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Abstract cardiovascular diseases include various heart and blood vessel disorders. Arterial
stenosis, caused by the buildup of fatty deposits and other materials, narrows arteries and disrupts
normal blood flow, leading to increased wall shear stress and flow disturbances. In this study, the
Caputo-Fabrizio fractional derivative is applied to analyze blood flow with copper nanoparticles in an
inclined stenosed artery. Blood is modeled as a non-Newtonian Casson fluid under a uniform magnetic
field and pressure gradient. Using the Laplace and Hankel transform techniques, analytical solutions
for blood and magnetic particle velocities are obtained, and the effects of flow parameters, Hartmann
number, time, Casson fluid parameter, and fractional order are presented graphically. Validation
against limiting cases shows good agreement with previous studies. The results demonstrate that
blood and particle velocities increase with fractional order, time, and Casson fluid parameter, but
decrease with higher Hartmann number, with blood velocity generally exceeding particle velocity.
These findings are useful for designing targeted drug delivery systems by understanding the behavior
of non-Newtonian nanofluids in stenosed arteries under magnetic fields.

Keywords: Caputo-Fabrizio, Casson fluid, Magnetic field, Copper Nanoparticles, Inclined stenosed
artery.

Introduction

Understanding the mechanics of physiological fluid, especially blood play an important role for identifying
and treatment of various disease states. From past to the present, researchers committed to investigate
the areas related to blood flow in blood vessels especially stenosed artery [1] . The term atherosclerosis
is closely related to stenosed artery and major factor of cardiovascular diseases such as coronary artery
disease (CAD), peripheral artery disease (PAD) and carotid artery disease [2, 3]. Therefore,
understanding the mechanical effects that arteries on the blood flow is particularly challenging as the
diverse and anisotropic behaviour of arterial wall that composed by varying biomechanical properties.
While numerous mathematical models have been developed, they often simplify the complex geometry
of the human vasculature by assuming arteries are perfectly horizontal or vertical. However, in reality,
blood vessels are frequently oriented at various angles within the body. [4] provide an overview of how
the degree of stenosis influence blood flow behaviour in an overlapping stenosis. [5] numerically
analyses flow variations in inclined stenosed arteries under condition of resting and exercise with
existence of external body acceleration. Therefore, investigating blood flow in inclined stenosed arteries
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is a crucial step toward developing more accurate and clinically relevant biomechanical models that can
better predict hemodynamic stresses and disease progression [6-7].

The interaction between blood flow and magnetic fields represents an intriguing area linking biology,
medicine, and physics. Blood flow can be affected by magnetic fields because red blood cells contain
iron rich haemoglobin, which gives blood weak magnetic properties. When a magnetic field is applied, it
creates a resistive Lorentz force that slows down the movement of blood. This idea makes it possible to
treat stenotic arteries using targeted therapies and non-invasive treatments [8-11]. The use of magnetic
field to regulate blood flow is being actively investigated by the developing field of bio-magnetic fluid
dynamics. This might be done to modulate circulation during surgical procedures or to direct magnetic
drug carriers to particular locations [12, 13], [14] studied the effect of magnetic field on blood flow through
an inclined cylindrical tube and conclude that the blood velocities are reduced by the magnetic field while
the blood flow was improved by the gradually inclination angle.

Understanding the mechanics of blood flow is crucial for diagnosing and treating diseases, as different
types of fluid models require distinct mathematical and biomechanical approaches. Since the viscosity
of non-Newtonian fluids depends on shear rate or stress, blood flow in a narrow artery is treated as non-
Newtonian due to large variations in shear rate caused by the stenosis. [15] conducted a study of non-
Newtonian models for more than a single layer blood flow in stenosis arteries. In this study, Casson fluid
model will be the targeted model to demonstrate the blood flow in confined artery. Casson fluid model is
a non-Newtonian fluid model with yield stress has been widely used for modelling certain physiological
fluids in order to investigate the effect external force on them. [16] investigated the effect of non-
Newtonian Casson blood flow for through a symmetric stenosed artery. In the stenosis section, the
Casson fluid model could adequately exhibit the characteristics of blood flow through a constricted artery,
such as low shear rates. Blood exhibits non-Newtonian characteristics during the low shear rate
environment of a stenosed artery [17]. The Casson fluid model effectively shows how blood behaves in
a narrowed artery because it includes the idea of yield stress which is the least amount of shear stress
needed for the fluid to start flowing [18-20].

