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Abstract The neutrosophic type reduction process converts type-2 neutrosophic values into
their type-1 counterparts. Type-2 neutrosophic set (T2NS) theory is a comprehensive framework
that encompasses intuitionistic fuzzy sets (IFS), fuzzy sets (FS), type-2 fuzzy sets (T2FS), and
neutrosophic sets (NS). Within this framework, a T2NS employs six membership functions—truth,
indeterminacy, and falsity- each represented with both primary and secondary values. The
reduction process simplifies these memberships into a type-1 neutrosophic set (NS), which
consists solely of the primary truth, indeterminacy, and falsity memberships. However, generating
a geometric representation, such as a B-spline curve, presents challenges when using the T2NS
theory due to the complexity involved in the reduction process. Therefore, this study introduces an
enhanced type reduction technique inspired by the T2FS framework. The method employs the Liu
and Karnik-Mendel algorithms to transform type-2 neutrosophic B-spline curves (T2NBsCs) into
type-1 neutrosophic B-spline curves (T1NBsCs) for approximation. To construct the model, the
triangular T2NS concept is utilized to define a type-2 neutrosophic control point relationship
(T2NCPR), which is subsequently integrated with the B-spline basis functions. This integration
produces T2NBsCs through an approximation process. The study then presents several numerical
examples of T2NBsCs and illustrates the resulting TINBsCs models along with the corresponding
algorithm.

Keywords: Type-2 Neutrosophic Set Theory, Neutrosophic Type Reduction, B-spline Curve Model,
Approximation Method, Enhanced Liu and Karnik Mendel Algorithm.

Introduction

Various theories have been proposed to address uncertainty, including probability theory, fuzzy sets,
intuitionistic fuzzy sets, and rough set theory, among others. In 1998, Smarandache [1, 2] introduced the
concept of neutrosophic sets (NS), which uniquely includes an independent membership of
indeterminacy. This framework serves as a generalization of classical sets, fuzzy sets [3], and
intuitionistic fuzzy sets [4]. Within the NS framework, uncertainty is accurately quantified through three
independent membership functions: truth (T), indeterminacy (1), and falsity (F).

According to Mendel and John [5], type-1 fuzzy sets are inadequate for directly modeling uncertainty due
to their precise, crisp membership functions. In contrast, type-2 fuzzy sets (T2FS) are more suitable as
their membership functions are fuzzy. While type-1 fuzzy sets are two-dimensional, type-2 fuzzy sets
extend into a third dimension through a secondary grade of membership [6]. As a result, traditional type-
1 fuzzy set techniques are limited in their ability to handle complex uncertainty data. Someyama [7]
highlighted that T2FS comprise fuzzy sets with fuzzy-valued memberships, making them more capable
of managing intricate or large-scale uncertain data. The concept of type-2 neutrosophic numbers (T2NN)
was initially introduced by Basset et al. [8], and Bakali and Broumi [9] provided a visual representation
of type-2 neutrosophic sets (T2NS), enabling the treatment of truth, indeterminacy, and falsity
components within a footprint of uncertainty (FOU). Consequently, this study adopts foundational ideas
from both T2FS and T2NS to develop a type-2 neutrosophic geometric model that incorporates a
neutrosophic type reduction process.

Neutrosophic type reduction involves converting type-2 neutrosophic values into either type-1
neutrosophic or simplified neutrosophic values [10]. Wang et al. [10] introduced this reduction for interval
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neutrosophic sets by distinguishing between the upper and lower bounds of the FOU. Subsequently, Yeh
et al. [11] advanced the method by proposing a refined type reduction algorithm for T2FS, which utilizes
the a-cut of the secondary membership as the main a-cut to generate type-1 fuzzy values using the Liu
and Karnik-Mendel algorithm. Building on this approach, the current work employs an enhanced version
of the Liu algorithm, inspired by Yeh et al. [11], to perform the neutrosophic type reduction.

