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Abstract This study introduces an enhanced Bayesian c-chart framework by incorporating two
novel loss functions: the modified squared error loss function and the K loss function to improve
the sensitivity and robustness of process monitoring for attribute data. Unlike traditional control
charts that rely on fixed assumptions and static thresholds, the proposed Bayesian approaches
dynamically update the control limits by integrating prior information with probabilistic loss
structures. The study conducts a comprehensive simulation analysis under various process shift
magnitudes and inspection unit sizes and evaluates performance using key indicators, including
Average Run Length (ARL), Standard Deviation of Run Length (SDRL), Average Expected
Quadratic Loss (AEQL), and the Performance Comparison Index (PCI). The results show that the
proposed methods significantly outperform both classical and standard Bayesian c-charts,
particularly in detecting small and moderate shifts. Furthermore, applying the proposed control
charts to real-world industrial data—specifically defect monitoring in aircraft manufacturing—
confirms their practical utility and adaptability. This work contributes a novel perspective to
statistical process control (SPC) by integrating flexible Bayesian modeling with customized loss
functions and offers a powerful alternative for quality assurance in high-stakes production
environments.

Keywords: Bayesian control chart, modified squared error loss function, K loss function, process
monitoring, c-chart.

Introduction

Statistical Process Control (SPC) is a foundational methodology for monitoring, controlling, and
improving the stability and consistency of manufacturing and service processes. It uses statistical tools,
most notably control charts, to detect deviations from normal process behavior [1] and enables early
intervention to prevent defective outputs and maintain product quality [2,3]. Among the various control
charts in SPC, the c-chart is particularly suitable for tracking discrete count-type data, such as the
number of defects or nonconformities per inspection unit over time [4-5]. This chart is especially
applicable when the occurrence of nonconformities follows the Poisson distribution, which models rare
and independent events occurring within fixed intervals of time, space, or product volume.

In quality control contexts, a nonconforming item refers to a product unit that fails to meet one or more
specified requirements. Each individual violation of a requirement is termed a defect or nonconformity.
A single unit may contain multiple nonconformities and still be classified as nonconforming, depending
on the nature and severity of those defects. Although the Poisson distribution provides a sound
theoretical foundation for modeling such data, real-world processes do not always satisfy its
assumptions, such as having constant defect probability or infinite opportunities for defects. However,
when these deviations are minor, the Poisson model remains a practical approximation. In contrast,
severe violations of these assumptions can diminish the model’s reliability, highlighting the need for more
adaptive control strategies.

To construct a traditional c-chart, practitioners compute the average number of nonconformities, often
denoted as, from the observed data. This average forms the basis for establishing the control limits.
Under the assumption that the defect count follows a Poisson distribution, the control limits for the c-
chart are calculated as follows:
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UCL = u+3\1,
CL=u, (1)
LCL = u-3\x,

in which CL denotes the center line, and UCL and LCL represent the upper and lower control limits,
respectively [6]. If the resulting lower control limit (LCL) is negative, it is conventionally set to zero, as
negative defect counts are not meaningful.

Although the classical (frequentist) approach to constructing c-charts is well-established and widely
adopted, it often lacks the adaptability required in dynamic or uncertain environments, particularly when
detecting small to moderate process shifts [7,8]. In response to these limitations, Bayesian methods
have attracted increasing interest due to their ability to incorporate prior knowledge and update
inferences as new data become available. Numerous studies demonstrate the superiority of Bayesian
methods over classical statistical approaches in SPC, particularly in terms of decision-making during out-
of-control states, optimal sample sizes, and update frequency—enabled by posterior probability [9—11].
Research has explored a variety of Bayesian applications in SPC, such as constructing control charts
for the process mean and variance under the assumption of a normal distribution [12—14], improving
Bayesian Exponentially Weighted Moving Average (EWMA) charts [15], and modifying EWMA charts
based on normality assumptions [16]. Additionally, Bayesian updating schemes have been developed
for Shewhart, CUSUM, and EWMA control charts with normally distributed observations [17]. A Bayesian
EWMA control chart based on the inverse Gaussian process was also introduced to improve change
detection performance [18—19]. Beyond the normal distribution, Bayesian methods have been effectively
applied to processes governed by other distributions, such as the exponential distribution [20].

Significant Bayesian advancements have also been made for control charts based on the Poisson
distribution. For instance, Assareh et al. [21] proposed a Bayesian hierarchical model to estimate change
points in Poisson processes, which was integrated into control schemes including the c-chart, EWMA,
and CUSUM charts. This approach has been used to establish control limits for nonconformities [7, 23—
24], with results consistently outperforming classical methods.

A critical aspect of Bayesian inference lies in the choice of the loss function, which defines how the model
penalizes estimation errors. Mitchell et al. [25] developed a Bayesian EWMA chart for Poisson processes
using several loss functions—including squared error, LINEX, and entropy—demonstrating notable
improvements. Other studies introduced Bayesian c-charts incorporating priors such as Jeffreys’ prior
[23] and the gamma prior [7], reporting better Average Run Length (ARL) and false alarm rates compared
to frequentist alternatives. More recently, an empirical Bayes approach using an exponential prior has
further enhanced c-chart performance [24]. Collectively, these studies reinforce the effectiveness of
Bayesian methods in improving SPC utility.

While the squared error loss function is commonly used, it may not adequately reflect asymmetric risk
preferences or the practical cost structures encountered in industrial settings. The modified squared error
and K loss functions have shown superior performance, achieving lower ARL1 and greater sensitivity in
detecting parameter shifts in inverse Gaussian processes [18—-19].

