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Abstract The least number of colors to decompose a graph G into a locally irregular edge
coloring is the locally irregular chromatic index and denoted by g .(G) . In 2015, Baudon et al.
showed that, for complete bipartite graph K, ,. x.(K,,)=2. In this paper, we determine the

locally irregular chromatic index for complete multipartite graphs. In 2023, B. Luzar et al.
conjectured that, for generalized Petersen graphs P(n,k) with girth at least 5 (except P(7,2) and

P(11,2)), X (P(n,k))=2. Here, we partially verify the conjecture for P(n,k) and determine the
exact values for . x4 (P(n,1)).and. 4 .(P(n,2)). The exact values of y; (P(n,k)) are also determined

for when n and k satisfies certain conditions.
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Introduction

Graph decomposition allows us to simplify large graphs with many vertices and edges into smaller, more
manageable graphs. Some notable applications such as parallel computing [1, 2], logistics [3], dynamic
programming [4] and bioinformatics [5, 6]. For comprehensive reviews of graph decomposition and their
applications, we refer the interested reader to these surveys [7, 8].

A graph is locally irregular if any two adjacent vertices have different degrees. A k - locally irregular
edge-decomposition ( k -liec for short) of a graph G is a collection of locally irregular subgraphs

G,,G,,...,G, of G such that each G;, i = 12,...,k is locally irregular and edge disjoint. The least

number k such that G admits a k -liec is called locally irreqular chromatic index . A graph G is
decomposable if G admits a locally irregular edge-coloring. If G is not decomposable, G is exceptional
and 7, (G)=c0.

Determining whether a given graph admits a locally irregular edge coloring with two colors is known to
be NP-complete, even when restricted to planar graphs that have maximum degree at most six [9]. This
places the problem within the broader family of computationally hard coloring problems, for which exact
solutions are often intractable for large instances [10]. Although NP-complete problems are theoretically
equivalent (there exists a bijective reduction between any two NP-complete problems [11]), their practical
difficulties can vary depending on the structure of instances and available algorithms, even within a
single NP-complete domain, such as SAT [12]. As a result, studying diverse NP-complete problems is
essential for understanding their computational behavior and advancing solution methods.
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Here, we list some known results regarding the locally irregular edge coloring problem. In this paper, all
graphs are considered to be simple, undirected and finite unless stated otherwise.

A cactus is a connected graph in which any two simple cycles have at most one vertex in common.

Theorem 1.1. [13] A connected graph is exceptional, if and only if it is (1) a path of odd-length, (2) a
cycle of add length, or (3) a special subclass of cacti, T .

By Theorem 1.1, all exceptional graphs necessarily have odd number of edges and the complete set of
exceptional graphs characterized in [13]. The family of graphs T, are defined inductively as follows:

o thetriangle,K; €T ;

e if GeT, then another graph H €T can be obtained by first selecting either an even-length
path or an odd-length path such that an end vertex of that path is identified with a vertex of a
triangle. Then, we identify an end vertex, u belonging to either one of the graphs mentioned
above, where deg(u)=1 with a vertex v eV(G), belonging to a triangle in G, where
deg(v)=2. The resulting graph H will then also belongto T .

The only locally irregular path with size at least 1 is the path P, . Therefore, it follows that a

decomposable path must be of even-length. Similar arguments hold for the case of cycles. For the case
of the family of graphs T, it was proven by contradiction that there cannot exist a minimal

counterexample of G e T such that G is decomposable. Conjecture 1.2 was verified for some other
graph classes in recent years, see [14], [15].

Conjecture 1.2. [13] (Local Irregularity Conjecture) Every decomposable graph G admits a 3-locally
irregular decomposition, . (G)<3.

Bensmail et al. [15] determined bounds of ;. (G) for bipartite graphs of even size with #, (G)<9 as
well as bipartite graphs in general that are not odd-length paths with 4 (G)<10 . The bounds for
bipartite graphs in general is then lowered such that 4 (G)<7 [16].

In [13], it was shown that the locally irregular chromatic index of any complete graph K, , where n > 4,
is 3. The 3-liec of any complete graph, K, , where n>4, was obtained by first considering a 3-liec of
the graph K, , say with color 1, 2 and 3. Then by adding vertices where all of its incident edges are
colored with the same color alternatively, say 1 and 2, we are able to obtain the 3-liec of K;,Kj,... and
so on. Additionally, it was also shown in [13] that if K, is a complete bipartite graph with g =2 (or
p > 2), then there exists its locally irregular 2-edge coloring, or even a locally irregular 1-edge coloring
if p=q .Inthe same paper, the authors have shown that there exists a locally irregular 2-edge coloring
of every regular bipartite graph G with minimum degree >3.

A multipartite graph (also known as a k -partite graph) is a graph whose vertices can be partitioned into
k >1 independent partite sets such that no edge connects vertices belonging to the same partite set. A

complete multipartite graph, denoted as KP11P2«---1Pk is a graph where every pair of vertices not belonging

to the same set are connected by an edge.

In 2021, Sedler and Skrekovski have proven that Conjecture 1.2 does not hold for the bow-tie graph B
(Figure 1), which is a cactus that requires four colors for a locally irregular edge-coloring [17]. This shows
that Conjecture 1.2 does not hold for all finite graphs in general. Then Lei et al. [18] showed that if G is

a decomposable cactus, then y; (G)<4, and if G is a decomposable cactus without nontrivial cut
edges, then 4 (G)<3 . Recently in [9], it is further proved that B is the only cactus such that
2+ (G) > 3. They believe that the bow-tie graph B is the only counter example to the local irregularity

conjecture not just in the realm of cactus graphs but for all graphs in general. This led to the following
modification of the local irregularity conjecture:
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Conjecture 1.4. [19] (Local Irregularity Conjecture) Every decomposable graph G, except for the bow-
tie graph B admits a 3-locally irregular decomposition, y, (G)<3.