Neutrosophic sets offer promising solutions for constructing curves and surfaces within computer-aided
geometric design (CAGD), especially in handling ambiguous control or data points. This capability is
essential for achieving smoother geometric models. Tas and Topal were pioneers in exploring the
integration of NS in geometric modeling, beginning with Bézier curves [12] and later expanding to Bézier
surfaces [13]. The properties and structure of the type-2 neutrosophic control point have been introduced
in [30]. Following this, Rosli and Zulkifly [14—17] investigated neutrosophic Bézier curves by incorporating
neutrosophic control point relations (NCPR) and neutrosophic control net relations (NCNR) with
Bernstein basis functions. They extended their work by developing several neutrosophic B-spline
models, achieved by combining B-spline basis functions with both NCPR and NCNR [18-20, 31].
Furthermore, their research explored the neutrosophication and deneutrosophication of neutrosophic
Bézier and B-spline surface approximations to convert type-1 NS into crisp outputs [21-23, 32]. They
also delved into interval-valued and interval type-2 neutrosophic set theories in the context of geometric
modeling [24—-27]. Recently, they proposed a fuzzification and defuzzification approach for intuitionistic
fuzzy B-spline curve approximations [28]. Despite these advancements, none have developed a
geometric model based on type-2 neutrosophic sets or applied a neutrosophic type reduction process to
transition from general T2NS to standard NS values.

The structure of this paper is outlined as follows: the introductory section provides foundational
background. Section 2 reviews key properties of the T2NS theory. Section 3 introduces the construction
of type-2 neutrosophic control point relations (T2NCPR) through the type reduction process. Section 4
presents numerical examples illustrating the T2NB-sCs approximation using T2NCPR. Section 5 details
the reduction of T2NB-sCs to T1NB-sCs models for selected afy-cut values. Finally, Section 6 concludes
the paper with discussions and final remarks.

Type-2 Neutrosophic Set Theory Concepts

By integrating the principles of neutrosophic sets and type-2 fuzzy set environments, type-2 neutrosophic
sets (T2NS) illustrate the interconnections among truth, indeterminacy, and falsity in data, along with an
added third-dimensional perspective [9]. These sets also reveal that the footprint of uncertainty (FOU)
captures the inherent ambiguity in truth, indeterminacy, and falsity. In this context, Karaaslan and Hunu
[29] outline the core concept of T2NS as follows:

Definition 1 [29]

A type-2 neutrosophic set, denoted A is characterized by a secondary truth membership function,

M (x,T) , secondary indeterminacy membership function, s (x,]) and secondary falsity membership

function, Vs (x,F) where xe€ X and T,1,F as primary truth, indeterminacy, and falsity memberships

function respectively in J!,J!,J <[0,1].i.e.,

x

A

A :{((x,T,],F),(ﬂA: (6 T).m; (x.1),v, (X’F)))

VxeX,TeJ ,IeJ FeJf 1)

Inwhich 0 < . (x,u)<1, 0<7. (x,1)<1 and 0<v,(x,F)<1. 4 canalso be expressed as

/ir = J' I M : JT c[o.1]
xeX TeJ! (x’T)
A 772 (xal)
4, = A ; J <[o,1 2
R ey =l @
2 v.(x, F
A, = j I M ; JI <[0.]]
xeX TeJ! (x F)
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A Graphical Depiction of Type-2 Neutrosophic Sets

Let 4 represent a type-2 neutrosophic set (T2NS). In this context, the x-axis refers to the parameters or

variables, denoted by x; the y-axis corresponds to the primary memberships—truth (T), indeterminacy

(/), and falsity (F); and the z-axis represents the secondary memberships—truth . (x,T),
A

indeterminacy 7. (x,[) , and falsity v, (x,F) , respectively. The formal definition of a T2NS is presented
A A

in Definition 1 and illustrated as follows:

,“l;(x’j.)