To address these challenges, this study proposes and evaluates two alternative loss functions—the
modified squared error loss and the K loss function—within a Bayesian framework, aiming to improve
the sensitivity and adaptability of c-charts for detecting subtle shifts in Poisson-distributed processes.
These loss functions are designed to enhance detection performance while maintaining robustness
across varying sample sizes and shift magnitudes. By integrating these loss functions into the Bayesian
estimation process, the proposed method allows for more accurate and responsive determination of
control limits for count data.

The proposed approach is validated through simulation studies and real-world applications, using
performance metrics such as Average Run Length (ARL), Standard Deviation of Run Length (SDRL),
Average Extra Quadratic Loss (AEQL), and the Performance Comparison Index (PCI). Although
researchers commonly use ARL to evaluate detection speed, ARL values often vary across different shift
sizes, which may lead to inconclusive performance comparisons when ARL is considered alone.
Therefore, this study employs AEQL and PCI to provide a more comprehensive evaluation of overall
detection efficiency across a range of shift magnitudes. Results indicate that Bayesian c-charts
developed under the modified squared error and K loss functions exhibit superior performance—
particularly in identifying small to moderate process shifts—thereby offering more effective and practical
tools for quality monitoring in modern industrial environments.
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Bayesian Inference in Quality Control

The c-chart, or count chart, is specifically designed for monitoring processes that involve discrete and
countable events. It is particularly well-suited for tracking the number of defects per unit, batch, or defined
inspection area over time. This type of control chart operates under the assumption that the number of
nonconformities follows a Poisson distribution, which is appropriate for modeling rare, independent
events that occur over a fixed interval of time or space.

In constructing a c-chart, it is assumed that the number of nonconformities observed during each
inspection follows a Poisson distribution with a specified mean parameter ;. When inspections are

conducted at regular intervals, the count of nonconformities in the it" sample is modeled accordingly, as
described by the following formulation:

qu/'e “
X!

1

f(X,|,u)= , X, =012,..; i=1..m:u>0. )

To apply the Bayesian methodology for estimating the mean parameter x of a Poisson distribution, this

study adopts a conjugate prior, specifically the Gamma distribution, due to its analytical convenience
and mathematical compatibility with the Poisson likelihood. Following the approaches outlined by
Supharakonsakun [7] and Song & Kim [26], the prior distribution for x is defined as:

1 ~Gamma(a,b) (3)

where a and b are the shape and rate parameters of the Gamma distribution, respectively. This choice
ensures that the posterior distribution also belongs to the Gamma family, facilitating closed-form updates
and interpretations.

By applying Bayes' theorem, the posterior distribution of i is obtained through the product of the
likelihood function (derived from the observed Poisson data) and the prior distribution:

g(ul X)oc L(x|u)a(n). 4)

Substituting the expressions for the Poisson likelihood and Gamma prior yields the posterior distribution,
which also follows a Gamma form with updated parameters:

u| X0 Gamma(a+2x,,b+mj. (5)

i=1

Here, Zx, is the total number of observed nonconformities over m inspection units. These updated
i=1

hyper-parameters reflect the integration of both prior beliefs and empirical data within the Bayesian

framework, allowing for adaptive inference that evolves with additional information.

A key feature of Bayesian estimation lies in the incorporation of loss functions, which serve as formal
mechanisms for quantifying the consequences of estimation errors. Loss functions guide decision-
making by linking statistical inference to the real-world costs or risks associated with incorrect estimates.
Formally, a loss function L(y, /i)expresses the penalty for estimating a parameter x by i, and the

Bayesian risk, the expected loss with respect to the posterior distribution, serves as the criterion for
selecting an optimal estimator.

The concept of loss functions in Bayesian decision theory was introduced by Wald [27], and has since
become foundational in the development of robust statistical estimators. Various types of loss functions
have been proposed to reflect different estimation priorities or application-specific considerations, as
demonstrated in [28].

In the context of this study, Bayesian estimation of the Poisson mean is enhanced through the use of
two alternative loss functions: the modified squared error loss and the K loss function. These formulations
offer increased sensitivity and robustness compared to the traditional squared error loss, particularly in
the setting of quality control where asymmetric costs or subtle process changes are relevant. By
incorporating these advanced loss functions, the Bayesian c-chart becomes more effective in detecting
small to moderate shifts, making it a powerful tool for industrial process monitoring and quality assurance.
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Bayesian Estimation under Modified Squared Error Loss Function
The modified squared error loss function (MSELF) represents a refined alternative to the traditional
squared error loss function (SELF), specifically designed to accommodate asymmetry and contextual
sensitivity in estimation tasks. While the classical SELF, defined as L(u, i) = (u - i1)?, is popular for its
mathematical convenience and widespread application in regression, machine learning, and control
chart analysis, it assumes symmetrical penalization of estimation errors. This assumption may not hold
in many quality control contexts, where underestimation and overestimation could have unequal
consequences.

To understand the motivation for modifying this classical form, it is first important to examine how the
Bayesian estimator operates under the original squared error loss function. The Bayesian estimator
under the squared error loss function (SELF) is obtained by minimizing the posterior risk, which
corresponds to the expected value of the posterior distribution. This yields the well-established form:

a+) x
A :E(mx)zi_ (6)
ELF b +m

In contrast, the Modified Squared Error Loss Function (MSELF) modifies this framework by introducing
asymmetry in the penalization of prediction errors, thereby addressing a critical limitation of the traditional
SELF. In many real-world quality control scenarios, the consequences of underestimating a defect rate
can differ significantly from overestimating it—for example, underestimation might lead to undetected
process deterioration, whereas overestimation may trigger unnecessary interventions. MSELF accounts
for this imbalance by altering the loss structure to weigh errors differently depending on their direction.

