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ABSTRACT

Nasser in 2005 gives the first full method for solving the Riemann-Hilbert problem (briefly the RH problem) for smooth
arbitrary simply connected region for general indices via boundary integral equation. However, his treatment of RH
problem does not include regions with corners. Later, Ismail in 2007 provides a numerical solution of the interior RH
problem on region with corners via Nasser’s method together with Swarztrauber’s approach, but Ismail does not
develop any integral equation related to exterior RH problem on region with corners. In this paper, we introduce a new
integral equation related to the exterior RH problem in a simply connected region bounded by curves having a finite
number of corners in the complex plane. We obtain a new integral equation that adopts Ismail’s method which does not
involve conformal mapping. This result is a generalization of the integral equation developed by Nasser for the exterior
RH problem on smooth region. The solvability of the integral equation in accordance with the Fredholm alternative
theorem is presented. The proof of the equivalence of our integral equation to the RH problem is also provided.

| Riemann-Hilbert problem | Fredholm integral equation |

1. Introduction

Many problems encountered in potential theory, the theory of elasticity, hydromechanics and in other
branches of mathematical physics, can be modelled as boundary value problems of functions of complex
variables. Some well-known complex boundary value problems are the Dirichlet problem, RH problem and
Hilbert problem. They are generally treated in the context of singular integral equations which pose a great
challenge for its numerical solution [1]. They are often solved by conformal mapping of the region to the unit
disc, where the problems can be solved in closed form by harmonic conjugation [2].

Gakhov reduced the RH problem to three Dirichlet problems on the same region with a “regularizing factor”
[3]. Murid and Nasser [4] have shown that RH problems can be treated with Fredholm integral equations of the
second kind with continuous kernel, called generalized Neumann kernel. This is convenient for numerical
calculations. Murid and Nasser’s work is actually solving interior and exterior RH problem in smooth simply or
multiply connected region.
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There are not many methods for solving the RH problem on region with corners in the literature because
during the past twenty years, most of the research on the RH problem on smooth regions was concentrated on the
numerical solutions of the problem. However, Swarztrauber [5] derived an integral equation related to the
interior Dirichlet problem for a region with corners and constructed a numerical technique to solve the problem
using Picard iteration method.

Recently, Ismail [6], provided an effective boundary integral equation method for seeking numerical
solution of the interior RH problem on a simply connected region with a finite number of corners. Ismail
successfully adapted the Swarztrauber’s approach [5] to derive an integral equation associated to the RH problem
with corners and provided the proofs of the solvability and uniqueness of the integral equation and its
equivalence to the RH problem [7, 8]. Her works essentially are extensions of the interior Dirichlet problem with
corners and for interior RH problem on smooth region.

In this paper, we provide a new integral equation related to the exterior RH problem in a simply connected
region having a finite number of corners. We obtained a Fredholm integral equation of the second kind with
continuous kernel. In this work, we strictly avoid conformal mapping. Our result is a generalization of the
integral equation developed by Nasser’s method [9] for his exterior RH problem on smooth region. Next, we
establish the solvability for that new integral equation by applying two lemmas obtained by Murid and Nasser [4]
and Wegmann et al. [10]. The proof of the equivalence of our integral equation to the RH problem is also given.

The organization of this paper is as follows. In Section 2, we recall the definition of the interior and exterior
RH problem, present some auxiliary materials and give some known facts about the solvability of the RH
problem. In Section 3, we show how we construct our new integral equation for the exterior RH problem on
region with corners, establish the solvability for that new integral equation and prove the equivalence of our
integral equation to the RH problem. Finally, a short conclusion is given in Section 4.

2. Preliminaries

Generally, the RH problem is a complex boundary value problem whose boundary condition is a linear
combination of the real and imaginary parts of the boundary values of the function f(z) [2]. We define I" to be

at least a piecewise smooth Jordan curve with a counter clockwise parameterization T':¢=¢(r),0<7 < p;
having a continuously turning tangent except possibly at a finite number of corners ¢, ¢,, ..., ¢, in the complex
plane C, where the inclinations of the positive semi-tangents have jumps of ¢, a,,..., ¢, respectively. The angle
@, is positive if the jumps is in the counter clockwise direction and negative otherwise. We also define g(¢) be
the angle between the two tangents to the I at the point £, measured on the interior of the I". We call B(¢) a
local interior angle and assuming f(¢) as 7 at any point ¢ where T" has a unique tangent, and 3, =7 —q, at
t =t, . Cusps will not be considered, and hence it will be assumed that 0 < 8(¢) < 2z [1, p. 428], [3, pp. 31-32],
[11,p. 176].