(c)
Figure 1. Triangular T2NS in 3-dimensional (3D) form for; (a) Truth; (b) Indeterminacy and (c) Falsity |

In T2NS, two footprints for each membership will also be defined. The 2-dimensional (2D) support of

u-(x,T), n.(x,1), and v. (x,F) are called the FOU of A for truth, indeterminacy, and falsity
A A A

A ~
~

memberships. Thus, the FOU, (A) FOoU, (1:1) and FOU (;1) represented as follows:
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FOUT(Q) {(x.7) e xx[0.1] , (xT) > 0f
j ={(e1) e xx[0.1[n, (x.7)> 0] (3)

FOU, (2) ={(x.F)e xx[0.1]v, (x,F) > 0]

The FOU, (21) FOoU, (21) and FOU, (,:1) are bounded by lower and upper truth, indeterminacy,

and falsity membership functions denoted as Tj, (x). . ( ). 1. ( ) L (x), Fj (x) and E. (x)

A
~

or called as UMFT(AJ, LMFT(/E), UMF, (21) LMF, (A) UMF, (21), and LMFF(A)
respectively as presented in Figure 1, where:

(4)

UMFT(;I) x) =sup{T [T €[0,1], 4, (x.7) > 0]
j - (x)= 1nf |Te [0,1], (x,T)>0}

LMF, (21

5>

UMF, (

):I_j1 (x) :sup{l|1 6[0,1],772 (x,1)> 0}

UMF, (ﬁj = F, (x)=sup|{F|F e[0.1],v, (x.F)> 0}

2 ®)
A

LMF, ( 1 (x)=inf{1|1 €[0,1].m, (x,1)> 0}

. (6)

LMF, (A) = F, (x)=inf{F|F [0,1],v, (x.F) >0}

The VSis the 2D plane inthe 7— u. (x,T), I-n.(x,I),and F —v. (x,F) axes for a single of x=x'
A A A

and denoted as VS, (x')= K (x.7), VS, (x)= n, (x,1), andVs,(x")= v (x\,F) for truth,

indeterminacy, and falsity membership respectively. The PrMF will also be introduced to each

A

membership and denoted as Pr, (21) equivalentto 7, (x) Pr,(/]) equivalentto 7. (x) and Pr,(/])
A A

~

equivalentto 7, (x) Therefore, Figure 2 shows the 2D representation of a T2NS with triangular vertical
A

slices as follows:
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ﬂj(x:;")
(a)
I - :
4 FOU, [_4 ] Py, (4] =1(x)
1 s
I(x")
[I(x") T(x)
T(x) [ 3 : I(x)
n, (1) < \ — ' I S
R S ) S
(b)
vi(eF) <) T L L4 P A A

VSp(x')=v, (x“F)

(c)
Figure 2. Triangular T2NS in 2D form for; (a) Truth; (b) Indeterminacy and (c) Falsity memberships

Triangular Type-2 Neutrosophic Numbers

This section outlines the essential properties and conditions that define type-2 neutrosophic numbers
(T2NNs). Building upon Definition 1, the triangular form of a T2NN will be formally introduced.

Furthermore, the components illustrated in Figure 2 will be explained through Definition 2.

Definition 2 (Type-2 Neutrosophic Number)
Let 4 said to be a T2NN if the following conditions are satisfied:

. A is a normal T2NS.

A A
A ~

o FouU, (A) is a convex region while FOU, (A) and FOU, (21) are concave regions.
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e The support of i is {(x,T) :| M (x,T)>0;xel,Tel; [0,1]} ,

{(x,]) :|77/; (x,1)>0;xell,leJ. [0,1]} and {(x,F) :|772 (x,F)>0xel,FeJ c [0,1]}
are a closed and bounded set.
U Pr; (21) Pr,(?l) and Pr, (21) are a fuzzy number.

. The secondary membership functions are a fuzzy number for each fixed x (] .