Nanomedicine applies nanoscale technologies to improve healthcare by enhancing disease detection,
treatment, and monitoring. Applications of nanoparticles are transforming modern medicine and offering
innovative solutions to complex heath challenges. With growing maturity, nanomedicine and
nanotechnology are increasingly being developed for blood vessel therapies. This rapidly advancing field
has the potential to transform healthcare by offering more accurate and less invasive methods. [21]
studied the effect of magnetic nanoparticles between gold and copper on drug delivery in a tapered
stenosed artery using non-Newtonian fluid. [22] investigated the copper nanoparticles suspended in
blood transported thermally through a non-uniform wavy channel and found that nanoparticles contribute
to slow down fluid flow and increase temperature. The suspension of nanoparticles in a base fluid or
called nanofluid can significantly enhance thermal conductivity [23]. To examine treatment potential,
copper nanoparticles are implemented into the model. Copper nanoparticles are selected due to their
established use in vascular disorders and power to alter the thermophysical properties of blood [24, 25].
The integration of magnetic nanoparticles into blood flow models is a key area of contemporary research
and focus on applications like magnetically targeted drug delivery [26].

To capture the complex and time-dependent behaviour of blood flow, advanced mathematical tools are
required. The unique features of the Caputo-Fabrizio fractional derivative include a non-singular kernel,
memory effect, and simplicity in the initial condition of a problem, making it simple and more flexible than
other fractional derivatives. [27] reported the fractional differential equations like Caputo-Fabrizio
fractional derivative could be effectively utilized for drug concentration modelling. In this context, the
study is very beneficial to understand the concentration of drug particles for drug delivery application in
biomedicine. [28] studied the effect of Caputo-Fabrizio toward the Casson fluid in a microchannel and
conclude that when compared to regular fluid behaviour, the Caputo- Fabrizio fractional derivative
obviously the better option for enhancing fluid motion. Caputo-Fabrizio fractional derivative is the
modification of the Caputo derivative to describe memory effects without a singular kernel and offer a
distinct advantage over classical fractional derivatives that have singularities [29]. This non-singular
method offers a more reliable and biologically accurate framework for explaining the memory-dependent
and viscosity characteristics of blood flow, particularly when examining the short-term impacts of
magnetic fields and interactions between nanoparticles in a stenosed artery [30-32].

Many studies have explored the use of various nanoparticles such as gold or silver, yet limited attention
has been given to copper nanoparticles in blood flow analysis particularly within inclined stenosed
arteries. This gap is important because incorporating copper nanoparticles into blood flow models can
provide a more realistic representation of nanoparticle-based biomedical applications. To address this,
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the present study develops a fractional mathematical model for unsteady Casson blood flow containing
copper nanoparticles in an inclined stenosed artery, employing the Caputo—Fabrizio fractional derivative.
The study aims to analyse copper nanoparticle blood flow under a uniformly distributed magnetic field

and provides a detailed graphical analysis of various parameters to capture the precise mathematical
behavior of the flow.

Formulation of the Problem

The Casson copper nanofluid flow is axially symmetric, and both location along the axial distance (z)
and height of the stenosis rise with the blood vessel’s radius.

® Blood particle
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Figure 1: Geometry of magnetic blood flow with copper nanoparticles in an inclined artery.

The linearized magnetohydrodynamics force is expressed as:

JxB = o(F +7 x B) x B = ~oB?u(r, t)], (1)

where J, is the unit vector in z- direction. According to Newton’s second law of motion, the force due to
the motion between blood and magnetic particle is defined as:

av(r,t)
m— == mlu(r, t) —v(r, )], (2)

The pressure gradient of the blood flow is represented as: The governing equation of blood flow in the
inclined cylinder polar coordinates with presence of pressure gradient and magnetic field is provided as:

op
~3 = Ag + A co s(wpt). (3)

The governing equation of blood flow in the inclined cylinder polar coordinates with presence of pressure
gradient and magnetic field is provided as:

ou(r,t) 11[0%u(r,t) 10u(r,t)
Pnf prams (Ap + A4 cos(wpt) + Uny [1 + E] [ 572 T or
+KN[v(r, t) — u(r, t)] — o, B*u(r, t)sind + gsing, 4)

e-ISSN 2289-599X| DOI: https://doi.org/10.11113/mjfas.v22n1.4716 63



MJ FAS Hao et al. | Malaysian Journal of Fundamental and Applied Sciences, Vol. 22 (2026) 61-72

where A, is the constant of the pressure gradient and A, is the amplitude of the fluctuating component
of pressure gradient which is considered for systolic and diastolic pressures. Whereas the motion of
magnetic particles of the blood flow is as follow:

