MJFAS

*For correspondence:
zaitonmi@utm.my

Received: 20 June 2025
Accepted: 13 March 2026

© Copyright Kunasegaran.
This article is distributed
under the terms ofthe
Creative Commons
Attribution License, which
permits unrestricted use
and redistribution provided
thatthe original author and
source are credited.

Kunasegaran et al. | Malaysian Journal of Fundamental and Applied Sciences, Vol. 22 (2026) 298-308

RESEARCH ARTICLE

Analytical Solution of Two-Dimensional
Advection-Diffusion Equation with Caputo-
Fabrizio Derivative and Time Dependent
Velocity

Purani Kunasegaran?, Zaiton Mat Isa®®-*

aDepartment of Mathematical Sciences, Faculty of Science, Universiti Teknologi
Malaysia, 81310 UTM Johor Bahru, Johor, Malaysia; PUTM Center for Industrial and
Applied Mathematics (UTM-CIAM), Ibnu Sina Institute for Scientific and Industrial
Research, Universiti Teknologi Malaysia, 81310 UTM Johor Bahru, Johor, Malaysia

Abstract The advection-diffusion equation (ADE) is a fundamental mathematical model that is
widely used to describe the transport of substances, such as the transport of pollutants in rivers,
groundwater or soil. Incorporating a fractional derivative into the ADE allows for non-integer orders
which have been demonstrated to capture more complex dynamics that cannot be described by
classical ADE. This study investigates a two-dimensional ADE with time-fractional Caputo-Fabrizio
derivative while considering a time-dependent velocity. The velocity function varies temporally,
while the diffusion coefficient remains constant. By introducing appropriate transformations, the
equation is reformulated and reduced to an equation with constant coefficients. Analytical
solutions are obtained using the Laplace transform in time and the Fourier transform in spatial
coordinates. The derived solutions encompass classical and fractional advection-diffusion
processes, highlighting the impact of fractional-order derivatives. Numerical simulations illustrate
the influence of time-dependent velocity on concentration profiles, providing a comparative
analysis. The results show that lower fractional parameter values yield lower concentration profiles
in both spatial domains, with a peak around the centerline and the source. As time increases, the
fractional solutions maintain a localized concentration near the centerline and the source, while
the classical solution becomes more flattened and moves further downstream. Additionally, a
time-dependent velocity consistently yields higher concentration profiles than a constant velocity.
These results offer valuable insights into the role of fractional calculus in modeling transport
processes with evolving velocity fields, contributing to both theoretical advancements and practical
applications in environmental and engineering sciences.

Keywords: Advection-Diffusion Equation, Caputo-Fabrizio Fractional Derivative, Time Dependent,
Laplace Transform, Fourier Transform.

Introduction

The advection-diffusion equation (ADE) describes the transport process due to the combined influences
of advection and diffusion. Diffusion is the process by which matter is transported from high concentration
to low concentration through random molecular motions. Meanwhile, advection is the process where
a substance is transported by the movement of a fluid or solvent. Its analytical and numerical solutions
have drawn the attention of many authors, since the ADE has a broad range of applications. For example,
ADE has assisted in understanding the concentration of pollutant in the river ([1]; [2]; [3]; [4]) and in soil
([5]; [6]). Besides, mathematical modelling based on ADE also has been implemented in investigating
the concentration of contaminant in groundwater ([7]; [8]; [9];[10L;[11]).

In recent years, there has been growing interest in studying fractional ADE (FADE). FADE that offers
non-integer orders, has advantages that can capture non-local behaviour, which may not be captured by
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the classical ADE. Studies also have shown that fractional derivatives lead to a better fit of the
experimental data than the classical ADE. In the study by [12], it was found that compared to advection
- dispersion equation model, fractional advection-dispersion equation model provides better simulation
for the concentration in breakthrough curves for adsorbing contaminant. Also, while investigating the
transport of solute in a fracture using the FADE, [30] compared the results with the classical ADE. The
findings show that FADE provides a better fit than the ADE based on their validation with experimental
data. Meanwhile [13] in his book shows how fractional calculus offersa suitable (albeit
frequently empirical) method for describing the dynamic characteristics of linear viscoelastic media
including problems of wave propagation and diffusion.