Definition 3 [9]
A triangular T2NS 4 is defined by

A, :{(X’ZQ (x),Tj1 (x),Z_";1 (x)):xeD T (x)<T. (x)<T. (x)},

A=, ={(5 1, (0.1, ()., (x)) v €0 L (0) < 1, (1) < T, (), @)

where 0 < 1217 +;1, +;1F <3 for zle e[0,1], 1211 e[0,1], and zziF €[0,1]. The functions 7. (x).T. (x),
A A
and 7. (x) are triangular truth memberships, while . (x),1: (x), and 7, (x) are triangular
A A A A

indeterminacy memberships, and F. (x),F. (x), and F. (x) are triangular falsity memberships for LMF,
A A A

PrMF, and UMF respectively. Based on Figure 2, A are denoted by A= (QIT,QII,I?IF) where zzlr,;ll,

and 4, describe as follows:

A =[ T, ()7, (x).7, (x)]
Ay =[1,(x). 1, (0).T. ()] ®)
Ay =[ E,(x),F, (x).F, (x)]
where;
|7, (). T (0,7, () | = [0 ) (1500 0) (75 )
[2,(x).1, () Z1xﬂ (i ,xwz>4aﬁma>4zﬁma>J (©)
£ (). F (0).F (30) | = [ (oo o) (o f) (o )

Hence, the triangular A= (21 j are obtained as follows:

(x-1) (%) -
, L Sx=x, =, 1, <x<x,

(xl __IL) L X xl (x1 _IL) L X xl (10)
(4—) N ) _
T.(x)= , <x< ;T (x) =42 , <x<t,
E (x) (_tR _xl) e (X) (tR _xl) nEE
0, otherwise 0, otherwise.
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(x_tL), t, <x<x,
(x—1,)
(tR—x)
T. = <x<
O R T R
0, Otherwise.

(x-4) - (x—a) i <x<
<x< s -\’ I SX>Xx,
(xl_i), AR (xl—zL) ’ 1
(=) T (U)) -
I (x)= , Sx< gl (x)=9= , <x <,
_A(x) G -x) X SXsh A(x) (iR_xl) X SXS 0
0, otherwise. 0, otherwise
((j__l;)), i, <x<x,
1 L
i,—X )
Ij(x): ((i:—xl))’ X, Sx <,
0, Otherwise.

x— -1, _

( —L)’ ILSxlea (x jz), fLSxle,

(3 -1,) (x-7.)

(x=) =y e ;
F.(x)= = , X SxZ [ F (x)=9-= , X <x<f.,
R T

0, otherwise. 0, otherwise.

((;__]}L)), fr <x<x,

1 L

_ (/2 —x)
FA(x)— (fR—Xl)’ x <x< fr,
0, Otherwise.

While for any fixed x'e JXT,JXI,JXF . The secondary triangular membership functions based on Figure 2
can be obtained as follows:
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(x—Z(x') x)<x<T(x'

e e N

M (x.7)= %, T(x')éxé_(x'),
0, Otherwise.

(x=L(x)) N<r<I(x
(1G)-a(ey) A==
) Ix)=x) N v<T(x
nj(x,l) (T(x')—l(x'))’ [(x)_x_l(x), (11)
0, Otherwise.
(x—lj(x')) x)<x<F(x'
(Fle)-£(eyy P
v (x,F)= (F(x’)—x) x')<x<F(x'
R R
0, Otherwise.

Neutrosophic Type Reduction of Type-2 Neutrosophic Control

Point Relation (T2ZNCPR)

This section will introduce the type-2 neutrosophic point relation (T2NPR), the T2NCPR, and the
neutrosophic type reduction of T2NCPR. The T2NCPR is built based on the concept of T2NS, which was
addressed in the previous section. Therefore, the terms were defined as follows:

Definition 4 (Type-2 Neutrosophic Point Relation)

Let /Ali be a T2NS over the universal set X, thus, R,
vector of n as control polygon vertices defined as

i <(xl.),TR<xl.),IR<x,.),FR(x,.>,uR<x,.),nR(xl.),vR(x,))}
|TR(xi),IR (), (), 1 (3,), 175, (X;), Vi (x,) € S

is T2NPR where i =0,1,2,...,n, and the position

(12)

