially strong in Kota Bharu (𝛽1 = 0.9810) and 
Pos Gob (𝛽1 = 0.9402), suggesting that volatility shocks (periods of highly fluctuating or extreme data) 
take a considerable amount of time to decay. In contrast, Kuala Krai distributes its volatility memory 
across two lags (𝛽1 = 0.7034 and 𝛽2 = 0.2410). 
 

Table 7. Result for estimated ARMA-GARCH model parameters 
 

 
Kota Bharu 

ARMA (2,1)-GARCH(1,1) 
Kuala Krai 

ARMA (2,3)-GARCH(2,2) 
Pos Gob  

ARMA (2,0)-GARCH(1,1) 

Coefficients Estimates S.E Estimates S.E Estimates S.E 

𝜇 0.0070 0.1201 0.0011 0.1146 -0.0512 0.0761 

𝜑1 0.5928 0.5815 0.2494 0.0274 0.0007 0.0502 

𝜑2  -0.0085 0.0517 -0.9325 0.0672 0.0094 0.0508 

𝜃1 -0.5948 0.5794 -0.2215 0.0552 - - 

𝜃2 - - 0.9531 0.0552 - - 

𝜃3 - - 0.0105 0.0399 - - 

𝜔 0.1082 0.0934 0.1335 0.1632 0.0407 0.0579 

𝛼1 0.0000 0.0160 0.0230 0.0773 0.0416 0.0295 

𝛼2 - - 0.0000 0.0770 - - 

𝛽1 0.9810 0.0107 0.7034 0.0574 0.9402 0.0524 

𝛽2 - - 0.2410 0.0557 - - 

 
The Jarque-Bera (JB) test is a test that measures how much the skewness and kurtosis of the dataset 
differs from those of a standard normal distribution. In this study, a significance level of α = 0.05 was 

a b 

c 
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used for the normality test. The decision to accept or reject the normality assumption is based on the p-
value derived from the JB test. A p-value > 0.05 indicated normality, while a p-value ⩽ 0.05 led to its 
rejection. Notably, for the ARMA-GARCH models in Kota Bharu and Kuala Krai, the p-values were 
0.0086 and 0.0414 as shown in Table 8, respectively, both of which are significantly lower than the 0.05 
threshold. This indicates that the assumption of normality is not met by these two locations. In contrast, 
Pos Gob has a p-value of 0.0686, which exceeds the 0.05 threshold, suggesting that the normality 
assumption is satisfied for this location. 
 

Table 8. The Jarque-Bera test 
 

Stations Test Statistics p-value Decision (at 5% level) Normality 

Kota Bharu  9.5138 0.0086 Reject 𝐻0 

Kuala Krai 6.3690 0.0414 Reject 𝐻0 

Pos Gob 5.3589 0.0686 Accept 𝐻0 

 
Since normality assumption is not satisfied for Kota Bharu and Kuala Krai, additional distributions of 
GARCH such as the t -distribution, skew-t distribution, and Generalized Error Distribution (GED), are 
considered. Table 9 and Table 10 present the results of the ARMA-GARCH model for Kota Bharu and 
Kuala Krai using these alternative distributions. As shown in Table 9, the ARMA-GARCH model with 
Generalized Error Distribution (GED) innovations achieves the lowest information criteria (AIC = 4.5823; 
BIC = 4.6649). This indicates that capturing heavy-tailed behavior via the GED framework provides a 
superior statistical fit over standard symmetric or skewed distributions. To verify model adequacy, Ljung-

Box diagnostic tests (𝑄 and 𝑄2) were conducted on the standardized (𝜀𝑡) and squared standardized (𝜀𝑡
2) 

residuals at lags 10 and 15. At lag 10, the model exhibits minor residual dependence, with 𝑝-values 

falling slightly below the standard threshold (𝑝 = 0.0354 for 𝑄; 𝑝 = 0.0452 for 𝑄2), refer (Table 9, LBQ 
(10) and LBQ2 (10)). However, at the extended lag 15, the 𝑝-values increase substantially and 
comfortably exceed the 0.05 significance level (𝑝 = 0.1752 for 𝑄; 𝑝 = 0.1129 for 𝑄2), refer (Table 9, LBQ 
(15) and LBQ2 (15)). This lack of serial correlation and conditional heteroscedasticity at higher lags 
confirms that the GED-specified model successfully filters out the underlying temporal dependencies, 
establishing its overall statistical robustness for empirical analysis.  
 