Thus far, several studies have explored the solutions and properties of FADE using various analytical
and numerical techniques. Analytically, [14] and [15] derived the solution for a two-dimensional FADE,
however it should be noted that their work assumed constant diffusion and advection. Same as in [16],
the analytical solutions of Atangana-Baleanu time-fractional derivative ADE is solved for equation where
the coefficients are constant. Meanwhile in [17], although a two-dimensional problem is considered, the
authors solved the diffusion equation only. The study by [18] formulated the time-fractional ADE using
the Caputo fractional derivative and derived the analytical solutions. However, their study solely focused
on the one-dimensional domain only. Same as in [19], the presented Caputo left generalized fractional
derivative to describe the FADE were solved for problem in one-dimensional space.

It is important to note that diffusion and flow velocity have been proven to vary over time. As a result,
some authors have considered variable coefficient with temporally dependent in their study such as in
[20], [21], [22], [23], [24] and [25]. However, they obtained solutions to the classical ADE, rather than the
fractional derivative in those papers.

In summary, existing analytical solutions tothe FADE are primarily limited to one-dimensional
problems. In the case of two-dimensional scenarios, coefficients are often assumed to be constant, or
the focus is solely on solving the diffusion equation. These limitations highlight the necessity for a more
comprehensive analysis that incorporates a two-dimensional framework with time dependent
coefficients, providing a more realistic representation of the underlying physical processes.

Based on the above, this proposed study aims to fill these drawbacks by formulating a model equation
for a two-dimensional ADE with time dependent velocity incorporating fractional Caputo-Fabrizio
derivative. In addition, an instantaneous boundary condition is also introduced to enhance the model's
representation. The analytical solutions will be obtained by implementing the Laplace transform and
Fourier transform method, motivated upon successful applications in earlier studies ([12]; [14]; [15]; [16];
[26]; [27]).

Definition of Fractional Derivative

The Caputo-Fabrizio (CF) time fractional derivative of order a € [0,1) is defined as

texp (—a(t _T)> f’(T)dT (1)

1—a

1
“oEf©O =1

0

The Laplace transform of Caputo-Fabrizio time derivative (1) is

sLIf®)] - £(0)

W DEfO} == s (2)
Remark 1: Taking the limit for @ - 1,
limL{FDEF (D)} = sLf(6) = £(0) = L{f" ()} 3)

gives the classical ADE.

Mathematical Formulation

A two-dimensional advection-diffusion equation is given by
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aC(x,y,t) D 9%C(x,y,t) BZC(x y, t) ac(x,y, t) aC(x,y,t)
at ax2 ] u(t )[ ay (4)

where the C(x, y, t) represents the concentration of the transported substance, u is the velocity field that
depends on time, and D is the diffusion coefficient. Initially, there is no concentration in the medium. Also,
it is assumed that the concentration source is instantaneously introduced at the boundary. The initial and
boundary conditions are considered as

Clx,y,00=0 5)
C(x,0,t) = Co6(x)6(t) (6)
xl_i)rinm C(x,y,t) =0, }1_1)130 Clx,y,t)=0 @)

In the present study, it is assumed that the solute diffusion coefficient remains constant, but the velocity
of the flow is temporally dependent, hence

D(x,y,t) = Dqy (8)
u(x,y,t) = ugf(mt) 9)
Therefore, the (4) assumes the form

ac [626 92C

oc ac
Frd o ] Uof (m )[

To find the analytical solution, new space variable for X and Y are introduced such that

- f F(mt) dx (11)
= [ rony ay (12)
The ADE (10) reduces to
1 6C_ d%c od%C ac acC
F2(mt) 9¢ 0[@*@]‘% ﬁ*ﬁ] (13)

Furthermore, a new variable T is introduced by the transformation

t
_ f F2(me) dt (14)
0
which will further reduce (13) as
ac _ [e%C  9%C oc , oc
ar ~ olaxz Tavz| T lax tay (15)