;=

where  Se[0,1], T,(x):X—>S, ILi(x):X->S, Fi(x):X>S, u(x):X->S8,

i

Mz (x,): X > S and v, (x,): X > S that obey the condition

i

0<T,(x,)+1(x)+F(x,)<3 (13)

i

0< gt (%) 475 (%) +ve (x,)<3 (14)

where Ty, (x,), 1, (x,), Fe(x,), ttx (%,).712 (%), v (x,) = [0,1] forall (x,)e X .
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~
~

From Equations (26), R. are represented as T2NPR and consist of the neutrosophic relation point

denotedas R”, R', R", R*, R" and R’ for truth, indeterminacy, and falsity for primary and secondary

memberships. If Equations (13) and (14) are fulfilled, there exists R”, R', R", R“, R” and R’ thatis
stated as follows:

R =)o T ()T () S R = () () e () < S
R ={<(xi)’ll" (xi)>|IR (xl.)eS}; R ={<(‘xi)”7R (xi )>|77R (xl_)e S}; (15)
R = {{(0)o P (e )P (x) & S} R = {{(on)ovie (5w () < 5)

with Tp(x,), I,(x), Fp(x), pa(x;), nz(x;), and V,(x,) are truth, indeterminacy, and falsity
of primary and secondary memberships in S respectively.

Definition 5 (Type-2 Neutrosophic Control Point Relation)

~

Suppose R, is T2NPR, then IsT, 131.1, I%F,Igi”, 131.77 and j)l_v denoted as T2NCPRs for truth,

1 1

indeterminacy, and falsity of primary and secondary memberships respectively, where i=0,1,2,...,n,
and the position vector of 7z as control polygon vertices.

B =B bl Bl LY BT =B BB P (16)

T2NS consists of a union of T2NCPR. This section discusses the properties and structure of T2NCPR
to prove the statement. Therefore, Remark 1 describes the nature of T2NCPR in T2NS based on the
nature of T2NN.

Remark 1

Let P be the T2NCPR and A is a T2NS in the universal set X . Pc A if and only i T,(x,)<T,(x,),
IP(xl.)ZIA (xl.), Fp(xl.)ZFA (xl.), ,uP(xi)S,uA (xi), np(xl.)ZUA (xi) and v, (xl.)Z v, (x,.) for all
x, € X .Each 4 can be expressed as aunionof P if T, (x,), 1,(x). F,(x). u,(x). n,(x) and

v, (x,.) is not an empty set for X, € X . Therefore, the elements denoted as follows:
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(x) a:T, (x,.) is NPs of primary truth membership and
X; ) =sup

! a<T, (x)

1s NPs of primary indeterminacy membership and }

:F, (xl. ) is NPs of primary falsity membership and }

(17)

) f{ G, (x x,) is NPs of secondary indeterminacy membership and }
in

By using Remark 1, Theorem 1 shows that T2NS, ,21 is a union of T2NCPR, ]3 . Therefore, the theorem
is as follows:

Theorem 1

A

If A= U,Zlc with C={0,1,...,n} and C is an index set, then Pe A ifand only if P€ A, for some

ceC

ceC.
Proof: Let X, € 4. By using Remark 1,

TA(xo):sugTA‘ (%), 2, (x, )—su?,uA (%),

1, (xo):i}g]/y (xo)a Uy (x0)=lclel£77Ac (xo)a (18)
F, (XO):icrElgFAz» (%), v, (xo):ifgg‘% (x,).

There exist some ¢, €C such as T, (x0)=T,(x), L, (%)=1,(x).F, (x)=F,(x)
o, (%)= 14 (%0)s 4, (%) =1, (x,) @nd v, (x)=v,(x,)-

And T, (x%)<T,(x), L (x)21,(x), F, (%)= F, (%), (%) < a2, (%)
M, (%) =1,(x) and v, (x,)2v,(x,) foral ceC.