As proposed by [29], the MSELF is defined as:
N2
uuﬁ)—@—“J- )

This non-symmetric formulation penalizes relative deviation rather than absolute squared differences,
making it more suitable for skewed cost structures or contexts where proportional accuracy is essential.
The corresponding Bayesian estimator under MSELF minimizes the posterior risk with respect to this
adjusted loss and is expressed as:

Z (Elix) ®)
MSELF E(;[Z | X)

This form yields a Bayesian estimator that adapts to both the structure of the data and the asymmetric
costs associated with estimation errors, thereby enhancing the performance of control charts in detecting
shifts in Poisson-based processes, particularly in the context of the c-chart. Based on the posterior
distribution derived in Equation (5), the Bayesian estimator under the entropy loss function [30] is
obtained from the posterior density of the reciprocal of x and is expressed as:

_ b+m
a-1+> x, ©)
Additionally, consider

< + 3 x; -1
S (b " m)a+§x, eﬁu(b+rn)[ua ;

F[a+li:x,j
(b+m)

[a—1+li:xij[a—2+f’nz1x,j.

£ 1X)= [

Therefore, the Bayesian estimator of the parameter 4 under MSELF is given by:
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The MSELF-based estimator effectively addresses the limitations of symmetric loss functions by
incorporating asymmetry into the estimation process, enhancing the chart’'s responsiveness to small
shifts. The following section presents the K loss function, an alternative asymmetric approach designed
to further improve Bayesian estimation in Poisson-based quality control.

Bayesian Estimation under K Loss Function

The K loss function (KLF) serves as an alternative loss function frequently employed in fields such as
machine learning and statistical optimization. By minimizing this loss function, practitioners can
effectively estimate model parameters or improve model performance through various optimization
techniques. Its structure is particularly suited to scenarios where asymmetry in error penalization is
desired, thereby contributing to enhanced model accuracy and robustness. The KLF has been applied
in prior studies (cf. [31, 32]) and is mathematically defined as:

L(”'ﬁ):(\/g_\/f] : (11)

Under this loss framework, the Bayesian estimator (BE) is expressed as:
. |E(rlX)
E(11X)

Mk =

(12)

where E(u| X), the expected value of the posterior distribution, is provided by equation 6, E(/[1 | X)

is defiened by equation 9. This formulation reflects a balance between inverse and direct expectations,
enhancing the sensitivity and adaptability of parameter estimation for Poisson-distributed processes.
Based on the estimated parameter u, the control limits for the c-chart are then constructed as follows:

; _J[a_1+ix’](a+ix"] (13)

K b+m '

The two proposed estimators, namely MSELF and KLF, derived using the Bayesian approach, are
employed to construct the control limits of the c-chart based on the parameter u. These estimators are
also compared with the traditional SELF estimator [33] and the classical c-chart method. The results of
this comparative study, based on simulation experiments, are presented in the following section.

Experimental Results

The study performs simulation experiments using the R programming language to assess the
performance of the three methods across a range of shift sizes: 0.1, 0.5, 1.0, 2.0, 3.0, 5.0, 10.0, 20.0,
and 30.0. The in-control average run length (ARLo) was fixed at 370.

Table 1 summarizes the ARL and SDRL values obtained from both classical and Bayesian methods for
inspection unit sizes of 20, 40, and 100 using hyper-parameters (v,y)=(3,1). The Bayesian method

employing the modified squared error loss function consistently yields lower ARL1 and SDRL1 values
across all shift magnitudes for m =20 and m =100, except at shift sizes of 0.1 and 0.5 for m =40, where
the Bayesian method under the K loss function performs better. Additionally, the AEQL and PCI values
reinforce the superior performance of the Bayesian method with the modified squared error loss function,
as it achieves the lowest AEQL and a PCI of 1, indicating high effectiveness in detecting process shifts.
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Table 1. Comparison of ARL and SDRL Values for Various Methods at (v,y)=(3,1)