Meanwhile, the initial and boundary conditions (5) — (7) become

C(X,Y,0)=0 (16)

C(X,0,T) = %6(X)6(T) (17)

e-ISSN 2289-599X| DOI: https://doi.org/10.11113/mijfas.v22n2.4531 300



MJ FAS Kunasegaran et al. | Malaysian Journal of Fundamental and Applied Sciences, Vol. 22 (2026) 298-308

lim C(X,Y,T) =0, lim C(X,Y,T) =0
X—+oo ( ) Y- ( ) (18)

where a = f(0). Now, the goal is to simplify the equation (15) by introducing a new unknown function,
v(X,Y,T) such that

C(X,Y,T) = exp [2”—5’0 X + y)] v(X,Y,T) 19)

This reduces the ADE (15) with conditions (16) - (18) to

v D 02 N 92 u?
ar ~ °\axz " avZ) 2D, " (20)
v(X,Y,0) =0 (21)
C
v(X,0,T) = —28(X)5(T) (22)
lim v(X,Y,T)=0, lim v(X,Y, T) =0
X-too Yoo (23)
Implementing CF time fractional derivative to ADE (20) yields
0%v(X,Y,T) %v(X,Y,T) u?
CFna — -

DEV(X,Y,T) = Dy—— 7"+ Do—— 20, V&) (24)

To solve the fractional ADE (FADE) given in (24), the Laplace transform with respect to T, defined by
v(X,Y,s) = fow v(X,Y,T)e~5T ds, is first applied. This is followed by the Sine-Fourier transform with

respect to Y, given by ﬁ(X,n,s)=\/%ff;ﬁ(X,Y,s)sin(nY) dY, and finally the exponential Fourier

transform with respect to X, defined as v*(&,1,s) = f_io (X, n,s)e %X dX . This transformations process
yields the transformed equation

v (§m,8) = f Dot
Ta [ + Dgn? + Dyé% + 2D2 (25)

s+ ay
1
where y = PR

To facilitate the application of the inverse transformation, the term is expressed into auxiliary components

in the form
5*(5'7]'5) = 171(5»77'5) +5z(f»77»5) (26)
where
~ 2 DyCy n
Ul (f 77; S) f
Toa (Don + Dy&? + + y) (27)
and
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75 (&,1,5)

f 12D, o > - 7 (28)
Ug2 2 24 Yo~
(D0n2+D052+2—](_))0+y) ot ay(Don + D& +2D )

(D()T] + Dofz + + }/)

By applying the inverse integral transformations and utilizing symmetry properties of integrals, the results
are obtained as

2 C i Y X
v (XY, T) = ?Do;%(T) 1 sin(n )COSS ) dn dé 29)
2
. . (DOE + Dgn? +2D +y)
and
C 25 Y X
oty = 250 ney? sina) os(ex)
b (D()T] +D0€2 + +]/>
u2 (30)
‘ZV(DOW + Doé? + 5D )
xexp| — p 0T |dndé
(DOTI2 + D% + + )’)
The integral is in the ¢ and n variables. Now, let
E=pcosfH, n=psiné (31)
where p € [0,),6 € [O, %]
Therefore, v, (X,Y,T) converts to
v (X,Y,T)
[ee] m
2
2 Co ,02
= FDO ;6(T) —————sin&sin[(p sin 8)Y] cos[(p cos 8)X] dp dO (32)
(DOP t+57- ZD +V
0
Then, let z = cos 6. For the integration part involving 6 , it can be shown that
z 1
2
f sin 8 sin[(p sin 8)Y] cos[(p cos 8)X] dO = f sin (Yp\/ 1- zz) cos(Xpz) dz (33)
0 0
According to [28],
1 s n
i [1=22)d 2_(7) 2 4 p2
fo cos(mz) sin (n z ) z=35 W J1 (\/m n ) (34)
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which relate to (33) such that m = Xp and n = Yp. Hence, (32) can be written as