Similarly, Table 10 outlines the parameter estimations, information criteria, and diagnostic checks for the 
ARMA-GARCH model applied to the Kuala Krai station across the four innovation distributions. 
Consistent with the findings from Kota Bharu, the model utilizing the Generalized Error Distribution (GED) 
innovations yields the most optimal performance, achieving the lowest information criteria with an AIC of 
4.2628 and a BIC of 4.3913. For the optimal GED specification, the diagnostic tests yield highly favorable 

results. The 𝑝-values for the standardized residuals are 0.9842 at lag 10 and 0.9981 at lag 15, while the 
𝑝-values for the squared standardized residuals are 0.5635 at lag 10 and 0.2661 at lag 15. These 
diagnostic outcomes confirm that the ARMA-GARCH model with GED innovations successfully captures 
the underlying dynamics of the series, ensuring its statistical validity and robustness. However, Pos Gob 
station exhibits normal behavior. Therefore, no additional innovation distribution of GARCH is required, 
and the estimated parameters from Table 7 are applied. 
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Table 9. Result for estimated ARMA-GARCH model parameters with GARCH innovation for Kota Bharu station 
 

Parameter 

Innovations 

Normal t Skew-t GED 

Parameter Estimations (Standard Error) 

𝜇 0.0070 (0.1201) 0.0100 (0.1251) 0.0255 (0.1182) -0.0956 (0.0884) 

𝜑1 0.5928 (0.5815) -0.8126 (0.2671) 0.5958 (0.7012) 0.6120 (0.2085) 

𝜑2 -0.0085 (0.0517) 0.0227 (0.0534) -0.0187 (0.0523) -0.0335 (0.0497) 

𝜃1 -0.5948 (0.5794) 0.8134 (0.2629) -0.5955 (0.6959) -0.6580 (0.2027) 

𝜔 0.1082 (0.0934) 0.0060 (0.0651) 0.0067 (0.0632) 0.0062 (0.0508) 

𝛼1 0 (0.0160) 0 (0.0118) 0 (0.0114) 0 (0.0089) 

𝛽1 0.9810 (0.0107) 0.9990 (0.0001) 0.999 (0.0001) 0.9990 (0.0000) 

𝜁 - - 0.7842 (0.0747) - 

ν - 99.9992 (84.8732) 59.9998 (41.0067) 4.0428 (0.5773) 

 Information Criterion  

AIC 4.6268 4.6341 4.6262 4.5823 

BIC 4.6991 4.7168 4.7192 4.6649 

 Diagnostics Checking (p-values) 

LBQ (10) 15.4660 (0.1160) 14.9780 (0.1329) 15.4360 (0.1169) 19.4040 (0.0354) 

LBQ (15) 15.9920 (0.3826) 15.6260 (0.4073) 15.9630 (0.3845) 19.9150 (0.1752) 

LBQ2 (10) 15.0870 (0.1289) 13.8530 (0.1798) 15.0460 (0.1304) 18.6260 (0.0452) 

LBQ2 (15) 17.7090 (0.2783) 16.4900 (0.3502) 17.7260 (0.2773) 21.8110 (0.1129) 

 
Table 10. Result for estimated ARMA-GARCH model parameters with GARCH innovation for Kuala Krai station 

 

Parameter 

Innovations 

Normal t Skew-t GED 

Parameter Estimations (Standard Error) 

𝜇 0.0011 (0.1146) -0.0030 (0.1094) -0.0016 (0.1119) -0.0535 (0.1096) 

𝜑1 0.2494 (0.0274) 0.3435 (0.3053) 0.2551 (0.0790) 0.2390 (0.0844) 

𝜑2 -0.9325 (0.0672) -0.8107 (0.1776) -0.9074 (0.1971) -0.9443 (0.0553) 

𝜃1 -0.2215 (0.0552) -0.3243 (0.3200) -0.2237 (0.0912) -0.2399 (0.1169) 

𝜃2 0.9531 (0.0552) 0.8409 (0.1692) 0.9332 (0.1563) 0.9645 (0.0522) 

𝜃3 0.0105 (0.0399) -0.0255 (0.0694) 0.0069 (0.0671) -0.0145 (0.0754) 

𝜔 0.1335 (0.1632) 0.0062 (0.0574) 0.0068 (0.0566) 0.1062 (0.1291) 

𝛼1 0.0230 (0.0773) 0 (0.0154) 0 (0.0166) 0.0251 (0.0704) 

𝛼2 0 (0.0770) 0 (0.0159) 0 (0.0178) 0 (0.0742) 