. Classical SE_LF MSE_LF K_LF
ARL SDRL ARL SDRL ARL SDRL ARL SDRL
L=3.030 L=3.186 L=3.209 [=3.192
0.0 370.7735  370.2732 370.0493 369.5490 369.2469  368.7466 371.0255 370.5252
0.1 354.0583  353.5580 354.0583 347.1513 346.2918  345.7915 348.3431 347.8428
0.5 2024151  291.9147 269.1632 268.6627 267.0885  266.5880 269.4933 268.9928
1.0 2227292  192.9444 192.8214 192.3207 190.5848  190.0841 192.9444 192.4438
20 2.0 123.1672  122.6662 101.2406 100.7393 99.8400 99.33875 101.2509 100.7497
3.0 67.9865 67.4846 55.5578 55.0555 54.8147 54.3124 55.5567 55.0544
5.0 24.2166 23.7113 20.3877 19.8814 20.1379 19.6314 20.3863 19.8800
10.0 4.2531 3.71959 3.8481 3.3106 3.8223 3.2844 3.8479 3.3103
15.0 1.7545 1.15053 1.6684 1.0560 1.6628 1.0499 1.6683 1.0559
20.0 1.1954 0.48323 1.1954 0.4479 1.1696 0.4455 11713 0.4479
30.0 1.0085 0.09254 1.0070 0.0839 1.0069 0.0833 1.0070 0.0839
AEQL 383.2017 347 5444 344.3063 346.6773
PCI 1.1130 1.0094 1.0000 1.0069
L=3.0331 L=3.118 [=3.13 [=3.12
0.0 369.6355  369.1352 371.1875 370.6872  370.6425 370.1421 370.6425 370.9983
0.1 348.1529  347.6525 346.8551 346.3547  346.0280 3455276 347.0980 346.5977
0.5 276.5531  276.0527 267.3952 266.8947  266.0422 265.5417 267.4646 266.9642
1.0 203.9975  203.4969 192.232 191.7313  191.1067 190.6061 192.1695 191.6689
2.0 109.2953  108.7942 101.1262 100.625 100.4756 99.9744 101.0657 100.5644
40 3.0 60.7265 60.2245 56.2093 55.7071 55.8259 55.3236 56.1841 55.6819
5.0 22.2697 21.7639 20.8446 20.3384 20.7331 20.2270 20.8383 20.3322
10.0 4.0999 3.5650 3.9426 3.4061 3.9299 3.3933 3.9421 3.4056
15.0 1.7279 1.1214 1.6946 1.0850 1.6921 1.0823 1.6945 1.0849
20.0 1.1884 0.4731 1.1788 0.4592 1.1781 0.4581 1.1788 0.4591
30.0 1.0078 0.0888 1.0072 0.0854 1.0072 0.0851 1.0072 0.0854
AEQL 363.4752 349.7816 348.6521 349.7142
PCI 1.0425 1.0032 1.0000 1.0030
L=3.036 L=3.077 L=3.0802 L=3.0778
0.0 370.6344  370.1341 372.0322 371.5319 370.053 369.5526 369.5554 369.0551
0.1 349.7837  349.2833 349.597 349.0967  347.7073 347.2069 347.3597 346.8593
0.5 270.9747  270.4742 268.5872 268.0868  266.9847 266.4842 266.8603 266.4842
1.0 196.0822  195.5815 193.3464 192.8457  192.1461 191.6455 192.1649 191.6643
100 2.0 104.0534  103.5522 102.2407 101.7395  101.5912 101.0900 101.6258 101.1246
3.0 58.18679 57.6846 57.14574 56.64353  56.78713 56.2849 56.81623 56.3140
5.0 21.4780 20.9720 21.1467 20.6407 21.0397 20.53368 21.0474 20.5413
10.0 4.0439 3.5084 4.0074 3.4715 3.9962 3.4602 3.9967 3.4608
15.0 1.7215 1.1145 1.7135 1.1057 1.7109 1.1029 1.71114 1.1031
20.0 1.1856 0.4691 1.1832 0.4656 1.1825 0.4645 1.1825 0.4646
30.0 1.0075 0.0873 1.0074 0.0866 1.0074 0.0863 1.0074 0.0863
AEQL 356.0805 352.9226 351.8221 351.8840
PCI 1.0121 1.0031 1.0000 1.0002

Table 2 presents results for hyper-parameters (v,7)=(3,2). The Bayesian method under the modified
squared error loss function again demonstrates consistent superiority in terms of ARL1 and SDRL1 for all
shift magnitudes when m =20 and m=100. However, at a shift size of 0.1 for m =40, the K loss function
produces lower ARL+ and SDRL+. The AEQL and PCI metrics confirm the effectiveness of the modified
squared error loss function, delivering the lowest AEQL and a PCI of 1.
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Table 2. Comparison of ARL and SDRL Values for Various Methods at (v,y)=(5,1)

Classical

. SE_LF MSE_LF K_LF
ARL SDRL ARL SDRL ARL SDRL ARL SDRL
L=3.0300 1=3.1638 L=3.1850 L=3.1674
0.0 370.2394  369.7391 370.3544 369.7391 369.3033 368.803 369.5702 369.0698
0.1 356.9660  356.4656 351.1353 350.6349 3492805  348.7801 350.0496 349.5492
0.5 202.8414  292.3409 271.3079 270.8075 269.0716  268.5711 270.1945 269.6941
1.0 220.7979  220.2973 193.7088 193.2082 191.2284  190.7278 192.7712 192.2706
20 2.0 1225810  122.0800 102.4111 101.9099 100.8911 100.3899 101.7987 101.2974
3.0 68.0761 67.5742 56.5655 56.0633 55.7409 55.2387 56.2583 55.7560
5.0 24.1691 23.6638 20.5918 20.0856 20.3271 19.8208 20.4864 19.9801
10.0 4.2461 3.7125 3.8700 3.3327 3.8411 3.3035 3.8591 3.3216
15.0 1.7569 1.1531 1.6780 1.0666 1.6715 1.05953 1.6755 1.0638
20.0 1.1953 0.4831 1.1730 0.4505 11711 0.4476 11723 0.4494
30.0 1.0084 0.0923 1.0070 08438 1.0069 0.0837 1.0070 0.0841
AEQL 382.7643 348.9660 346.3861 347.9652
PCI 1.1050 1.0074 1.0000 1.0046
L=3.033267 L=3.105702 L=3.1178 L=3.1086
0.0 369.1496  368.6493 371.1234 370.623 370.1452 369.6449 369.7327 369.2324
0.1 3495763  349.0759 349.1722 348.6718  347.7231 347.2227 347.676 347.1756
0.5 277.3475  276.8471 269.4819 268.9815 267.905 267.4046 268.2798 267.7793
1.0 2046179  204.1173 193.849 193.3483  192.4279 191.9272 193.065 192.5644
2.0 109.6025  109.1014 102.241 101.7398  101.3596 100.8583 101.7760 101.2747
40 3.0 61.1300 60.6279 56.9587 56.4564 56.4945 55.9922 56.7322 56.2300
5.0 22.1610 21.6552 20.9000 20.3939 20.7520 20.2458 20.8232 20.3170
10.0 4.0980 3.5631 3.9626 3.4263 3.9456 3.4092 3.9531 3.4167
15.0 1.7308 1.1247 1.7005 1.1247 1.6968 1.0874 1.6983 1.0890
20.0 1.1876 0.4721 1.1792 0.4596 1.1781 0.4581 1.1786 0.4588
30.0 1.0078 0.0887 1.0072 0.0857 1.0072 0.0854 1.0072 0.0855
AEQL 363.7587 351.4396 349.9664 350.6575
PCI 1.0394 1.0042 1.0000 1.0020
L=3.035 L=3.072 L=3.0769 L=3.0732
0.0 369.8346  369.3343 370.1652 369.6649  370.0078 369.5075 370.4187 369.9183
0.1 347.2094  346.7091 347.1094 346.609 346.7774 346.2770 347.3818 346.8814
0.5 271.3177  270.8172 269.303 268.8026  268.8139 268.3134 269.4189 268.9185
1.0 195.6439  195.1433 193.1434 192.6427  192.5623 192.0616 193.1849 192.6843
100 2.0 103.6814  103.1802 102.0019 101.5006  101.6254 101.1242 102.0066 101.5053
3.0 57.9101 57.40795 56.95117 56.4489 56.7491 56.2468 56.95202 56.4498
5.0 21.4002 20.8942 21.1150 20.6090 21.04915 20.5430 21.1150 20.6090
10.0 4.0409 3.5054 4.0081 3.4723 4.0015 3.4656 4.0081 3.4723
15.0 1.7200 1.1129 1.7133 1.1054 1.7117 1.10381 1.7133 1.1054
20.0 1.1856 0.4691 1.1836 0.4662 1.1832 0.4655 1.1836 0.4662
30.0 1.0075 0.0872 1.0074 0.0865 1.0074 0.0863 1.00743 0.0865
AEQL 355.4497 352.6169 351.9935 352.6284
PCI 1.0098 1.0018 1.0000 1.0018