Figure 1. The bow-tie, B and its 4-liec

The bow-tie graph, B is illustrated in Figure 1. Recently, B. Luzar et al. [20] proved that decomposable
claw-free graph with maximum degree 3, all cycle permutation graphs, and all the generalized Petersen
graphs admit a locally irregular coloring with at most 3 colors. In the same paper, the authors proposed
the following conjecture.

Conjecture 1.5. [20] (Conjecture 5.3) For every generalized Petersen graph G with girth at least 5,
with the exception of P(7,2) and P(11,2), we have that y;.(G)=2.

In this paper, we determine the locally irregular chromatic index for complete multipartite graph (see
Theorems 2.2 and 2.4). Here, we also partially verify Conjecture 1.5 for P(n,2) (Theorem 2.16),

determine y; (P(n,1)) (Theorem 2.11) for all n>3, and .(P(n,k)) (Theorems 2.5, 2.6 and 2.7) for

even n orodd k.

Given an edge coloring of a graph G using ¢ colors, let G; denote the subgraph of G induced by the

edges of color j, for i =1,2,...,c. Let deg;(x) denote the degree of a vertex x in G;. Throughout the
paper, we say two vertices have the same color degree if they have the same number of edges of same
color. Particularly, two vertices have the same color degree k if they have k edges of the same color.
For any vertex u e G, we let deg;(u)=0 if ugG,.

Results

Theorem 2.1 was recently published. This result is similar to the upcoming Theorem 2.4. In [21], the
authors ordered the partite sets in a non-increasing order and first established a coloring for k = 3. For
k > 4, they extended the coloring inductively by assigning blue to all edges connected to the newly added

partite set when k is even and red when k is odd.

Independently, we developed a different proof in which the partite sets are ordered in a non-decreasing
order. Instead of coloring separate partite sets, we assign one color to the edges connected to half (by
floor function) of the partite sets and the other color to the remaining half. We then demonstrate that, for
each induced subgraph, the degree of any vertex in a given partite set is strictly greater than the degree
of the vertices in the next set. Our proof follows a significantly different approach from [21], and we felt
that it is worthwhile to show it.

Complete Multipartite Graphs Where the Cardinality of Each of the
Partite Sets is Not Equal to 1.

The following theorem characterizes all complete multipartite graphs in which none of the partite sets is
of size 1.

Theorem 2.2. Let G be the complete multipartite graph KP1,P2w
i=12,...,m-1.Then

o, With py>2 and p; ;= p; for all
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1, if p, = p,,4 foralli;
2, if p; =p;,4forsomeiec{12...m-1}

Z{rr(G) = {

Proof. Suppose p; = p;,4 forall . Let x and y be some vertices of the partite sets of size p; and p, ,

respectively, where i, = j,. Note that deg(x)= Z p; and deg(y)= z p; . This implies that

1<i<m,izig 1<i<m,i# o

deg(x)—deg(y):pj0 —-p, #0 . So, two non-adjacent vertices are of different degree. Hence, G is

locally irregular and g (G)=1.

Suppose p; = p; 4 for some iy €{12,...m-1}. If every edge in G is assigned with 1 color, then the
vertices in i -th partite and the vertices in (i, +1) -th partite have the same degree. Since each of the
vertices in i, -th partite is adjacent to all the vertices in (i, +1) -th partite, G is not locally irregular.
Hence, x.(G)>2.

Now, to show that y (G)=2, it is sufficient to show that there exists a 2-liec ¢ for G . For each

ie{12...m}, let P. be the set of vertices in i -th partite and p, =| P.|. We let P.=T,"UT? where
7= M and |77 |- H
2 2

The edge coloring ¢ will be defined as follows:

e Foreach P, with i=12,...,m-1 andforall j>i,allthe edges of the form uy where u, eT,1
and v e P; will be colored with 1 and all the edges of the form u,v where u, € T2andve P,
will be colored with 2.

Let G, be the subgraph induced by the edges with color r under ¢ in G . Let deg,(v;) be the degree
of v; e P in G,. Here, we claim that in each G, for r =1,2, we have deg,(v;)>deg,(v,,,) for v, eP,

and v, ,eF,

where 1<i<m-1. Suppose v/ €T/ . Clearly, deg,(v,')= Z p, and deg,(v;?)=0.

2<s<m

Also, deg,(v,,) = Z VZS—‘ forevery v, P, .Infact, for i=12,...,m and each P, in G,

1<s<m
deg(v]) = ZB% > by

1<s<i m2s>i

deg1(V,-2) = Z P;S—‘

1<s<i

Therefore, if i € {1,2,...,m-1}, then

deg1(v,7+1) = Z P;s—l+ Z Ps

1<s<i+1 m2s>i+1

[ (5 Hal Z ]

m=s>i
= deg,(v])+ {%—‘ ~Pi1

< deg1(vi1)1

where the last inequality follows from {%—‘ —Piq < (% + 1} -p; = % <0 . Similarly,
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deg,(v2)= Y. P’—]

1<s<i+1

%151
2
< Z 2—1"‘,0”1
ﬂ D" by =deg,(v)).

m>s>i

Note that, in G,, a vertexin T}, is not adjacent to any vertices in T? and a vertex in T2, is not adjacent

to any vertices in T7?. Hence, deg,(v;)>deg,(v,,,) for all 1<i<m-1. This means G, is a locally

1
irregular graph.