YDO Cog(T) pZ

VX2 2 2
0 0

v, (X,Y,T) = 1 (pVX2+¥7)dp (35)

Using the same approach, v,(X,Y,T) converts to

v, (X,Y,T)
a]/ZYCoDO ( T)
= ————eXp(—a
am/sz +Y2 Py
36)
2 a ZT (
X p > exp 4 5 jl(p X2+Y2)dp
(D 2 + ﬂ + ) Dnp? Up
oP 2D, Y P> + 2_D0 +y
Since v, (X,Y,T) contains delta function, §(T) which suggests that it is only nonzeroat T = 0
(o, T=0
oM ={y" 720 (37)
Therefore, for T > 0, v,(X,Y,T) = 0, resulting in
v(X,Y,T) =v,(X,Y,T) (38)
By using the identity of Bessel function J,(2) + J,(2) = gjl(z), (36) can be written as
v(X,Y,T)
2
_ ay YCODO
= 2an exp(—ayT)
p3 ay?T (39)
X . 5 €xXp 2z []0 (p X? + YZ)
U 240
(D0p2+2—D()()+}/> Dop +2D0+V
+J2 (pv/xZ+72)] dp
Finally, by substituting (39) into (19), the solution of FADE is obtained as
CX,Y,T)
_ay?YCyDy ug ]
Iy exp 2Dq X+Y)—ayT
|r p3 ay?®T 3 (40)
X y 5 €Xp ) 2 []0 (p X“+Y )
A (D0p2+2—D0+]/) Dop*+7p,+v

+)2(pVX2+V2)|dp, Y>0,T>0

To examine the classical case, consider the limit of the CF derivative as @ — 1 as given in Remark 1 (or,
equivalent, y — oo ). From (40),
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ay? a 2T
lin} 4 3 sexp| —ayT + 4
a— u
(D0p2+2° +V) Dop? + +)’
Dy
2, g
j v VTP * 2, (41)
—lm e ——
2
(Dopz +op+ y) Dop® + 75, +¥

con (o s3)

Therefore, the solution for classical ADE (a¢ — 1)

YC,D,
C(X,Y,T) = 2;n"ex [—(X+Y)——T]

2D,
2);(pVX +7?) p
VX +712

(42)
Xf pZeXp(—DopzT)[
0

[ee) v ﬁ
Using the formula [, xVtle=9%* ] (hx)dx = (Zfﬁe_m,a >0,b > 0,Re(v) > —1, the solution for
classical ADE can be simplified as
2 XZ + YZ
CX,Y,T) = ——0 [—(X+Y)——T ]

4D, T2 2D, 4D,T (43)

Numerical Simulations and Discussion

In order to analyse the influence of the fractional parameter «, on the advection-diffusion process, the
concentration profiles given by the fractional solution (40) and the classical solution given by (43) are
compared. Specially, in the following Figure 1 and 2, the fractional solutions are represented by a =
0.1,0.2 and 0.4, while the classical solution is represented by a = 1. The parameter values listed in Table
1 are used, which are based on references relevant to river environments. Consider a scenario where
a pollutant is instantaneously introduced into the river with concentration C, = 1 kg/m3. The pollutant
undergoes dispersion characterized by a diffusion coefficient D,, while being advected downstream with
a time-dependent river velocity given by u = ugexp (—0.1t). The time dependent function f(mt) is
assumed to be in the form of f(mt) = exp(—mt) with m = 0.1.

Table 1. Diffusion and velocity parameter values based on references relevant to river environments

Parameter Value Reference
Diffusion, D, 0.13 m?/day [29]
Velocity, u, 0.05 m/day [29]

Figure 1 illustrates the concentration profiles plotted along the spatial coordinate x fory = 0.4, six values
of time t, and different values of the fractional parameter a. Overall, the results show a significant
dependence of the concentration profiles on the fractional parameter a. For the fractional solutions, lower
values of a result in lower concentrations, with decreasing peaks as time increases. Since the source is
represented by a delta function located at y = 0, the concentration is seen to be localized at the
centerline (x = 0), resulting in higher concentration levels at that location. It can also be seen that the
classical solution produces the highest concentration at t = 1 day, but @ = 0.4 surpasses the classical
solution by t = 2 day. At later times, the classical solution decreases again and ultimately drops below
all the fractional solutions. When a = 1, corresponding to the classical solution, the concentration keeps
decreasing, followed by a completely flattened profile by t = 15 day.
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Figure 1 Concentration profiles along spatial coordinate x comparing the fractional solution (a < 1, Eq.