Suppose that Q' and €~ are the interior and exterior of I', respectively, such that the origin of the
coordinate system belongs to " and o0 belongs to Q™. If a function f(z) is defined in a region containingI",
then the limiting values of the function f(z) when the point z tends to the point # € I" from the interior or the
exterior of T" will be denoted by f*(f) and f~(¢), respectively. Both the bounded region Q" and the

unbounded region €~ are simply connected regions. It is assumed that the simply connected region lies in the
extended complex plane C\U {00} . Suppose that a, b and ¥ are three real-valued functions defined on I, all
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satisfying the Holder condition (see [3, p. 5] for definition) and a?(¢)+5%(¢) = 0 for all z € I'. In this paper we

shall assume that the functions a and b have continuous first order derivative. Then the interior and exterior RH
problems are defined as follows [2, p. 126].

Definition 2.1 The interior RH problem in the bounded simply connected region QF consists of finding all
Sunctions f(z) =u(z)+iv(z) that are analytic in Q, Holder continuous on QF, and satisfy the boundary

condition

a(u” (1) =b@)v" (@) = y(1)- M

Another frequently used form of writing the boundary condition (1) is

Re[e(t) /" (O] =7y(1), tel, 2
or equivalently as
_ oty == 2y 3
frO== 5 I O )
where
o) =a(t)+ib(t), tel. (4)

If y(¢t)#0, then (2) is a non-homogeneous boundary condition, while if y(r)=0 we have a homogeneous
boundary condition, i.e.,

Re[c(t) f*(1)]=0, teT. (%)

So, we call (2) as the non-homogeneous interior RH problem and (5) as the homogeneous interior RH problem.

Definition 2.2 The exterior RH problem in the unbounded simply connected region )~ consists of finding all
functions f(z) =u(z)+iv(z) that are analytic in Q" , vanish at z =00, Holder continuous on Q" , and satisfy

the boundary condition

Re[e(®) f~(O]=y(0), tel. (6)

The boundary condition (6) can be written in the equivalent form

F0--D 7T 20 . ©)

c(t) )’

The homogeneous boundary condition of the exterior RH problem is given by

Re[c(t) f~()]=0, teT. )
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We call (6) as the non-homogeneous exterior RH problem and (8) as the homogeneous exterior RH problem.
A more general exterior RH problem may be formulated by allowing its solution f(z) to have polynomial

growth at z = o0

2.1. The Sokhotski Formulas

For an integration contour having corner points, the limiting values /¥ (¢z) and f(¢) atall ¢t € T for the
Cauchy type integral

f()—i M W s ©)

2w T w—z

yield the Sokhotski formulas [3, p. 32],

170 =( ﬂ(t)Jh(t)+ | h(fz dw, (10)
and
FO=-L9h0 5[ 2 a. (an

Subtracting the formulas (10) and (11), we obtain for all £ € I" the following jump relation
fr@O= () =h@). (12)
2.2. The Fredholm Alternative Theorem

Consider the Fredholm integral equation of the second kind

$(0) - A[ k(x, ) p(r)dy=g(x), a<x<b, (13)

where a and b are finite, k is a given real continuous function of two real variables, g is a given real continuous
function, A is a real parameter and ¢ is to be determined [3]. We state the Fredholm first theorem as follow.

Theorem 2.1 If A = A is not an eigenvalue of the kernel k, then the integral equation (13) is uniquely solvable
for an arbitrary right-hand side g(x).

2.3. Solvability of the RH Problem

The solvability of the RH problem in a region €2 depends upon the geometry of the region €2 (bounded or
unbounded, simply connected or multiply connected) as well as upon the index of the function c(¢) with respect
to the boundary I", for definition of the index see [3, pp. 85-89]. The following lemma from Gakhov [3, p. 222; p.
226] shows the relation between the solvability of the RH problem and the index x = ind.(c) of the function

c(t) which is also regarded as the index of the RH problem.
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Lemma 2.1 In the case x <0, the homogeneous interior RH problem (5) in the bounded simply connected

region Q" has —2x +1 linearly independent solutions and the non-homogeneous problem (2) is solvable and its
solution depends linearly on —2x +1 arbitrary real constants. In the case x >0, the homogeneous problem has
only the trivial solution and the non-homogeneous problem is solvable only if 2x —1 conditions are satisfied. If
the latter conditions are satisfied, the non-homogeneous problem has a unique solution.

Lemma 2.2 In the case x > 0, the homogeneous exterior RH problem (8) in the unbounded simply connected

region Q has 2x —1 linearly independent solutions and the non-homogeneous problem (6) is solvable and its
solution depends linearly on 2x —1 arbitrary real constants. In the case x <0, the homogeneous problem has
only the trivial solution and the non-homogeneous problem is solvable only if —2x + 1 conditions are satisfied. If
the latter conditions are satisfied, then the non-homogeneous problem has a unique solution.