%gt) K[u(r,t) — v(r, 0], ®)

m

where u(r,t) and v(r,t) represented the blood flow and magnetic particles velocity along the axis
direction respectively and m is the magnetic particles average mass, p, is the density of the
nanofluid. The blood flow inside a circular cylinder with radius R, has the following initial and boundary
conditions:

u(r,0) =0,v(r,0) =0,r € [0,R,],

U(Ry ) = 0, (R, 0) = 0, > 0 . (6)

Table 1 indicates the thermophysical properties associated with Casson nanofluids [33]. The following
dimensionless terms are introduced for parameter rescaling shown as:

T L 9
TR TR T T Ty
z*=ﬁp=p—R0.
Ry’ Uity (7)

The summation of the non-dimensional governing equation (after dropping dashes) can be obtained by
inserting the non-dimensional parameter in (7) into each term of equation (4) to (5). The Caputo-
Fabrizio order model is expressed as:

2%u(r, t) N 1 0u(r, t)
ar? r ar

ing
A0 >0, (8)

Diu(r,t) = A, + A cos(wpt) + B

+R[v(r,t) — u(r,t)] — Ha%u(r,t) +

GDv(r,t) = u(r,t) —v(r,t),

9)
with the related dimensionless initial and boundary conditions:
u(r,0) =0,v(r,0) =0,r € [0,1],
u(1,t) =0,v(1,0) =0,t > 0. (10)
1 1 3(0'_1)¢n
where a, = a, = (l—in)z's , Az = Uf (1 +m),a4 = a4q0as3, AZ = ale, A3 =

Ps»

(1_¢n)_¢nﬁ
2

A, P =a, (1+%) is the constant parameter, R = a;KN (%) is the particles concentration

0fRy?B?sinb . . T
parameter, Ha? = a, (f"i) is the Hartman number, F = LR is the inclination angle parameter

ai1guoRo

and G = Kmsz is the mass parameter of magnetic particles.
0

The Caputo-Fabrizio fractional derivative, NFD, is defined as follows:

DEF(E) = 1 [ ex ( )>f (0 de (11)

—a

where, 0 <a<1and M(a)is a normalization function such as M(0) = M(1) = 1. From definition (11),

e-ISSN 2289-599X| DOI: https://doi.org/10.11113/mjfas.v22n1.4716 64



MJ FAS Hao et al. | Malaysian Journal of Fundamental and Applied Sciences, Vol. 22 (2026) 61-72

the Caputo-Fabrizio fractional derivative of a function equals to zero when f(t) is a constant. The
properties of non-singularities kernel provide a more flexible computation of a system, and its initial
conditions can be interpreted in the classical sense, simplifying their incorporation in physical models.
Besides, it helps to optimize the notion of differentiation to non-integer orders and available for
intermediate derivatives that mode of phenomena with memory.

Solution Procedure

After implementing Laplace transform to the equations (8) and (9) along with the boundary conditions
(10), the nanofluid flow model expressed such as:

su(r,s) A,  Ass 0%u(r,s) 10u(r,s)
s+a(l—ys) T s s24w? P or? r or
R[v(r,s) —u(r,s)] — Ha%u(r,s) + %, (12)
_ sv(r,s) 5(r, ) — 5(r.5) 13
sta(los) STV (13)

1(1,s) =0,v(1,s) = 0.

(14)
From equation (13), we could derive the following equation:
5, s) = s+a(l—ys) 2 s) 15
S = S s ra(i—s) (19)
Substituting 7(r, s) in equation (15) into equation (12) and rearrange them as following equation:
s+a(l—ys)
+ Ha* + R
adr, S)[ +a(1—s) <S+SG+(Z(1—S)) @ ]
Ay Ags | sing 0%u(r,s) 10u(r,s) 16
s s24w?  SF o oarz T ' (16)

Applying finite Hankel transform with respect to the radial coordinate, r and considering the boundary
conditions in (14), obtain:

s R s+a(l—ys)
s+a(1—s)_ <s+SG+a(1—s)

Uy (1, 5) [ ) + Ha® + R]