For (a), PE;ICO. For (b), Ige;l imply that T, (x,)<T,(x), 1, (x%)21,(x),
Fy (%) 2 F(x0)s sy (%)< m,(x0) s 1 (%) 21,(x,) and v, (x,)>v,(x,) and considering
Taln) =0T, (%), L () =inf 1 (x0) o+ Fy() =inf £y () A () =5ty ().
UA(XO):iCrelgnA((xo) and VA(XO):iCEgVAI (x) then T, (x)<T,(x0)s £y (%)= 14 (%),
Fy (%) 2 F(x0) s sy, (%)< a2,(x0) s 1, (%) 21,(x,) and v, (x,)>v,(x,) obeyed for some

C,. Therefore, P€ 4, .m

Algorithm 1 is about a neutrosophic type reduction process for selected (a,f,y)—cut values in
triangular forms. The neutrosophic type reduction for general T2NS was inspired by enhanced type
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reduction for T2FS by Yeh et al. [11]. Figure 3 demonstrates the neutrosophic type reduction of
T2NCPRs.

Algorithm 1 (Neutrosophic Type-Reduction of T2NCPR)

Let @ =[4,.....4, ], ﬂz[ﬂl,ﬂz,...,ﬂk} and 7 =770 ?e].

Procedure Improved (21,2,0?,/},;?)

For i =k down to 1

Take <di,[;’i,}7i>—cuts of secondary membership functions of 4,

Let these <0?,., B, }9,.>—cuts be [a’ﬁ’yﬁ(ﬂif’v,a’ﬁ’yPifl;éi)”V}

Form these <0Acl.,,3i,}?i>—cuts as the (a,ﬂ,y}—plane for }%T"‘F;

If (i=k)
Call Karnik-Mendel and obtain [ 5/, 5/"" ], LT L for {a,, B, 7, ) using Equation (19);

Else

Initialize """ and L""" by Equation (20),

Initialize QT’I’F and ET"‘F by Equations (21) and (22) , respectively.
Call Karnik-Mendel and obtain [QT*LF,EJ(T*’*F], Lﬁ’l’F,]j,f’l‘F for (ak,ﬂk,yk> using Equations (21) and
(22);

Endif;

End for;

Obtain the type-reduced set P’ as TINCPR.

End procedure.

Where E is the type-2 neutrosophic control point relation. Supposed @ —CUt as the cut set operation

for [)iT , ﬂ—cut as the cut set operation for 13,1 ,and y—cut as the cut set operation for IB,F. For the

1

A

secondary membership, a-—cut as the cut set operation for é” , B —cut as the cut set operation for

ﬁf" ,and y —cut as the cut set operation for ﬁfv . If the <a,ﬂ,}/,&,[3,}9>—cut operations have been

T.1F,unv

done against ﬁf and will be reduced to a type-1 neutrosophic control point relation (T1NCPR),

P by using (a, B,7)—cut operations. While the Equations (23) to (26) are as follows:

s, (021)

t=h=h =" "2 (19)

Li = LHI’ Ll = LH—I (20)
L - n
Z.lexf Ji +Z/:g+. L
b=—Ci = o (21)
J=l Lt ZJ':ZM L
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(22)

(b) (c)
Figure 3. Neutrosophic type reduction for T2NCPR for; (a) Truth; (b) Indeterminacy and (c) Falsity memberships

Neutrosophic B-Spline Curve (NB-sC) Approximation Model
Based on the definition of T2NCPR, this section discusses the T2NB-sC approximation model. The
T2NB-sC is mentioned in Definition 6 for truth, indeterminacy, and falsity memberships.