Next, we state two lemmas obtained by Murid and Nasser [4] and Wegmann et al. [10].

Lemma 2.3 If x <0, then A =—1 is not an eigenvalue of N(c).

Lemma 2.4 If x >0, then A =—1 is an eigenvalue of N(c) with 2x —1 corresponding eigenfunctions.

The generalized Neumann kernel N(c) will play an important role in this research. The solvability of the
integral equations that we shall derive in this research for the exterior RH problem on region with corners
depends on whether 4 = %1 are eigenvalues of N(c) or not. Thus, in this section it is worth mentioning Nasser’s
integral equation with its kernel for exterior RH problem on smooth region. For convenience, we review this
integral equation in the following theorem.

Theorem 2.2 Suppose f'(z) is any function analytic in Q™ of the exterior RH problem with smooth boundary T’

satisfying boundary condition (6). If ;l(t):lm[c(t)f’(t)], tel, then u(t) satisfies the Fredholm integral

equation
#(0) = [ N(@)(tw) ()] dw| = ~Imle)L” )] 1<, (14)

where N(c)(t,w) is the generalized Neumann kernel

llm{cmw}

N(e)(t,w) = 7 Le(w) w—t w=tel, s)
T Im{t"(r)_2c'(t(r))t'(z’)} w=t=1(r)eT,
27 (0) L 1) c(t(r))
and
oo Lp2r@ dr .
1) 27zi-[r o) t-z

with ze Q™.
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3. Results and Discussions

Since in solving RH problem we are seeking the analytic function f(z) in Q° satisfying boundary
condition (6), it is enough to find the real function /01(;) =Im|c(t) f ‘(t)], teT, and then solve for f~(¢) from

c)f ()=y@)+i ,Zt(t) . We have the following theorem stating our main result.

Theorem 3.1 Suppose that y(t) and c(t) are specified by the exterior RH problem (6), and u(t) is a real-
valued function defined and satisfies the Holder condition for all t € U and f(z) is its solution. If

6y =Tmle(t) £~ (1)) teT (17)
then f(z) is given by

2y = y (W) +ip() eOr 18
/@) 2mrc(w)(w 5 D 2e 1"

whose boundary values are given by

o POFH (19)
’ c(t)

and furthermore,
YO +ip) _ yO wipe) o (20)

>

0] [ﬁ(t) 2z i Ir c(w)(w—1)

and pu(t) satisfies

e L[] <O v ] 1 ) dv 2
u(?) lg(t)_z;z--[l'ﬂ(w)lm|:c(w)W—f:|_ ﬂ(t)_zﬂjr7(W)Re|:C(W)W_t:|. (21)

Proof:

If u(t) satisfies (17), then

(0O = Rele(t)f~ O]+ imle() O] = y0) + i ) (22)

Equation (22) implies that the boundary values f~(¢) is given by (19) and in accordance with the Cauchy
integral formula, f(z) can be represented by (18).
Furthermore, f(z)= f(o0)=0 when z € Q" implying that 7*(r) = 0. Hence by the Sokhotski formula (10)
we have
0 (1— ﬂ(t)j (O +ipu(t) +lﬂ(t) J 7(9) +ipu(w) dw. el (23)
2 c(t) 2721 c(w)(w—1t)
which leads to (20).
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Next, multiplying both sides of (20) by ¢(¢) and taking its imaginary part gives

c(t) dw 1 ° c(t) dw , 24
7(W)Re{c(w)w—t:|+,B(t)—ZﬁJ.F'U(W)Im{C(W)w—t:| @9

° 1
Ho ==z [

which can be rewritten as (21). o

The integral equation (21) is the integral equation related to the exterior RH problem (6). It is also a
generalization of the integral equation (14) for the exterior RH problem on smooth region.

Before we establish the solvability of the integral equation (21), we need first to show it is a generalization of
the integral equation (14) for the exterior RH problem on smooth region. We state that if I" smooth everywhere,
then f(¢) is always 77, and the kernel of integral equation (21) is also the generalized Neumann kernel of (14)

except it is no longer compact because [ has a finite number of corners.
We show that the right-hand side of (21) is equivalent to the right-hand side of (14). Applying the Sokhotski
formula (10) to (16) and multiplying the result with c(¢) , we have

(L' (f) = L'B(l)y(t)_ilj' () de. (25)

Vil T e(w) w—t

Since y(t) is a real function then the imaginary part of (25) gives

Im|c(£)L* (z)] = —% jr y(w) Re{ < dw} ) (26)

c(w)y w—t

which is equivalent to the right-hand side of (21) when f(¢) is always 7 . This is equivalent everywhere except
at the corners, hence proves that (21) is a generalization of (14).