Next, for i=12,...,m and each P, in G,,

deg, ()= Y| 2

1<s<i

deg,vF)= | 2|+ 3

1<s<i m2s>i

So, foreach i€ {1,2,...,m—1}, we have:

deg,(v?) = Z L J Z Ps

1<s<i+1 m2s>j+1

PEIHIEpEEY

= degz(v,z)+ L%J —Piy < degz(v,z),

2

Ty Ps
deg,(v;,q) = Z LZJ

1<s<i+1

-2[5 8]

1<s<i -

< Z % +Pi4

1<s<i - -

< D%+ D b= deg))

1<s<i = - mxs>i

where the last inequality follows from L%prm < [p‘j p; = 5’ < 0. Similarly,

Again, in G,, avertexin T;, is not adjacent to any vertices in T, and a vertex in T2, is not adjacent to

any vertices in T,-1. Hence, deg,(v;)>deg,(v;,4) forall 1<j<m-1. Therefore, G, is locally irregular.
U
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Complete multipartite graphs where the cardinality of at least one
(but not all) of the partite sets is equal to 1

Suppose G and H are two graphs. The join of G and H, denoted by G+ H , is the graph with vertex
set and edge set:
V(G+H)=V(G)UV(H)
E(G+H)=E(G)UEH)U{xy|xeV(G),y e V(H)}

Here, we assume that V(H) and V(G) are disjoint. For the join of a graph G with a single vertex x, we
write G+ x.

Lemma 2.3. Let G be a graph with x,(G)=r =1 and x be an isolated vertex where x ¢ V(G). Let
G =G,uG,U---UG, be anedge decomposition of G into locally irregular and edge disjoint subgraphs.
If there exists r, such that the maximum degree of G,(J is at most |V(G)| -2, then y; (G+x)<r and
the equality holds if r € {1,2} .

Proof. Note that G is a subgraph of G+ x . If r =1, thenitis clear that 4. .(G+x) 2 #.(G)=1. Suppose

r =2 and there exists a coloring ¢ of G+ x such that 4 .(G+ x)=1. This implies that G+ x is locally
irregular in single color. However, there exist two vertices u,v e G such that deg(u)=deg(v), a
contradiction. Hence 4 (G+x)2r if r=12.

Here, we show that 4 (G+x)<r.Theedgesin G will be colored according to the edge decomposition
of G into the union of edge disjoint subgraphs G,,G,,...,G, . Now, each edge uxin G+x with ueV(G)
will be colored with r, . Based on this edge coloring, G can be decomposed into edge disjoint subgraphs
Gy,Gy,...G. where G, =G, forall i #r, and G is the subgraph of G+ x with vertex set V(G)uU {x}
and edge set E(Gro Yu{ux:u eV(G)}. Since each G; is locally irregular, it is sufficient to show that Gré
is locally irregular. We shall denote the degree of a vertex u in the subgraph Gro by deg,o (u) and the

degree of a vertex v in the subgraph G,d by deg,d(v). Note that if ueV(G, ) , then

o

deg,é (u)= deg,o (u)+1. Furthermore, deg,d(x) 4 V(G)].

Suppose G,O. is not locally irregular. Then there are two adjacent vertices of the same degree in G,d ,
ie., deg,d (u)=deg,é(v) for some vertices u,VGV(G,d) where u and v are adjacent to each other. If
u,v ¢ {x}, then deg,d(u):deg,é(v) implies that deg,o(u)zdegro(v), which is not possible as G,O is
locally irregular. Suppose one of the vertices in u,v is x. We may assume that v=x. Then
degré(u)zdegré(x) 5 V(G)|. This implies that deg, (u)94 V(G)| -1>] V(G)| -2, a contradiction. Hence,

G,d is locally irregular. 0

Theorem 2.4. Let G be the complete m -partite graph K, , . with p;22p,=p; for all

i=12...m-1for m>2.Then
, 1 if p, #p,,4foralliandn=1;
Zirr(Kn+G):{ !

2, otherwise.

Proof. Itis clear that K, +G is the complete (m+n)-partite graph K, . . . .
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Suppose n=1. By Theorem 2.2,
, 1 if p; # p; (forall i;
/?firr(G) = { ' "

2, if p; =p,;,, forsomeie{12...m-1}.

Since p,>2, the maximum degree of G is at most |V(G)|-2. This implies that the maximum degree
of any subgraph of G is at most |V(G)|-2. It follows from Lemma 2.3 that
1, if p, #p; ,forall i
li,rr(G"'X):{ p: pl+1

2, otherwise.

Suppose n>2. If all edges of K, +G are colored by one color, then it is clear that the n vertices in
K, have the same degree. Hence 4 (K,+G)>2 . Note that K,+G=(K,_,+G)+x for some
xeV(K,) . We may assume by induction on n that 4 . (K,_+G)<2. If 4 (K,,+G)=1, then
Xir(K, +G)=2. Suppose y (K, 1+G)=2. Let K, ;+G=G,uG, be an edge decomposition of
K,_,+G into locally irregular and edge disjoint subgraphs. If the maximum degree of G, is at most
|[V(K,_,+G)| -2, then by Lemma 2.3, 4 (K,+G)=2. Suppose the maximum degree of G, is
IV(K,.,+G)|-1 . Let ueV(G,) be the vertex that has the maximum degree, i.e.,
deg,(u)=|V(K,_,+G)|—1.Clearly, ueV(K,_,) anditis adjacent to all other vertices in K,_,+G . Now,
if G, has a vertex v of degree |V(K,_,+G)|-1, then v is adjacent to v in G,. This means the edge
vu appears in G, and G;, a contradiction. So, the maximum degree of G, is at most |V(K,_,+G)|-2.
By Lemma 2.3, 4.(K,+G)=2.