𝛽1 0.7034 (0.0574) 0.0235 (0.0014) 0.0289 (0.0028) 0.6482 (0.0858) 

𝛽2 0.2410 (0.0557) 0.9755 (0.0001) 0.9701 (0.0004) 0.3011 (0.0831) 

𝜁 - - 0.8752 (0.0940) - 

ν - 99.9999 (97.0102) 59.9999 (45.3090) 3.4107 (0.5808) 

 Information Criterion  

AIC 4.2892 4.2995 4.3027 4.2628 

BIC 4.4069 4.428 4.4419 4.3913 

 Diagnostics Checking (p-values) 

LBQ (10) 2.4286 (0.9919) 2.0763 (0.9957) 2.1252 (0.9953) 2.8756 (0.9842) 

LBQ (15) 3.5109 (0.9990) 3.0752 (0.9995) 3.3686 (0.9992) 3.8895 (0.9981) 

LBQ2 (10) 7.1184 (0.7142) 8.1790 (0.6114) 7.0527 (0.7205) 8.6716 (0.5635) 

LBQ2 (15) 15.9900 (0.3827) 15.9970 (0.3822) 15.6480 (0.4058) 17.935 (0.2661) 

 

Fitting Copula  
Before selecting and fitting a copula model, it is essential to conduct a preliminary non-parametric 
dependence analysis. Following the ARMA–GARCH modelling, the standardized residuals are 
transformed into uniform variables using their corresponding cumulative distribution functions, satisfying 
the marginal uniformity requirement for copula modelling. This transformation ensures that the 
dependence structure can be modelled independently of the marginal distributions, thereby improving 
the validity of the fitted copula. Subsequently, Kendall's tau is employed to assess the overall pairwise 
dependence among the rainfall stations. The results from the Kendall tau test presented in Table 11 
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provide foundational insights into both the overall correlation structure and the extreme tail behavior of 
the precipitation or hydrological variables between the stations of Kota Bharu, Kuala Krai, and Pos Gob.  
 
The empirical values across all three pairs are remarkably close to zero, signalling weak overall 
association. Specifically, the pair comprising Kota Bharu and Kuala Krai exhibits a slight positive 
dependence (𝜏 = 0.043), whereas the pairs involving Pos Gob reveal a minor negative dependence (𝜏 =
−0.025 for Kota Bharu - Pos Gob, and 𝜏 = −0.039 for Kuala Krai - Pos Gob). Beyond global correlation, 
understanding how these variables behave during extreme events is vital for risk assessment, 
particularly when modelling concurrent floods or heavy rainfall. The empirical upper tail dependence 
coefficients reveal how joint exceedance probabilities change as events become more extreme. 
Generally, the upper tail behavior reveals that while there is a slight probability of concurrent heavy 
events at the 90th percentile, while this joint probability vanishes completely at the 95th percentile. This 
rapid decay signifies limited concurrent extreme rainfall behaviour among the locations. However, the 
multivariate copula models were subsequently incorporated to evaluate whether the remaining 
dependence structure could provide additional information for multisite rainfall forecasting. 
 

Table 11. Kendall tau test 
 

Pair Kendall tau (𝜏) Upper Tail (𝑢 = 0.90) Upper Tail (𝑢 = 0.95) 

Kota Bharu - Kuala Krai  0.043 0.125 0 

Kota Bharu - Pos Gob -0.025 0.031 0 

Kuala Krai - Pos Gob -0.039 0.091 0 

 

Following ARMA–GARCH modelling, the residuals are standardized, resulting in time-independent 
series for each rainfall station. Nevertheless, dependence may still exist across stations due to the 
underlying spatial relationship between rainfall observations. The use of copula modeling in this work is 
critical for describing the spatial dependency structure among the three rainfall locations. The optimal 
copula parameters are estimated, and the AIC and BIC values are presented in Table 12. The Gaussian 
copula is selected as it exhibits the smallest AIC and BIC values. 
 