Now we establish the solvability of the integral equation (21). For B(¢) = 7, (21) becomes

o)+ jrilm[c(”w} A R R{ 20 dW}. ey

c(w) w—t c(w)y w—t

Comparing (27) with the Fredholm integral equation of the second kind (13), we will obtain 4 = —1. According
to Fredholm first theorem (see Theorem 2.1), if A =—1 is not an eigenvalue of its kernel, then the integral
equation (21) is uniquely solvable. The following theorem represents the solvability of our integral equation.

Theorem 3.2 If x <0, then integral equation (21) is uniquely solvable. If x > 0, then integral equation (21) is
non-uniquely solvable.

Proof:

For the case x <0, Lemma 2.3 implies that in accordance with the Fredholm alternative theorem, integral
equation (21) is uniquely solvable. For the case x > 0, Lemma 2.4 implies that in accordance with the Fredholm

alternative theorem, integral equation (21) is always solvable and its general solution contains 2x —1 arbitrary
constants; hence it is non-uniquely solvable. o
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Theorem 3.1 states that if f(z) given by (18) is a solution of the RH problem (6), then the real function

H(t) given by (17) is a solution of the integral equation (21). Our next task is to show the converse, i.e. if the RH

problem (6) is solvable and x(¢) is a solution of the integral equation (21), then the function f(z) defined by
(18) is a solution of the RH problem (6). Thus, we have the following theorem to establish equivalence.

Theorem 3.3 Suppose the RH problem (6) is solvable. Further suppose y(t) and c(t) are specified by (6), and

U(t) is a real-valued function defined and satisfies the Holder condition for all t € I'. If u(t) is a solution of
the integral equation (21), then it satisfies (17) and f(z) given by (18) is the solution of (6).
Proof:

Suppose that the function g() is a solution of the integral equation (21) and f'(z) be defined by (18) satisfying
the Sokhotski formulas (10) and (11). Thus by Sokhotski formula (11), (18) becomes

Fr 2 BO| HOr @) |1 o0 viuon) dw 28)

27 c(t) T ce(w) w—t

Multiplying both sides of (28) by c(¢) gives

0 f (0= 'B()[m) . y(r)j [ +iaon SO (29)
c(w) w—t
Rewriting o) dw = A +iB, the integral equation (21) becomes
c(w) w—t
o 1 o
=~ [.7m A= u(w)B- (30)

or can be written as
jr(y(wm - L(w)B] =~(B())-27) u(t)- (31

Equation (29) can also be written in terms of 4 & B as

(0 f ()= @[m) +i u(r)j | H”W)A - Zz(w)Bj - i(y(w)B - Zz(w)Aﬂ »

=20 sy siat |+ [ (r00a- g |- L[ s ro0s | (2

Substituting (31) into (32) and simplifying gives

B

0 (O =ip0)+ 20 - j(L(w)A+7(w>Bj. (33)
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The imaginary part of (33) proves that u(¢) also satisfies

Ime(e) £~ ()] = (o) (34)
By formula (12), we have
Fro-f =100, (35)
c(t)
which upon multiplying both sides by c(¢) gives
O SO =) f (1) = (1) =i u(t) - (36)

The imaginary part of (36) is
Imle(t) £ ¥ (6) = c(t) £~ ()] = — p(®) (37)

and due to (34) implies that the integral equation (21) is equivalent to the interior RH problem

Imfe(r) 7 ()] =0. (38)

Equation (38) can be transformed into (8) by replacing c(¢) by ;:(t) =ic(t) . Equations (36) and (38) imply that
the function f(z) defined by (18) satisfies

Re[c(@) f~ (O]=c) /(1) =y (@) - (39

If x >0, then by Lemma 2.1, (38) has only the trivial solution hence 7 (¢) =0 and substituting this into
(39) implies that f(z) satisfies the problem (6) and by (34) its boundary values are given by (19).

However, in the case of x <0, by Lemma 2.2 the RH problem (6) may be unsolvable and it follows from
Theorem 3.1 that the integral equation (21) has a solution when the problem is solvable, this implies that f(z)

defined by (18) satisfies (39) with ¢(¢) f*(¢) =0, hence f(z) satisfies the RH problem (6) and its boundary
values are given by (19). o

4. Conclusion

A boundary integral equation has been derived for the exterior RH problem on region with corners. The
approach of deriving the integral equation is the same as how Ismail [6] derived her integral equation associated
with the interior RH problem on region with corners. Also in this paper, the new integral equation was shown to
be a generalization of Nasser’s integral equation associated with the exterior RH problem on arbitrary simply
connected smooth region followed by the establishment of the solvability and the uniqueness of the derived
integral equation and its equivalent to the RH problem.
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