Generalized Petersen Graphs

Let n>3 and k>1 be integers such that 1< k < LnTAJ . The generalized Petersen graph P(n,k) is

a graph on 2n vertices with vertex set:
V(P(n,k))={a;b; :i=012,...,n-1}
and edge set:
E(P(n,k))={aa;..,ab;,bb;,, 11 =0,12,...,n-1},

i+1 S~ i+

where subscripts are taken modulo n. See Figure 2 for examples of P(24,4) and P(24,10). Let
D, ={a :i=012..,n-1 and D,={b,:i=0,12,...,n-1. The subgraph induced by D, is the outer
rim while the subgraph induced by D, is the inner rim. A spoke of P(n,k) is an edge of the form a;b, for

some 0<i<n-1. We shall use these notations in this section. Furthermore, the colorings will be
depicted in all diagrams in the rest of the paper as follows:

Edges assigned with color 1 is shown in red lines.

Edges assigned with color 2 is shown in blue lines.

Edges which are yet to be colored are shown in black lines.

Edges that are not to be colored by either color 1 or color 2 will be overlayed with an X as
either of the colors assigned will result in the existence of two neighboring vertices having
same degree of the same color.
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(a) P(24.4) (b) P(24,10)

Figure 2. Examples of generalized Petersen graphs

First, we note here that 4/ .(P(n,k))>2. Indeed, if all the edges of P(n, k) is of single color, P(n,k) is

not locally irregular as all the vertices in the outer rim are of the same degree. It is also to be noted that
two graphs, P(n,k) and P(n,l) are isomorphic if gcd(n,k)=gcd(n,/)=1 and kI = +1(modn), see [22].
We begin with the following theorem.

n
Theorem 2.5. If ———— s even, then ¥ (P(n,k))=2.
god(k.m) Zin(P(n,k))

Proof. Let A =gcd(k,n) and m:%. We will begin by partitioning the spokes a;b; into m sets, say

Ty, T, Ty, Ty 4. Foreach 0<j<m-1,let T, ={a;;b;;,8, .40 1,8 j 1)1,

y2-11 - Note that 2 is the
number of m -cycles in the inner rim of P(n, k). With this partition in mind, we will color the edges

P(n,k) using ¢:E(P(n,k))— {12} as follows:

Jj+1

(1) All the edges in the inner rim, bb,,, are colored with 1 for 0<i<n-1.

(2) Foreach 0<j<m-1wherejisevenand 0</<1-1,the edges a,,b;,,, €T, are colored

A+
with 1if / is even and 2 otherwise.

(3) Foreach 0<j<m-1wherejisoddand 0</<A1-1,the edges a;, b;,,, €T, are colored
with 2'if | is even and 1 otherwise.

(4) If A is odd, color all the outer rim edges a,a;...a, 8, with color 2.

(5) If 4 isevenand for j is even, color the outer rim edges a;_,a; with color 2 for all a; where
ab eT;.

(6) If 2 isevenand for j is odd, color the outer rim edges a;_,a; with color 1if ¢(a;b;)=1 and
color 2 if p(ab;)=2 for ab, €T, .

Figure 2 depicts the examples of P(24,4) and P(24,10) using ¢.

Now, consider the subgraph induced by edges of color 1, G,. The inner rim edges b;b,,, are colored

1
with color 1 for all 0<i<n-1. Note that with ¢ , for some constant 0<c<A1-1, the spokes

8 241cPjgric AN @ 5,00 5., 0< j5, j; <m—1 are the same color if and only if j, and j; are both even
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or both odd (same indexed elements of Tj0 and Tj1 ). Note that since % is even, % is necessarily odd
n k
as ged(—,—)=1.
ged( n z)
Then,

@) 1160 pic €T))) # (o(a(j0/1+c)+kb(joi+c)+k € T/.O k]
7

since
. .k
(Jod+C)+k = j0+; A+cC.

For ease of explanation, let a;b; € T, where i = ji+/ forsome 0<j<m-1andsome 0</<A-1 for

the rest of this proof.

In @, deg,(b;)=3 if and only if b; is adjacent to a; in G,. It follows that deg,(b;) # deg,(b,,). If 1 is
odd, all the edges of the outer rim are of color 2. Since deg,(a;)=1= 3 =deg,(b;) and each a; is not
adjacent to another vertex in the outer rim, the subgraph G, is locally irregular. If 1 is even,
deg,(a;) € {1,2} = 3 = deg,(b;). Now we consider adjacent vertices in the outer rim for even 1.By ¢, the
edge a;,,,4@;,, € E(G;) ifand only if j is odd and / is odd for 0<j<m-1and 0</<A-1. Notice
that the vertices a;;,, 4 and a,;,, are adjacent to each other and no other vertex in the outer rim in G, .

Here, degs(a;;,, 1) =1#2=deg,(a,,,,) - So, the subgraph G, is locally irregular.

Consider the subgraph induced by edges color 2, G, . Here, we will consider separate cases where 4
isodd and 4 is even.