Definition 6 (General Type-2 Neutrosophic B-spline Curve)

2599
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A n+1
Let p— {1:;} as a set of type-2 neutrosophic control point relations, thus the type-2 neutrosophic B-
i=1

spline curve is defined as follows:

n+l ~
gsC(t) =Y PN/ (1) (23)
i=l
With
a) R is T2NCPR numbered from 1 to n+1.

b) Nfisa B-spline basis function that is written as

i

Nl(t) B 1 if 1, <t<t, 4
7o otherwise (24)
For k=1 and
k _ (t _ti) k-1 (tHk _t) k-1
Ni (t)_ Ni (t)+ —¢ ]vi+l (t) (25)

k=1 " Y ik — tivl
Fork>1and i=2,...n+1.

c) Value for ¢, is knot vector elements that satisfy the relationship ¢, <¢, , and parameter ¢ different

and changing from ¢t to¢__ alongthe curve @sC(t).

Next is the type-2 neutrosophic B-spline curve for truth, T, indeterminacy, I, and falsity, /' for primary
memberships while truth, 4, indeterminacy, 77, and falsity, v for secondary memberships that will be

fuzzified on the z-axis can be described as follows:

Definition 7 (Type-2 Neutrosophic B-spline Curve for 7,1, F, u,17 and v)

Let I%.T‘I'F and IA’I."’"‘V as the T2NCPR for truth, indeterminacy, and falsity memberships where

i=1,2,3,...,n+1 for primary and secondary memberships, respectively. T2NBsC is defined as

gsC(t) with the curve position vector depending on the value of n+1.Thus, the T2NB-sC for truth,

indeterminacy, and falsity’s primary and secondary memberships are as follows:
@sc(t) = <BsCT (t),BsC’ (t),BsCF (t),BsC" (t),BsC'7 (t),BsC" (t)> (26)

with

n+l » n+l ~ n+l A~
s Y PINI(£), Y. PIN!(1),Y " N!(0),
DATH _ [ =l i=l i=1
L=\ L N

Y BENI(t), Y PINI (1), ) BN (1)
i=1 i=1 i=1
ifthe 7,1, F', u,n7 and v follows the conditions in Equations (13) and (14).

To construct a B-spline model, the knot vector plays a significant influence on the B-spline basis function
NF(¢) and there are a few types of knot vectors. This study uses an open uniform knot vector for order

k=4.,[0 0 0 012 2 2 2].

Figure 4 shows primary and secondary T2NBsC with neutrosophication on the z-axis. From Figure 4,
each membership B-spline curve consists of its respective boundary curves. Then, at a certain
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membership degree value, the T2NBsC model needs to go through cut set operations to find its
neutrosophic type reduction and define it as Algorithm 1.

Figure 4. Type-2 neutrosophic B-spline curve for primary and secondary memberships

Neutrosophic B-Spline Curve (NB-sC) Approximation Model

Neutrosophic type-reduction comes next after the neutrosophication method to transform the T2NB-sC,

gsC(t) to type-1 neutrosophic B-spline curve (T1NB-sC). This section will produce and demonstrate
the TINB-sC when a=0.2, =08 and y=1 by using the interval secondary cut sets,

[d’MP(’Z;”’V, d”g’?l’(‘;’)”q,. Based on Algorithm 1 in Section 4 which is neutrosophic type-reduction of

T2NCPR, this section will use the algorithm for T2NB-sC. Thus, the algorithm is as follows:
Algorithm 2 (Neutrosophic Type-Reduction of T2NB-sC)
Let é,=[¢,=02], 4 =[ 4 =08] and 7, =[7, =1],
Procedure Improved (ﬁ,d,ﬁ,ﬁj
Fori=1,
Take <0?1,,Bl,771>—cuts of secondary membership functions of 121 ;
Let these <(5!],B],};1>—Cuts be [d’ﬁ’;P]fL’I;’V, d’mﬂf;')]’v}
Form these <dl,/;’1,771>—cuts as the (a, 3, 7)— plane for A
If (i=1)
Call Karnik-Mendel and obtain [ """, 5""" ], LI LV for (e, B, 7,) using Equations (23);
Else
Initialize L""" and L by Equation (24),
Initialize [g“**‘,ZIT”»F] by Equations (25) and (26) respectively.
Call Karnik-Mendel and obtain [QT’I’F’ET’I’F], LIT"‘F,ZIT’]’F for <al,ﬂ],y,> using Equation (25) and

(26);
End if;
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End for.
T,1,F
Obtain the type-reduced set @SCI- as TINCPR.