Table 3 displays outcomes for hyper-parameters (v,7) = (2,2). For m =20, the original squared error loss
function performs better for shift sizes ranging from 0.1 to 2.0, while the modified squared error loss
function shows superior performance for larger shift sizes (3.0-30). For m = 40, the original squared error
loss function yields better results for shift sizes 0.1 to 5.0. Beyond that, all three Bayesian loss functions
offer comparable and improved ARL1 and SDRL1 values. When m =100, the modified squared error loss
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function consistently outperforms others across all shift magnitudes. Furthermore, AEQL and PClI values
confirm the advantage of the original squared error loss function for m=20 and m =40, whereas the

modified squared error loss function provides the best performance for m=100, as indicated by the
lowest AEQL and PCI of 1.

Table 3. Comparison of ARL and SDRL Values for Various Methods at (v,7)=(2,2)

. Classical SE_LF MSE_LF K_LF
ARL SDRL ARL SDRL ARL SDRL ARL SDRL
L=3.028 [=3.44123 L=3.4672 L=3.4461
0.0 369.849 369.3486 369.1893 368.689 370.6262  370.1258 369.6967 369.1964
0.1 354.0463  353.5459 346.3065 345.8061 347.4936  346.9932 346.7114 346.2111
0.5 2914196  290.9192 255.5689 255.0685 256.0021  255.5016 255.7305 255.2301
1.0 219.5311  219.0305 177.5188 177.0181 177.6708  177.1701 177.5797 177.0790
20 2.0 121.8304  121.3294 92.5576 92.0563 92.5614 92.0600 92.5629 92.0615
3.0 67.4088 66.9069 51.0472 50.5447 51.0429 50.5404 51.0477 50.5452
5.0 24.1603 23.6550 19.0057 18.4990 19.0033 18.4965 19.0057 18.4990
10.0 4.24324 3.7097 3.6946 3.1552 3.6941 3.1548 3.6946 3.1552
15.0 1.7551 1.1512 1.6380 1.0223 1.6379 1.0222 1.6380 1.0223
20.0 1.1951 0.4829 1.1621 0.4340 1.1620 0.4339 1.1621 0.4340
30.0 1.0084 0.0924 1.0064 0.0806 1.0064 0.0806 1.0064 0.0806
AEQL 381.7051 332.5711 332.5780 332.5830
PCI 1.1477 1.0000 1.0000 1.0000
L=3.0332 [=3.24 L=3.2542 L=3.2445
0.0 370.2352  369.7349 370.5896 370.0893  371.7887 371.2884 370.9207 370.4204
0.1 349.1937  348.6933 343.6186 343.1182  344.6628 344.1624 343.8839 343.3835
0.5 277.819 277.3185 258.8706 258.3701 259.284 258.7835 258.9866 258.4861
1.0 204.1933  203.6927 183.3099 182.8092  183.4671 182.9664 183.3495 182.8488
2.0 109.5819  109.0807 95.5600 95.0587 95.5791 95.07781 95.5648 95.0634
40 3.0 60.9648 60.4628 53.2218 52.7194 53.2242 52.7218 53.2225 52.7201
5.0 22.2162 21.7104 19.7996 19.2931 19.7997 19.2932 19.7996 19.2931
10.0 4.1005 3.5656 3.8342 3.2965 3.8342 3.2965 3.8342 3.2965
15.0 1.7298 1.1235 1.6720 1.06005 1.6720 1.0600 1.6720 1.0600
20.0 1.1881 0.4728 11717 0.4486 11717 0.4486 1.1717 0.4486
30.0 1.0078 0.0887 1.0068 0.0829 1.0068 0.0829 1.0068 0.0829
AEQL 363.7337 340.1918 340.2256 340.2006
PCI 1.0692 1.0000 1.0001 1.0000
L=3.035 L=3.1258 L=3.13028 L=3.1273
0.0 370.2295  369.7292 369.9150 369.4146  369.3215 368.8212 370.2083 369.7079
0.1 348.7439  348.2435 346.0318 3455314  345.4383 344.9380 346.2731 345.7728
0.5 270.2833  269.7828 263.341 262.8405  262.6128 262.1124 263.4483 262.9478
1.0 195.4063  194.9056 187.8414 187.3408  187.2047 186.7041 187.8783 187.3777
2.0 103.9161  103.4149 99.1849 98.6837 98.8594 98.3581 99.19025 98.6889
100 =30 579538 574516 553578 548555 551713 546690 553586 548563
5.0 21.4423 20.9364 20.6459 20.1397 20.5879 20.0816 20.6459 20.1397
10.0 4.0436 3.5082 3.9523 3.4159 3.9460 3.4095 3.9523 3.4159
15.0 1.7209 1.1139 1.7008 1.0918 1.6994 1.0902 1.7008 1.0918
20.0 1.1856 0.46923 1.1799 0.4608 1.1795 0.4602 1.1799 0.4608
30.0 1.0075 0.0871 1.0072 0.0851 1.0071 0.0850 1.0072 0.0851
AEQL 355.6657 347.6904 347.1040 347.6990
PCI 1.0247 1.0017 1.0000 1.0017