Case 1: If 1 is odd, the coloring of the spokes with ¢ is equivalent to coloring a;b; with color 1 if j is
even and color 2 otherwise. All the edges of the outer cycle are assigned with color 2 and since
o(ab;) = p(a;,.b,,,) , it follows that deg,(a;) = deg,(a;,,) for all 0<j<n-1. Furthermore, a; and b;

are adjacentin G, if and only if deg,(a;) =3 . Since deg,(b;)=1=3 =deg,(a;), and a vertex b,-0 is not

adjacent to another vertex b, in G, for 0 <iy,i,<n-1, iy #i;, the subgraph G, is locally irregular.

Case 2: For 1 is even, we will consider the vertex a where 0<j<m-1and 0</<A1-1. Clearly,

A+l
the following holds:

(1) If j isevenand / iseven, degy(a;,, )=2.

(2) If j isevenand | is odd, then deg,(a;;,,)=3.

(3) If j isoddand / is even, then deg,(a;;, )=2.

(4) If j isoddand / is odd, then deg,(a;,,,)=1.
Therefore, for the same j , adjacent vertices a;;,, and a;,,., have distinct color 2 degrees for
0</<A1-2. Now we consider the case where / =1-1. The vertex a,,,, , is adjacent to the vertex
a(j.1), - Note that since 4 is even, 1—1is odd. If j is even, deg,(a;,,; 1) =3 = 2=degy(a,1,) - If j
is odd, degy(a;,,, )=1=2=deg,(a,4,) - Therefore, adjacent vertices of the outer rim have distinct
color 2 degrees. Now we shall consider vertices of the inner rim that are in G,. Note that the spokes
aj;.b;,,, are color 2 if j is even and / is odd or if j is odd and / is even. In both cases,
deg,(bj;,,)=1. Since degy(a;;,,) {23} , deg,(a,,)=deg,(b;, ) . Again, a vertex b; is not
adjacent to another vertex b, in G, for 0<iy,i,<n-1, iy #i;. So, the subgraph G, is locally irregular.

0
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Corollary 2.6 is a direct consequence of Theorem 2.5.

Corollary 2.6. If gcd(k,n)=1 and n is even, then y, (P(n,k))=2.

Now, we investigate the case where gcd(k,n) =1 and both k,n are odd.

Theorem 2.7. If gcd(k,n)=1, both k>3 and n>3k+2 are odd, then 4, (P(nk))=2.
Proof. We color the edges with two colors accordingly:

e all the edges on the path a,_,a, ...a, 4, are colored with 1;

for k+1<i<n-1and j is even, all the edges on the path b;_,b,a; are colored with 1;
e for k+1<i<n-1and / is odd, all the edges on the path b,_,b,a;, are colored with 2;
e all the edges on the path b, . byb,a, are colored with 2;

e the edge b, ,.4b, is colored with 2;

e for 2<j<k-1and | iseven, the edge b, , ;b is colored with 2;

e for 2<j<k-1and i is odd, the edge b,_,,;b;, is colored with 1;

e the spokes ayb,, a;b; and a,b, are colored with 2;

e all the edges on the path a,a,a, are colored with 2;

e for 3<i<k-1and i iseven, all the edges on the path a,_a;b; is colored with 2;

e for 3<i<k-1and | isodd, all the edges on the path a;_sa,b; is colored with 1.

Let P(n,k)=G,uG, be the edge decomposition of P(n,k) into edge disjoint subgraphs according to
this coloring where G, contains all edges of color 1 and G, contains all edges of color 2. The degree of
a vertex u in the subgraph G, will be denoted by deg,(u) whereas the degree of a vertex v in the

subgraph G, will be denoted by deg,(v).

Consider the subgraph G;. The vertex a, is adjacentto a,_, and deg,(a,)=1 whereas deg,(a,_,)=3.
For even je{2,3,....k—1}, a; is adjacent to &, , and deg,(a;)=1 whereas deg,(a;,,)=2 .For odd
ie{23,...,k-1, a is adjacent to all the vertices in {a,_4,b;} and deg,(a;)=2, deg(a,_;)=1 and
deg,(b;) =3 . Next, a, is adjacent to all the vertices in {a,_,a,,4} and deg,(a,)=2, deg,(a,_,)=1
and deg,(a,,.()=3.Foreven ie{k+1k+2,..,n-2}, a; is adjacent to all the vertices in {b;,a,_4,a;,4}
and deg,(g;) =3, deg,(b;)=2, and deg,(a,_{)=2=deg,(a;,,). Next, a,_, is adjacent to all the vertices
in {b,_,a, 8} and deg(a,,)=3, degi(b,,)=2, dega,,)=2 and deg,a)=1. For odd
ie{k+1k+2,...,n-2} , a
deg,(a;_4) =3 =deg,(a;,,). The vertex b, is adjacentto b,,, and deg,(b;) =1 whereas deg,(b,.,)=2.
For odd ie{3,4,....k-2}, b, is adjacent to all the vertices in {b, ..;.a.b,,} and deg,(b)=3,
deg(b,_.;)=1, deg,(a;)=2 and deg,(b,,)=2 .For odd ie{k,k+1...,n—k-1}, b; is adjacent to
b, and deg,(b;)=1 whereas deg,(b,,)=2. For odd ie{n—-k+3,n—k+4,...,n-1, b; is adjacent