40) with the classical solution (« = 1, Eq. 43)

Figure 2 shows the concentration profiles along the y-direction at x = 0 for different fractional parameters
a over various time. Similar to Figure 1, lower values of a result in lower concentration peaks, and the
peaks decrease gradually as time progresses. At the early stages (t =1 and 2 day), all profiles are
sharply peaked near y = 0, with concentration rapidly decreasing downstream. By t = 5 day, the solution
with @ = 0.4 surpasses the classical solution in peak concentration, indicating a temporary dominance of
fractional transport at that time scale. By t = 10 day, the peak concentration of the classical solution
drops below the peaks of the fractional profiles for « = 0.2 and a = 0.4. The classical solution shows
continuously decreasingly peaks over time, transitioning towards a flattened profile, while the fractional
solutions maintain a localized peak near the source (x =y = 0).
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Figure 2 Concentration profiles along spatial coordinate y comparing the fractional solution (a < 1, Eq.
40) with the classical solution (o« = 1, Eq. 43)

In this present study, the velocity is assumed to be time dependent. Figure 3 compares concentration
profiles for both time-dependent velocity (m = 0.1) and constant velocity (m = 0) cases with fractional
parameter a = 0.2. At early time, the profiles for both m = 0 and m = 0.1 are nearly identical as the
exponential term in the time-dependent velocity u = uyexp (—0.1t) remains close to 1. Hence, both
velocity conditions result in almost the same concentration distribution. As time increases, the time-
dependent velocity produces a significantly higher and broader peak concentration while constant
velocity case exhibits lower peak concentration. This indicates that the varying velocity over time
enhances the accumulation and dispersion of the pollutant more effectively than a steady, constant flow.

e-ISSN 2289-599X| DOI: https://doi.org/10.11113/mjfas.v22n2.4531

306



MJ FAS Kunasegaran et al. | Malaysian Journal of Fundamental and Applied Sciences, Vol. 22 (2026) 298-308

t=1da t=7da
006 y __0.036 - feay
] —m=0 «a —m=0
—g —— m=01 E —m:OJ
[o)] ()]
& X
= 0.04 < 0.024
c c
= S
S ©
& 0.02 £ 0012
(5] (&)
= c
[e] (o]
o 0 O
0o 2 4 6 8 10 % 2 4 6 8 10
y (m) y (m)
0036 t=15 day
® —m=0
'-E — m=0.1
(@)]
X
= 0.024
c
S
©
£ 0,012
(&]
c
o
O [\
0

0 2 4 6 8 10
y (m)

Figure 3 Comparison of concentration profiles for constant (m = 0) and time-dependent (m = 0.1)
velocity for fractional parameter a = 0.2.

Conclusions

This study demonstrates that the fractional parameter @ and the choice of velocity (constant or time-
dependent) significantly influence the concentration profiles in the two-dimensional advection-diffusion
equation. As the fractional parameter a decreases, the overall concentration profiles decrease and
produce lower peaks but maintain a localized concentration over time. Conversely, the classical solution
leads to a flattened profile that moves further downstream as time increases. When comparing time-
dependent and constant velocity cases, the time-dependent velocity consistently produces higher and
broader concentration peaks due to the varying speed of transport. In contrast, the constant velocity case
leads to a less dynamic spread of the concentration over time, with lower peak concentrations. These
findings underscore the significance of incorporating both fractional modeling and time-dependent
velocity to better represent real-world pollutant transport in dynamic and complex environments.
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