e-ISSN 2289-599X| DOI: https://doi.org/10.11113/mjfas.v22n1.4713 132



MJFAS

Supharakonsakun | Malaysian Journal of Fundamental and Applied Sciences, Vol. 22 (2026) 125-139

Table 4. Comparison of ARL and SDRL Values for Various Methods at (v,y)=(1,2)

. Classical SE_LF MSE_LF K_LF
ARL SDRL ARL SDRL ARL SDRL ARL SDRL
L=3.0303 L=3.452956 L=3.48271 L=3.460904
0.0 370.7821  370.2818 369.7474 369.2470 370.7976  370.2973 370.1375 369.6372
0.1 354.4800  353.9796 341.0916 340.5912 341.9072  341.4068 341.4472 340.9469
0.5 2922754 291.775 255.6170 255.1165 255.9237  255.4232 255.7339 255.2334
1.0 220.9209  220.4203 178.4737 177.973 178.5629  178.0622 178.5158 178.0151
20 2.0 122.4405  121.9395 92.2928 91.7914 92.2912 91.7898 92.2967 91.7953
3.0 68.0922 67.5903 51.3517 50.8493 51.3471 50.8447 51.3522 50.8498
5.0 24.0404 23.5351 18.8545 18.3477 18.8519 18.3451 18.8545 18.3477
10.0 4.2418 3.7083 3.6896 3.1502 3.6892 3.1498 3.6896 3.1502
15.0 1.7572 1.1535 1.6388 1.0232 1.6387 1.0231 1.6388 1.0232
20.0 1.1953 0.4832 1.1622 0.4341 1.1621 0.4341 1.1621 0.4341
30.0 1.0084 0.0924 1.0064 0.0805 1.0064 0.0805 1.0064 0.0805
AEQL 382.3969 332.4380 332.4342 332.4430
PCI 1.1503 1.0000 1.0000 1.0000
L=3.033274 L=3.249328 L=3.2625 [=3.2528
0.0 369.0625  368.5622 3711777 370.6773  370.0912 369.5909 369.4311 368.9308
0.1 350.4509  349.9505 345.9368 345.4365  344.7692 344.2689 344.2758 343.7754
0.5 277.9077  277.4072 259.7607 259.2602  258.5613 258.0609 258.3443 257.8438
1.0 2784781  277.9776 260.5958 260.0953  259.4468 258.9463 259.2254 258.7249
2.0 204.4007  203.9001 183.2342 182.7335  182.3863 181.8857 182.3062 181.8055
40 3.0 110.1477  109.6466 96.04773 95.54643 95.5546 95.0532 95.5441 95.0427
5.0 61.2814 60.7794 53.4716 52.9693 53.2230 52.7207 53.2215 52.7191
10.0 22.2349 21.7291 19.8470 19.3406 19.7673 19.2608 19.7672 19.2607
15.0 4.0998 3.5649 3.8353 3.2976 3.8254 3.2876 3.8254 3.2876
20.0 1.1883 0.4730 1.1722 0.4494 1.1716 0.4484 1.1716 0.4484
30.0 1.0078 0.0890 1.0069 0.0833 1.0068 0.0831 1.0068 0.0831
AEQL 747.3374 680.5349 678.1683 678.1008
PCI 1.1021 1.0036 1.0001 1.0000
L=3.035 L=3.129 [=3.133 [=3.13
0.0 370.6839  370.1836 370.3589 369.8586  370.1332 369.6329 370.6419 370.1415
0.1 349.5591 349.058 346.9394 346.4391  346.5509 346.0505 347.1779 346.6776
0.5 270.0386  269.5382 262.9620 262.4615  262.3382 261.8377 263.0578 262.5574
1.0 195.5550  195.0544 188.2198 187.7192  187.6284 187.1278 188.2526 187.7519
100 2.0 104.1500  103.6488 99.3814 98.8801 99.04721 98.5459 99.38596 98.8847
3.0 58.0599 57.5577 55.5251 55.0228 55.3622 54.8599 55.5258 55.0235
5.0 21.4661 20.9601 20.6520 20.1458 20.5957 20.0895 20.6520 20.1458
10.0 4.0386 3.5030 3.9464 3.4100 3.9403 3.4037 3.9464 3.4100
15.0 1.7208 1.1137 1.7009 1.0918 1.6995 1.0904 1.7009 1.0918
20.0 1.1857 0.4693 1.1800 0.4609 1.1797 0.4604 1.1800 0.4609
30.0 1.0075 0.0872 1.0072 0.0853 1.0072 0.0851 1.0072 0.0853
AEQL 355.8565 347.8912 347.3452 347.8989
PCI 1.0245 1.0016 1.0000 1.0016

Table 4 presents results for hyper-parameters (v,7)=(1,2). For m =20, the original squared error loss
function performs better at detecting small shifts (0.1—1.0), while the modified squared error loss function
excels for larger shifts (2.0-30). For m =40, the K loss function offers better detection at shift sizes 0.1
to 10.0, whereas both the original and modified squared error loss functions perform equally well for
shifts of 15.0 to 30.0. Form=100, the modified squared error loss function again demonstrates
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consistent superiority across all shift sizes. As with the previous tables, the AEQL and PCI values
underscore the effectiveness of the Bayesian method under the modified squared error loss function for

m =20 and m=100, while the K loss function shows the best performance for m =40, achieving the
lowest AEQL and a PCI of 1.