1

is adjacent to all the vertices in {g_,a,,} and deg,(g)=2, and

i

to b, and deg,(b;) =1 whereas deg,(b;,,) =3 .Next, b, is adjacent to all the vertices in {b,,a,,}
and deg,(b,,)=2 , deg,(b))=1, and deg,(a,,,)=3 . For even ie{k+3,k+4,..,2k-2}, b; is
adjacent to all the vertices in {b,_,,a;} and deg,(b;)=2, deg,(b;_,)=3, and deg,(a;)=3 . For even
ie{2k,2k+1,...,n—1} b; is adjacentto all the verticesin {b,_,,a;} and deg,(b;)=2, deg,(b,_,)=1,and

deg,(a;) =3 . Therefore, G, is locally regular.
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Consider the subgraph G,. The vertex a, is adjacent to all the vertices in {by,a,} and deg,(g,)=2,
deg,(b,)=3 and deg,(a;)=3 . The vertex a, is adjacent to all the vertices in {a,,b;,a,} and
deg,(a;) =3, deg,(a,) =2 =deg,(a,)=deg,(b,). For even i {2,3,...,k—-1}, a; is adjacent to all the
vertices in {a;_,,b;} and deg,(a;)=2, deg,(a_,)=1and deg,(b,)=3.Forodd j<{2,3,....k -1}, @ is

adjacent to a;,, and deg,(a;)=1 whereas deg,(a,,1)=2. For odd je{k k+1...n—k—1, @ is
adjacent to b, and deg,(a;)=1 whereas deg,(b;)=2 . Next, a,,,, is adjacent to b, ,., and

deg,(a,_4.¢) =1 whereas deg,(b,_,,1)=3. Forodd i e {n—k+3,n—k+4,..,n—2}, & is adjacent to

b; and deg,(a;)=1 whereas deg,(b;) =2. Now, b, is adjacent to all the vertices in {b,_,,a,,b,} and
deg,(by)=3, deg,(b, ,)=1, deg,(b,)=2 and deg,(a,)=2. The vertex b, is adjacent to all the
vertices in {b,_,.,@} and deg,(b,)=2, deg,(b, ,.,1)=3, deg,(a;)=3.Foreven i<c{23,... k-1, b
is adjacent to all the vertices in {b,_,.;,a;,b,,} and deg,(b;)=3, deg,(b,_,,;)=1, deg,(b,,)=2

and deg,(a;)=2. For odd j e {k,k+1...,2k—1}, b, is adjacent to all the vertices in {b,_,,a;} and

deg,(b;)=2, deg,(b,_,)=3,and deg,(a,)=1.Forodd je{2k+12k+2,...,n—k -1, b; isadjacentto

all the vertices in {b,_,,a;} and deg,(b;)=2, deg,(b,_,)=1, and deg,(g;)=1. The vertex b

n-k+1 18
adjacent to all the vertices in {b, 5,184, 0} and deg,(b,_,.1) =3, deg,(b, ,c.1)=1, deg,(b))=2,
and deg,(a,_,,4)=1. Forodd ie{n-k+3,n-k+4,..,n-2}, b, is adjacent to all the vertices in
{b_y.a;} and deg,(b,)=2, deg,(b,_,)=1,and deg,(a;)=1.Foreven je{k+1k+2,...,n—k-2}, b,
is adjacent to b;,, and deg,(b,)=1 whereas deg,(b,,,)=2.Foreven ic{n-k,n—k+1...,n-1, b,

is adjacent to b,,, and deg,(b;) =1 whereas deg,(b,,)=3. So, G, is locally irregular.

P(n,k) for k=1
Lemma 2.8. Forevery P(n,1), where n ¢« {3,5}, x.(P(n1)=2.

Proof. ltis sufficient to show that there is a 2-liec ¢ of P(n,1) . The case n is even follows from Theorem
2.5. Suppose n>7 is odd. Here, we define a 2-liec ¢ of P(n,1) as follows. We color the following
edges with color 1:

i) the 2-length path b,b,b; ;
i) the edge b, ,b,_;.

(
(
(iii) the edge a,b,;
(iv) the edge a;b; forallodd 3<i<n-2;
(

v) the edge aa;,, forall i=23,...,n-1;
Then, we assign color 2 for the rest of the edges. Figure 3 depicts the 2-liec ¢ for P(n,1) where color 1
is red and color 2 is blue. By using the coloring ¢ above, it is easily observed that the spokes are of

alternating colored 1 and 2, and each subgraph induced by color 1 and 2 is locally irregular.
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bo 1 bQ b3 b4 b5 bn—5 bn—4 bn—?) bn— bn—l

ao ai a2 as ay as Up—5 Apn—4 Ap—3 Gn— n—1

Figure 3. A 2-liec ¢ of P(n,1) forodd n>7

Lemma 2.9. For the generalised Petersen graph P(3,1), .. (P(3,1))=3.

Proof. There exists a locally irregular edge coloring ¢:P(3,1)— {1,2,3} as follows. We let
o(apay) = plady) = plab) =1, @(ad,) = p(aghy) = p(boby) = p(byb,) =2 and  o(bib,) = p(ab,)=3 .
Therefore, X (P(3,1))<3.

To show that the equality holds, we shall show that any edge coloring with 2 colors in P(3,1) will induce

a monochromatic subgraph (i.e. subgraph induced by the same color edges) having two adjacent
vertices with the same color degree. Suppose there exists an edge coloring ¢ of P(3,1), using two

colors, induces two locally irregular subgraphs with the colors 1 and 2. If all the edges on the triangle
a,aa, are of the same color, then any possible coloring of the edge set {a,b,,a,b,,a,b,} Wwill result in

which two of the vertices of the triangle a,a,a, having the same color degree. So, without loss of
generality, we may assume that the triangle aya,a, contains two edges of color 1 and one edge of color

2. Since aya,a, is vertex transitive, we may further assume that ¢(aya,) =2 and ¢(a,a,)=p(aa,)=1.

If both the edges ay,b, and a,b, are of the same color, then a;, and a, would be of the same color
degree, a contradiction. Thus, the edges a,b, and a,b, cannot be of the same color.