Table 12. Result for fitting Copula 

 

Copula Estimated Parameter Loglikelihood AIC BIC 

Gaussian 𝜌1 = 0.05675, 𝜌2 = −0.04119, 𝜌3 = −0.07442 1.8337 2.3325 14.0239 

Student-t 
𝜌1 = 0.05741, 𝜌2 = −0.04141, 𝜌3 = −0.07326 

𝜈 = 147.36796 
1.6318 4.7362 20.3248 

Skew-t 

𝜌1 = 0.06074, 𝜌2 = −0.22427, 𝜌3 = −0.06873 

𝛾1 = −0.32533, 𝛾2 = −0.03296, 𝛾3 = 0.89448 

𝜈 = 398.30118 

2.62690 12.7461 47.8205 

 

 Forecasting  
The subsequent phase of the research involves the implementation of forecasting techniques to model 
prospective outcomes. For Kota Bharu, the optimal statistical representation was achieved through an 
ARMA(2,1)-GARCH(1,1) specification with Generalized Error Distribution (GED) innovations. The 
parameter estimates for this model, as summarized in Table 9, are used for further analysis. The 
ARMA(2,1)-GARCH(1,1) model with GED innovations can be expressed as: 

 

𝑦𝑡  =  −0.0956 +  0.6120𝑦𝑡−1  −  0.0335𝑦𝑡−2 + 𝑢𝑡  −  0.6580𝑢𝑡−1 

 

𝜎𝑡 = 0.0062 + 0𝛼𝑡−1
2 + 0.9990𝜎𝑡−1

2 ,      𝜀𝑡 ∼ GED4.0428
∗  

 

 
In contrast to the other stations, Kuala Krai station exhibits a more complex dynamic structure, which is 
most accurately captured by an ARMA(2,3)-GARCH(2,2) model employing Generalized Error 
Distribution (GED) innovations. The use of GED innovations is particularly critical, as it provides the 
flexibility to model the leptokurtic properties of the series that is, the higher likelihood of extreme 
observations compared to a normal distribution. The parameter estimates for this model, summarized in 
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Table 10, are used for further analysis. The ARMA(2,3)-GARCH(2,2) model with GED innovations can 
be expressed as: 
 

𝑦𝑡  =  −0.0535 +  0.2390𝑦𝑡−1 −  0.9443𝑦𝑡−2  +  𝑢𝑡  −  0.2399 𝑢𝑡−1   +  0.9645 𝑢𝑡−2 
 

𝜎𝑡 = 0.1062 + 0.0251𝛼𝑡−1
2 + 0𝛼𝑡−2

2 + 0.6482𝜎𝑡−1
2 + 0.3011𝜎𝑡−2

2 ,      𝜀𝑡 ∼ GED3.1407
∗  

 
Furthermore, for the Pos Gob station, the data is best fitted by an ARMA(2,0)-GARCH(1,1) model with 
normal distribution. Additionally, the parameter estimates for this model, summarized in Table 7, are 
used for further analysis. The selection of a normal distribution for the innovations indicates that extreme 
values in the Pos Gob rainfall series are less pronounced compared to those observed at Kuala Krai, 
suggesting a relatively moderate variability in daily rainfall. Specifically, from Table 7, the ARMA(2,0)-
GARCH(1,1) model with normal distribution can be expressed as: 
 

𝑦𝑡  =  −0.0512 +  0.0007𝑦𝑡−1  −  0.0094𝑦𝑡−2 
 
Table 13 shows the MAE, MSE and RMSE values for the ARMA (2, 1)-GARCH (1,1), ARMA (2,3)-
GARCH (2,2) and ARMA (2,0)-GARCH (1,1) models for Kota Bharu, Kuala Krai and Pos Gob station, 
respectively. The relatively low values of these error metrics indicate that the models fit the data well, 
capturing both the mean structure and the volatility of daily rainfall effectively. This strong model 
performance suggests that the ARMA-GARCH framework is suitable for forecasting rainfall at these 
stations, as it can accommodate autocorrelation in the mean process and conditional heteroskedasticity 
in the variance. 
 

Table 13. The results of MAE, MSE, RMSE for each station 
 

Station Model 
Forecast Evaluation 

MAE MSE RMSE 

Kota Bharu ARMA (2,1) - GARCH (1,1) 0.9992 1.8950 1.3766 

Kuala Krai ARMA (2,3) - GARCH (2,2) 1.5132 5.6084 2.3682 

Pos Gob ARMA (2,0) - GARCH (1,1) 5.4416 49.3204 7.0228 

 

Comparison between ARMA-GARCH and ARMA-GARCH-Copula 
model  
To further evaluate the performance of the modeling approaches, synthetic rainfall data were generated 
from both the ARMA-GARCH and ARMA-GARCH-Copula frameworks. For each station, the ARMA-
GARCH model was first used to simulate future rainfall series based on the fitted parameters, while the 
ARMA-GARCH-Copula model additionally captured the dependence structure between stations through 
the copula function. The accuracy of the synthetic data was then assessed by comparing it against the 
observed training data using standard error metrics, including MAE, MSE and RMSE. The corresponding 
error measures are presented in Table 14.  
 