Table 5. Comparison of ARL and SDRL Values for Various Methods at (v,y)=(1,8)

. Classical SE_LF MSE_LF K_LF
ARL SDRL ARL SDRL ARL SDRL ARL SDRL
[=3.0322 L=4.95054 L=4.97 L=4.95564
0.0 371.8129  371.3125 371.8815 371.3812 370.5558  370.0555 371.8571 371.3568
0.1 354.7813  354.2810 343.5037 343.0033 3421531  341.6527 343.4835 342.9832
0.5 2021143  291.6138 255.2386 254.7381 2545723  254.0718 255.2204 254.7199
1.0 221.8204  221.3198 178.2614 177.7607 177.7977  177.2970 178.2526 177.7519
20 2.0 122.3022  121.8012 91.97409 91.47272 91.68299  91.18161 91.96828 91.46691
3.0 68.0108 67.5089 51.1755 50.6730 51.04864 50.5461 51.1717 50.6692
5.0 24.1745 23.6692 19.0400 18.5333 19.0051 18.4984 19.0389 18.5322
10.0 4.2553 3.7219 3.7165 3.1774 3.7127 3.1736 3.7162 3.1771
15.0 1.7551 1.1512 1.6420 1.0267 1.6411 1.0258 1.6419 1.0267
20.0 1.1955 0.4835 1.1637 0.4364 1.1634 0.4361 1.1636 0.4364
30.0 1.0084 0.0923 1.0064 0.0806 1.0064 0.0805 1.0064 0.0806
AEQL 382.7503 332.9384 332.5270 332.9210
PCI 1.1510 1.0012 1.0000 1.0012
L=3.0335 L=4.048 L=4.0629 L=4.05159
0.0 372.2031  371.7027 372.0345 3715342  372.0346 371.5343 372.0345 371.5342
0.1 353.9042  353.4039 344.5434 344.0431 344.5435 344.0431 344.5434 344.0431
0.5 280.4963  279.9959 256.0342 2555337  256.0342 255.5337 256.0342 255.5337
1.0 206.8516  206.3510 180.146 179.6453 180.146 179.6453 180.146 179.6453
2.0 110.6492  110.1480 93.4163 92.9150 93.4163 92.9150 93.4163 92.9150
40 3.0 61.4701 60.9680 52.0896 51.5871 52.0896 51.5871 52.0896 51.5871
5.0 22.3895 21.8837 19.4722 18.9656 19.4722 18.9656 19.4722 18.9656
10.0 4.1101 3.5753 3.7952 3.2570 3.7952 3.2570 3.7952 3.2570
15.0 1.7338 1.1279 1.6649 1.0521 1.6649 1.0521 1.6649 1.0521
20.0 1.1890 0.4741 1.1699 0.4458 1.1699 0.4458 1.1699 0.4458
30.0 1.0078 0.0891 1.0067 0.0822 1.0067 0.0822 1.0067 0.0822
AEQL 365.4377 336.8172 336.8172 336.8172
PCI 1.0850 1.0000 1.0000 1.0000
L=3.03492 L=3.4491 L=3.454 L=3.45
0.0 370.2639  369.7636 370.6674 370.1671  370.7171 370.2168 370.6270 370.1266
0.1 348.2213  347.7209 343.8273 343.327 343.8337 343.3333 343.7625 343.2622
0.5 270.3785  269.8781 256.4417 255.9412  256.4119 255.9115 256.384 255.8835
1.0 195.8382  195.3375 180.6034 180.1027  180.5951 180.0944 180.5866 180.0859
100 2.0 103.9681  103.4669 94.4945 93.9932 94.4827 93.9813 94.4817 93.9804
3.0 57.9541 57.4519 52.7383 52.2359 52.7310 52.2286 52.7309 52.2285
5.0 21.3939 20.8879 19.7780 19.2717 19.7758 19.2693 19.7758 19.2693
10.0 4.0404 3.5049 3.8600 3.3226 3.8597 3.3223 3.8597 3.3223
15.0 1.7214 1.1144 1.6813 1.0703 1.6812 1.0702 1.6812 1.0702
20.0 1.1853 0.4687 1.1739 0.4519 1.1739 0.4518 1.1739 0.4518
30.0 1.0075 0.0872 1.0069 0.0832 1.0068 0.0832 1.0068 0.0832
AEQL 355.5861 339.5716 339.5419 339.5400
PCI 1.0473 1.0001 1.0000 1.0000
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Table 5 presents the results for hyper-parameters (v, ) =(1,8). For an inspection unit size of m =20, the

Bayesian method under the modified squared error loss function outperforms the others across all
magnitudes of mean shifts, yielding the lowest ARL1 and SDRL+ values. For m =40, all three Bayesian
loss functions perform equally well, producing the same low ARL+1 and SDRL+ values. In the case of m=
100, the K loss function provides better detection for small shifts (0.1 to 3.0), while both the modified
squared error and K loss functions perform comparably for larger shifts (5.0 to 30.0).

Consistent with previous tables, the AEQL and PCI values highlight the superior performance of the
Bayesian approach. Specifically, for m =20, the modified squared error loss function yields the lowest
AEQL and a PCI of 1. For m =40, all three Bayesian loss functions achieve the same result. Meanwhile,
form =100, the K loss function demonstrates the best performance, attaining the lowest AEQL and a
PCI of 1.