By symmetry, we may assume that ¢(ayb,)=2 and ¢(a,b,)=1. Since a, and a, are adjacent,
deg,(a,) =2 and ¢(aya,) = p(a,a,) =1, we must have ¢(ab;)=1 (see Figure 4(a)).

Now, if both the edges byb, and b,b, are not of the same color, then deg,(a,)=2=deg,(b,), a
contradiction. Therefore, both the edges byb, and byb, are of the same color. Similarly, both the edges
b,b, and b,b, are of the same color, for otherwise deg,(a,) =2 =deg,(b,) . Hence, all the edges on the

triangle b,bb, must be of the same color, but this is not possible (see Figures 4(b) and (c)).

bo b1 bo by __bi b bo b1 b
an aT as ap aT a agn at as
(a) (b) (c)

Figure 4. Attempted 2-edge coloring ¢ of P(3,1)
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Lemma 2.10. For the generalized Petersen graph P(5,1), x..(P(5,1))=3.

Proof. There exists a 3-locally irregular edge coloring ¢ of P(51) as follows. Let
P(agay) = p(agay) = p(aza,) = p(bybs) = p(bsb,) = p(azbs) = p(ab,) =1 ;
o(aphy) = p(byby) = p(ab,) = p(byb,)=2 and  (bb,)=p(ab,) = p(aa,)=p(aa;)=3 . Therefore,
Xy (P(5,1)<3.

To show that equality holds, we shall show that any edge coloring with two colors of P(5,1) will induce

a monochromatic subgraph having two adjacent vertices with the same degree. Suppose there exists
an edge coloring ¢ of P(5,1) with colors 1 and 2 which induces two locally irregular subgraphs.

If all edges of the outer rim (or the inner rim) of P(5,1) are colored with the same color, then it is easy

to see that all possible edge colorings of the 5 spokes will result having at least two adjacent vertices
on the outer rim (or inner rim) with same color degree. So, we may assume that all the edges on the
outer rim and inner rim are not of the same color.

Case 1. The outer rim has four edges of color 1 and one edge of color 2. Since the 5-cycle outer rim is
vertex transitive, we may assume that the edges on the path ayaa,a;a, are of color 1 and the edge

a,a, is of color 2. Note that both a,b, and a,b, cannot be of the same color, for otherwise, a, and a,
are of the same color degree. Without loss of generality, we may assume that ayb, is of color 2, and

a,b, is of color 1.

To avoid a; and a, having the same color, a;b; must be of color 1. Next, a,b, must be of color 2, for
otherwise deg,(a,)=3=deg,(a;), a contradiction. Similarly, to avoid a, and a, having same color

degree, ab, must be of color 1. Figure 5(a) depicts such coloring.

If the edges byb, and b,b, are of different color, then deg,(b,)=2=deg,(a,), a contradiction.
Similarly, the edges b,b, and bsb, cannot be of different color, for otherwise,

Therefore, all the edges on the path b,b,b,b, are of the same color. Suppose the edges on the path
b,byb,b; are of color 1. Note that deg,(a;) =3 and deg,(b,)=2. If the edge bb, is of color 2, then
deg,(b,) =2 =deg,(b,), a contradiction. If the edge b,b, is of color 1, then deg,(b,)=3 =deg,(a,),
again a contradiction (see Figure 5(b)). So, we may assume that the edges on the path b,byb,b; are of
color 2. Now, the edge b,b, must be of color 1, for otherwise, deg,(b;) =2 =deg,(b,). Since the edge
a,b, is of color 2, it follows that the edge bb, must be of color 2. Then deg,(b;)=2=deg,(b,), a
contradiction (see Figure 5(c)).

bo b 3 by bo b % by bo b - ba

ap E aq ag z a4 ao R ay

(a) (b) (c)

Figure 5. Possible coloring for Case 1 on P(5,1).

The case the inner rim has four edges of color 2 and one edge of color 1 is similar. So, we may assume
that the outer or inner rims do not have four edges of the same color and one edge of different color.
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Case 2. The outer rim has three edges of color 1 and two edges of color 2 such that the edges of color
1 form a path of length 3. Without loss of generality, we may assume the edges a,a,, aa,, and a,a,

are of color 1 and the edges aya, and a,a, are of color 2. Note that the spokes a;b, and a,b, cannot
be of the same color, for otherwise, a, and a, have the same color degree. By symmetry, we may
assume that the edge a,b, is of color 1 and a,b, is of color 2. If the edge a;b; is of color 1, then
deg,(a;) =2 =deg,(a,) , a contradiction. Thus, the edge a;b, is of color 2. This implies that the edge
a,b, is of color 2, for otherwise, the vertices a, and a; are of the same color degree (see Figure 6(a)).

Now, if the edges b;b, and b;b, are of different color, then deg,(a;) =2 =deg,(b;), a contradiction.
Therefore, the edges b;b, and b;b, are of the same color. Suppose the edges b;b, and b;b, are of
color 2. This implies that the edges b,b, and b,b, are of color 1. Next, the edge b,b;, is of color 2, for
otherwise deg,(a,) =3 =deg,(b,). Now, if the edge a,b, is of color 1, then deg,(a,) =2 =deg,(b,), a
contradiction. If the edge ayb, is of color 2, then deg,(a,) =2 =deg,(b,), again a contradiction (see

Figure 6(b)). The case both the edges b;b, and b;b, are of color 1 is depicted in Figure 6(c) and will
result in a contradiction as well.