The results presented in Table 14 indicate that the inclusion of the copula component does not 
consistently improve simulation accuracy across all stations. For Kota Bharu, the ARMA-GARCH model 
achieved lower MAE (19.7970 vs. 21.6136), MSE (1495.9409 vs. 1790.4564), and RMSE (38.6774 vs. 
42.3138) compared with the ARMA-GARCH-Copula model. A similar pattern was observed for Kuala 
Krai, where the ARMA-GARCH model produced slightly lower errors in terms of MAE (20.3171 vs. 
21.4138), MSE (1640.7060 vs. 1672.4087), and RMSE (40.5056 vs. 40.8950). These findings suggest 
that the temporal dynamics captured by the ARMA-GARCH model were sufficient to represent the rainfall 
variability at these stations, while the additional spatial dependence structure introduced by the copula 
did not provide substantial improvement. In contrast, for Pos Gob, the ARMA-GARCH-Copula model 
showed marginal improvement, with slightly lower MAE (14.0848 vs. 13.8460) and RMSE (21.4987 vs. 
21.0091) compared with the ARMA-GARCH model, although the MSE increased slightly (462.1932 vs. 
441.3856). This indicates that incorporating inter-station dependence may provide additional predictive 
information for certain locations where rainfall variability is more strongly influenced by spatial 
interactions. 
 

Overall, the results demonstrate that the effectiveness of the ARMA-GARCH-Copula framework depends 
on the strength of the dependence structure among the rainfall stations. When the spatial dependence 
is relatively weak, the copula component may introduce additional complexity without significant 
improvement in simulation accuracy. This finding is consistent with the dependence analysis, where the 
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rainfall stations exhibited moderate to weak dependence based on Kendall's tau values. Therefore, while 
the copula approach provides a flexible framework for modelling multivariate rainfall dependence, its 
contribution to prediction accuracy is highly dependent on the underlying spatial dependence 
characteristics of the study area. 

 
Table 14. Error Comparison between ARMA-GARCH and ARMA-GARCH-COPULA 

 

Station 
ARMA-GARCH ARMA-GARCH-COPULA 

MAE MSE RMSE MAE MSE RMSE 

Kota Bharu 19.7970 1495.9409 38.6774 21.6386 1790.4564 42.3138 

Kuala Krai 20.3171 1640.7060 40.5056 21.4138 1672.4087 40.8950 

Pos Gob 13.8460 441.3856 21.0091 14.0848 462.1932 21.4987 

 

Conclusions 
 

This study investigated the role of copula-based dependence modelling within an ARMA-GARCH 
framework for rainfall forecasting. The ARMA-GARCH models were first employed to capture the 
temporal dependence and conditional variability of individual rainfall series. Next, the standardized 
residuals were transformed into uniform margins to examine the remaining cross-station dependence. 
The dependence analysis revealed weak residual association among the rainfall stations, with Kendall's 
tau values ranging from 0.01 to 0.05. Although some upper tail association was observed at the 90th 
percentile threshold, the dependence gradually diminished as more extreme thresholds were 
considered, indicating limited concurrent extreme rainfall behaviour among the investigated locations. 
Multivariate copula models were subsequently incorporated to evaluate whether the remaining 
dependence structure could provide additional information for multisite rainfall forecasting. The 
comparative assessment between the ARMA-GARCH and ARMA-GARCH-copula frameworks showed 
that the ARMA-GARCH model achieved lower RMSE and MAE values, indicating better forecasting 
performance for the selected rainfall stations. This finding suggests that the temporal dynamics and 
conditional variability captured by the ARMA-GARCH model represent the dominant characteristics, 
while the residual cross-station dependence contributed only marginally to the forecasting process. 

 
The findings of this study highlight that the incorporation of copula-based dependence structures should 
be evaluated based on the characteristics of the residual dependence after temporal modelling rather 
than being applied solely due to the nature of rainfall data. In cases where the remaining dependence 
among stations is limited, additional copula modelling may introduce complexity without substantial 
improvement in forecasting accuracy. Therefore, residual dependence diagnostics provide an important 
step in determining the suitability of multivariate dependence modelling approaches for rainfall 
forecasting applications. Future research may extend this framework by considering a larger number of 
rainfall stations with different climatic and geographical characteristics, as well as investigating whether 
copula-based approaches provide greater benefits in regions exhibiting stronger spatial dependence or 
more pronounced joint extreme rainfall behaviour. 
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