=[Q Azs sm¢ ]Jl(rn)_ﬁ

2
S sz+w2 T Uy (T, S). (17)

The expression iy (1, s) = f01 ru(r, s)Jo (1, s)dr represents the finite Hankel transform of the velocity
function @(r, s) = L[u(r,t)] and r,,,n=1,2,3,... are the positive roots of the equation J,(x) = 0. In
addition, J, represents the Bessel function of order zero and first kind. After derivation of the coefficient
of u(r, s) in equation (17), the equation is:

aH(Cn' s) =

SZYSn4‘SYGn4‘a2][1<A2_FShuﬁ> Ass ]]10%), (18)

SZYZn +SY3n+:V4n F S +w2
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By partial fractional to simply the coefficient in the righthand side of equation (18) and the simplified form is:

Yon + Yion ][1<A2 sinqb> Azs ]]1(7?1)_ (19)

uH(rn' S) B [S — Y — Ysn F 2+w2

The parameter in equation (18) and (19) introduced for simplifying the coefficient of &1, (r;, s) are listed by:

Yin = Ha? + R+, 1,2,
Yon =1+ G —a—R—Ra?+ 2Ra+yy, + a’yi, — 2ay1n + Gyin — Gayiy,
V3n = @ + 2Ra? — 2Ra — 2a%y,,+2ay,, + Gayiy,
Yan = @*y1n — Ra?,
Ysn =1+ a?—2a+ G — Ga,

Yen = —2a% + 2a + Ga,

—Y3n t+ ySn2 - 4':YZn:Y4-n
2yZn '

—Y3n = v/ Y3n? 4y2ny4n

Yen = 2Y9m
_ y7n2y5n + Y7nYen t+ a?

e Yrn — Ysn '
2yen + + a?
Vion = Ysn Vsn YsnYen . (20)
Yen — V7n

Yin =

Expanding the coefficient of i, (r;, s) in equation (20) generates:

_ sing 1 JAGY)
Uy (1, 8) = <A2 )[J’9n 5.0 + Yion g vy )] e
n n
S 1 ll(rn)
+43 S tw? [J’()ns v, + Yiong ySn] 21)

The inverse Laplace transform of the image function % (1, s) in (21) is derived using the Robotnov and
Hartley’s functions:

Upt (T, ) _]1 ) [( Yt —1) ( 2Yon y—gnsinqb) + (e¥ont — 1) (AZY10n + ylonSin(l))

Yn Y F W Ysn YenF
+ y );7:(»2"43)’971 (ey”lt — cos(wt) + —sin(wt))
n n
Ysn w o
+——=4 (eySnt —cos(wt) + — sin(wt )]
Ven2 +w? 3YV10n (wt) — (wt)

(22)
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The equation of the fluid flow velocity is formed by taking inverse Hankel transform of equation (22):

u(r,t) = ZZ ] ) >< uy(r, t), (23)

“Jo (g -

Yon }’9n51 ¢ AzYion  YionSing

u(r,t) = [(ey7 nt — 1) ( 2 —) + (e¥snt — 1) ( + )
—1 rnjl n) Yn y7n YVan ySnF

Y7 .
TLUZAQ/% (eymt — cos(wt) + Esm(wt))
+ LA (eant —cos(wt) + 1sin(a)t))]
ySnZ"'w2 3Vion YVsn .
(24)
Equation (24) represents the convolution product of f and g, denoted as f * g, which the product can
computed as:
t
fr9® = [ F@gte - (25)
0
The magnetic particle velocity is obtained from the equation (15):
v(r,t) = Yign(1 = Y11 [u(r, t) * e¥12nf], for 0 < a < 1. (26)
The new parameters involved in equation (26) are:
_ l1—a
Yun =, ey (27)
_ a
Yizn = G—a+1 (28)

Results and Discussion

To determine how various flow parameters affect blood flow velocity, u(r, t) and magnetic velocity, v(r, t),
a proposed Mathcad solution is used to subsequent processing the analytical solutions in equations (24)
and (26). The following parameters are fixed for the numerical simulation: ¢, = 0.025,4, = 0.1, 4; =
01,6 =0.7,R=05w= %,t = 0.25, Ha = 1,and B = 0.4. After fixed these factors, the analytical solution

of velocities were demonstrated graphically based on varying the Caputo-Fabrizio fractional flow
parameters. Figure 2 - 5 display the impacts of 2 non-dimensional parameters such as Hartmann
number, Ha and Casson fluid parameter, 8, and order of fractional parameters and the time level, t.
Also, Figure 1 presents the validation of the current model, where the case corresponding to a =1 is
consistent with the findings reported in [33]. Furthermore, Table 1 shows the constant values of
thermophysical properties of nanofluid [36, 37].
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Figure 1. Comparison between [35] and present study for for 4, = 0.1, 4, = 0.1,G = 0.7,R = 0.5, w =
%, Ha=1,t=0.25 8 =04, and a = 1.0 against .