Application to Real Dataset

This section provides a comparative analysis of the performance of classical and Bayesian c-charts,
developed using the original squared error, modified squared error, and K loss functions. The
demonstration is based on a real-world dataset involving the inspection of missing rivets on large aircraft.
Specifically, 26 consecutive samples were collected, each representing the count of missing rivets per
aircraft. It is assumed that the number of nonconformities in each sample follows a Poisson distribution,
consistent with the assumption that the defects occur randomly and independently across the aircraft
structure [5].

This dataset serves as a practical case study for assessing the effectiveness of each control chart
method in detecting shifts in the process mean. The Poisson mean parameter was estimated using both
the classical (frequentist) method and three Bayesian approaches based on the respective loss
functions. These estimates were then used to construct control limits for monitoring shifts in the mean

number of defects. For all Bayesian charts, the control width was set using a constant L =3, and the
hyperparameters were specified as (v,7)=(1,8). The comparative performance of the four control
charting approaches is illustrated in Figures 1 through 4.

20
15

10 -

Defect count

0 5 10 15 20 25
Observation number

Figure 1. Classical c-chart for monitoring missing rivet counts in aircraft inspection data, illustrating
baseline detection performance

Figure 1 displays the classical c-chart applied to the observed data. The chart signals out-of-control
conditions at the 5th, 7th, and 16th observations. However, the chart detects these shifts only after
several observations, indicating delayed signaling and lower sensitivity to early or subtle changes in the
process mean. This limitation emphasizes the potential value of more adaptive techniques, such as
Bayesian methods, in quality-sensitive industrial applications.
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Figure 2. Bayesian c-chart based on the original squared error loss function for monitoring missing rivet
counts, demonstrating improved sensitivity and earlier detection compared to the classical c-chart

Figure 2 shows the performance of the Bayesian c-chart constructed using the original squared error
loss function. This chart detects out-of-control signals earlier, beginning at the 5th observation and
continuing through the 7th, 16th, and 27th samples. The earlier identification of process anomalies
demonstrates the improved sensitivity of this Bayesian method, offering practical advantages in industrial
settings where early detection can help minimize defects, reduce waste, and maintain consistent product
quality.

20 -

-
[$,]

Defect count
)

0

0 5 1I0 Obseervation"rlﬁjmber 2IO 2I5
Figure 3. Bayesian c-chart based on the modified squared error loss function for monitoring missing
rivet counts, highlighting enhanced early detection of process mean shifts

Figure 3 illustrates the results using the modified squared error loss function. Similar to the previous
Bayesian approach, this method detects nonconforming observations at the 5th through 7th, 16th, and
27th inspection points. These results confirm that the modified squared error loss function enhances
early detection capability, enabling quicker identification of mean shifts than the classical method.

Figure 4 presents the results for the Bayesian c-chart constructed using the K loss function. This chart
also signals at the 5th through 7th, 16th, and 27th observations, demonstrating consistent and rapid
detection performance comparable to the other Bayesian charts. The similarity of results across different
loss functions highlights the robustness of the Bayesian framework in real-world applications.

Overall, the real-data application clearly demonstrates that Bayesian c-charts detect process shifts more
quickly and consistently than the classical c-chart. All three Bayesian approaches identify out-of-control
conditions at earlier stages, indicating higher sensitivity to mean shifts and stronger practical
effectiveness. These findings confirm the suitability of Bayesian control charts for early detection and
proactive quality control in industrial environments.
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Figure 4. Bayesian c-chart constructed using the K loss function for monitoring missing rivet counts,
showing detection performance comparable to other Bayesian approaches

The psychological impact of using control charts should not be underestimated. By providing clear and
timely visual feedback, these charts support rapid decision-making and promote a culture of continuous
improvement among quality personnel. The dataset analyzed here forms part of a broader investigation
that reported substantial improvements, underscoring the value of control charts as essential tools for
effective process monitoring and quality enhancement.

Conclusion and Discussion

This study proposes two enhanced Bayesian control chart methods—the modified squared error loss
function and the K loss function—to improve the performance of the traditional c-chart in detecting
process shifts. Through extensive simulation studies under various scenarios of shift magnitudes,
inspection unit sizes (m = 20, 40, 100), and hyper-parameter settings, the results confirm that these
Bayesian approaches outperform the classical method across multiple performance metrics.

In particular, the Bayesian method under the modified squared error loss function consistently
demonstrated the lowest Average Run Length (ARL+), Standard Deviation of Run Length (SDRL1),
Average Expected Quadratic Loss (AEQL), and Performance Comparison Index (PCIl) across most
scenarios. The K loss function also provided strong performance, especially in detecting small to
moderate shifts, offering comparable or superior detection capability in certain cases.

The application to real-world data involving missing rivets in aircraft further confirms the effectiveness of
the proposed methods. Both the modified squared error and K loss function-based Bayesian c-charts
were able to detect out-of-control points earlier than the classical c-chart. This early detection is critical
in industrial settings, where delays in identifying quality issues can lead to increased defects, costs, and
safety risks.

The findings suggest that incorporating loss functions into Bayesian control charts allows for more
flexible and sensitive monitoring systems that can be adapted to specific operational goals or risk
tolerances. Moreover, the proposed methods show practical value in real-world process control
environments, particularly those requiring high responsiveness and precision.

In conclusion, the modified squared error and K loss functions introduced in this study offer valuable
extensions to the Bayesian c-chart framework. These approaches significantly improve the ability to
detect process shifts over classical methods, making them suitable alternatives for modern quality control
applications. Future work could explore their integration into dynamic systems with real-time updating,
multivariate extensions, or applications in digital manufacturing environments.
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