End procedure.

Figure 5 shows the TINsBC after going through the neutrosophic type-reduction of T2NBsC. Thus, the
type-reduced set or TINBsC for o = 0.2, f=0.8 and y =1 are illustrated as follows:

a02 T
Py

a2 5T
Fun

a2 pT
Pun

(@)

a=02 pl
P*(l!)

=02 pl
PJ(R)

a2 pl
P-!(l)

(b)
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yelpF
Eg

r=lpF
Pan

=1 F
I%(l)

(c)

Figure 5. Type-1 neutrosophic B-spline curve for; (a) Truth membership when o = 0.2; (b) Indeterminacy membership when £ =0.8

and (c) Falsity membership when y =1

Step 1

Step 2

Step 3

Step 4

Step 5

Figure 6. An algorithm for the neutrosophic type reduction process of type-2 neutrosophic B-spline curves approximation models

Finally, Figure 5 depicts the curves between left, right, and mean curves for truth, indeterminacy, and
falsity memberships to visualize the T1NB-sC approximation for specific alpha, beta, and gamma values.
In the graphics, the black curve represents the mean T1NB-sCs for truth, indeterminacy, and falsity
memberships, whereas the green, blue, and red curves represent the left and right of TINB-sC for

respective degrees. The a =0.2 and £ =0.8 values are opposite, as stated in Definition 2, which

describes T2NN features. However, the T1NB-sCs for truth and indeterminacy are equivalent since the
regions are convex and concave, respectively. For falsehood membership, the difference is only 0.1 at
y =1. At the end of this section, an algorithm to generate the neutrosophic type reduction of T2NB-sCs

is demonstrated as shown in Figure 6.

=
* Introduce the neutrosophic type reduction of T2ZNCPR as stated in the
Algorithm 1 to produce the TINCPR.
J
"

* Blending the T2ZNCPR with B-spline basis function

* Construct the T2ZNB-sC approximation model by neutrosophication on the z-
axis.

)
~
» Determine TINCPR by using Algorithm 2 for alpha=0.2, betta=0.8 and
gamma=1.
* Generate the TINB-sC approximation model by using the TINCPR in Step
3.
_/
20y
* Repeat the step for indeterminacy and falsity memberships.
_/
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Neutrosophic B-Spline Curve (NB-sC) Approximation Model

This study proposes a neutrosophic type reduction method for general type-2 neutrosophic models,
addressing both primary and secondary memberships of truth, indeterminacy, and falsity using an
improved version of the Liu algorithm. By applying cut set operations, the method enables the
representation of both primary and secondary membership degrees—truth, indeterminacy, and falsity—
based on the type reduction of the T2NCPR. One of the key benefits of this technique is its ability to
define a, B, and y values for the left and right type-1 neutrosophic control point relations (TINCPR) in
the type-1 neutrosophic B-spline curves (T1NB-sCs), regardless of whether these values are identical or
distinct, depending on the characteristics of the neutrosophic data.

Future studies could explore alternative basis functions, such as the non-uniform rational B-spline
(NURBS) model, to construct neutrosophic curve representations. Additionally, this research can be
extended to support surface modeling.

The type reduction process of T2NB-sCs also holds promise for three-dimensional curve modeling
applications, such as defining road surface boundaries, delineating closed map perimeters, or calculating
surface areas using a, B, and y level values. Furthermore, the method can be applied in engineering
scenarios where uncertainty in data exists, enabling the reconstruction of objects based on their original
uncertain properties.
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