Table 1 Thermophysical parameters of blood and Copper nanoparticles

Thermophysical properties Blood Copper
p(kg/m?) 1063 8933
c,(Jlkg K) 3594 385

KW /mk) 0.492 400
a(S/m) 0.8 59.6 x108

0.18F

0.12F

ufr,t)

0.06

- =07
a=0.8
a=09
a=1.0

v(r,t)

a) Blood flow velocity

0.0435F

0.03f

0.015+

- 0=07
|E=0.8
a=09 (4
a=1.0

02

04 0.6 08 1

T

b) Magnetic particle velocity
Figure 2. Profile of axial velocities of u(r,t) and v(r,t) for 4, = 0.1, 4, =0.1,6 =0.7, R=0.5, w = %, Ha=1,t=0.25,5 =04,
and @ = 0.7,0.8,0.9,1.0 against r.
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Figure 3. Profile of axial velocities of u(r,t) and v(r,t) for Ay = 0.1,A; =0.1,G=0.7,R=0.5, 0 = %, a=09,t=0.25,8=04, and

Ha = 1,3,5,7 against r.
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Figure 4. Profile of axial velocities of u(r,t) and v(r,t) for 4p = 0.1, 4, =0.1,6 = 0.7, R=0.5, 0 = %, a=09,Ha=1,p =04,and
t =0.10,0.15,0.20,0.25 against r.
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Figure 5. Profile of axial velocities of u(r,t) and v(r,t) for A, =0.1,A;, =0.1,6 =0.7, R=05, w = %, a=09 Ha=1,t=0.25,
and B = 0.2,0.4,0.6,0.8 against r.

The impact of fractional parameters (@ = 0.7,0.8,0.9,1.0) on the targeted velocities is depicted in Figure 2.
An increase in the fractional parameter, a results in higher velocities for both blood flow and magnetic
particles, with the blood flow velocity exhibiting a greater magnitude. A lower fractional order indicates a
stronger memory effect in the fluid and cause a damping force. Consequently, the result suggests that the

classical blood flow model predicts higher velocities compared to the Casson fluid model incorporating
fractional derivatives.
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Figure 3 shows the inverse relationship between the Hartmann number and both velocities.
Consequently, the magnetic field is observed to significantly reduce the axial velocities of blood and
magnetic particles. This is because a higher Hartmann number implies a stronger magnetic field effect
that will produce a stronger Lorentz force, which acts as resistive force that opposes the fluid motion.

A positive correlation is observed between the time level and velocity profile, as illustrated in Figure 4.
The system gains momentum under driving pressure gradient and cause fluid accelerates from initial
condition to higher time level. Thus, the study reveal that the time level has significant impact on
controlling the distribution of blood flow.

Changes in the Casson parameter () which denotes the yield stress of the Casson fluid are illustrated in
Figure 5. Here, high g values of the Casson parameter result in increased velocities for both components.
Since the Casson parameter is inversely proportional to the fluid’s viscosity, an increment of the Casson
parameter leads to lowering the effective viscosity and internal resistance. Consequently, fluid can flow
faster as the Casson parameter increases. The result is aligned with previous findings of Azmi, et al. [20]
and Ali, et al. [30].

Conclusions

Considering all the variables, a mathematical model has been developed to analyze the magnetic Casson
blood flow with copper nanoparticles through an inclined stenosed artery in order of fractional time
derivatives. The final governing equation is symbolized as Caputo-Fabrizio time fractional derivatives with
the order range for (0,1]. Both analytical methods, Laplace and finite Hankel transforms were implied to
obtain the analytical solutions for velocities between blood flow and magnetic particles. Application of
software, Mathcad generated the graph based on varying of parameters. From the graphical results,

1. The application of magnetic field markedly suppresses the axial motion of blood and magnetic
particles.

2. The velocity of blood flow and magnetic particle is positively correlated with an increase in fractional
order, time and Casson fluid parameters.

3. Generally, the velocity of blood flow is higher than the magnetic particle velocity.

These results could help medical professionals predict patient outcomes in cases of arterial stenosis
based on activity levels and the location of the narrowing. Future studies should consider employing
different fluid models and diverse arterial conditions.
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