The case the inner rim has three edges of color 2 and two edges of color 1 such that the edges of color
2 form a path of length 3 is similar. So, we are left with the following case.

Case 3. The outer rim has three edges of color 1 and two edges of color 2 such that the edges with
color 1 are two disjoint paths of length 2 and length 1 respectively. Without loss of generality, we may

assume the edges aya,, aa,, and asa, are of color 1 and the edges aya, and a,a; are of color 2.

Note that both the spokes a,b, and a;b; cannot be of the same color, for otherwise
deg,(a;) = deg,(a,). By symmetry, we may assume that the spokes a;b; and a,b, are of color 2 and 1,
respectively. If the edges b,b, and byb, are of different color, then deg,(b,)=2=deg\(a,) , a

contradiction. So, the edges byb, and b;b, are of the same color. Similarly, the edges b;b, and b;b,
are of the same color.

bo b : b bo b - b4 bo b : b

ap r 5 04 ag r 3 (4 ag T 3 a4

(a) (b) (c)

Figure 6. Possible coloring, Case 2 of P(5,1).

Suppose all the edges on the path b,b,b;b, are of color 1. If all the edges on the path b,b,b, are of
color 2, then the inner rim has three edges of color 1 and two edges of color 2 such that the edges of
color 1 form a path of length 3. We return to Case 2. If only one of the edges on the path byb,b, is of
color 2, then the inner rim has four edges of color 1 and an edge of color 2, in which we return to Case
1. If all the edges on the path byb,b, are of color 1, then the inner rim is a 5-cycle with all edges of color
1, which is not possible as we have excluded this case from the very beginning. The case all the edges
on the path b,b,b,b, are of color 2 is similar.

The case the inner rim has three edges of color 2 and two edges of color 1 such that the edges with
color 2 are two disjoint paths of length 2 and length 1 respectively is similar.

0
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By Lemmas 2.8, 2.9 and 2.10, we have the following.

Theorem 2.11. Suppose n>3. Forevery.P(n1),
3, if n=3,5;

Zie(P(n,1)) =
2, otherwise.

P(n,k) for k=2

For the ease of explanation, we used a similar isomorphic graph of P(n,2), say H(n,2), as defined in
[23], as in Figures 7 and 8.

For ease of illustration, in the rest of the section, we show the isomorphic graph H(n,2) horizontally.

aq [¢5]
bl aj aq
bo
p—1 (Nz
b; e hd h_)
5 a4
Ap—2 bs -~ . by
3 oy —, T -\\(1,,_';' E
b”_l n—2
P(n,2) H(n)
Figure 8. [23] H(n) is isomorphic to P(n,2) where n is even.
b ay ao
1 by
GNZ
bg he bQ
as as
bs -~ by
i Ap—2 N An—3 i
b'rz— - bn—3
G-
bn—l
P(n,2) H(n)

Figure 7. [23] H(n) is isomorphic to P(n,2) where n is odd.

Lemma 2.12. 4, (P(n,2))=2 if n>8 is even.

Proof. It is sufficient to show a 2-liec ¢ of P(n,2). Note that the operations on the subscripts are in
modulo n.

Case 1. Suppose n=0(mod4). Then gcd(n,k)=2 and is even. Therefore, it follows from

_n
gcd(n, k)
Theorem 2.5 that 4 (G)=2.

Case 2. Suppose n=2(mod4). First, we assign color 1 to the following edges:
for.i=0,5..

(i) for n>10, the paths of length 3, a,_,a, a,a;,, for i =10,14,18,...,n .
for i=0,5.

(i) the paths of length 3, a,_,a,_,a,a

i+1

(iii) the spokes a;b; and a, b

i+1™i+1
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(iv) the edge bb,

i+2

for i =0,5.
(v) the spokes a;b; and a, b,

i+1™i+1

for i =10,14,18,...,n .

Then we assign color 2 to the rest of the edges. For 0 </ <8, it is easily observed from Figure 9 that
adjacent vertices have different degrees.

For 9 <i<n-1, the above coloring will result in the following color degrees for vertices in the outer rim:

3, ifi=2(mod4) 0, ifi=2(mod4)
deg(g;)=42, ifi=13(mod4) and, deg,(g)=41 ifi=13(mod4)
1, ifi=0(mod4) 2, ifi=0(mod4)

For 9 <j<n-1, the above coloring will result in the following color degrees for the vertices in the inner
rim:

1, ifi=23(mod4)
0, ifi=0,1(mod4)

2, ifi=2,3(mod4)

deg,(b;) =
9:(b)) { 3, ifi=0,1(mod4)

and, deg,(b;) = {

Therefore, we can see that the resulting graph can be decomposed into two locally irregular graphs
under ¢.

bo 5 ba be bs  bio bn—¢ 4 bp_2
aq a9 a4 ag as aig An—6| An—4] An—2
< p p p ] ] /ll ) ]
[ [ [ [ [ n’/ [ [ 3
a1 as as az ag | ain Ap—5 An—3] Gn-1
by bs by bo b1 bn—5 _brZz bn

Figure 9. The two edge coloring of P(n,2), where n=2 (mod4)

Lemma 2.13. For P(6,2), 4. .(P(6,2))=3.

Proof. Clearly, y..(P(6,2))>2 . Ithas been shown in [20]that ; (P(6,2))<3 . Here, we shall show that
any possible edge coloring of P(6,2) with two colors, say color 1 and 2, cannot induce two locally
irregular subgraphs. This implies ;. (P(6,2))=3.

Note that all the edges on the triangle bb;b;b, cannot be of the same color. In fact, if they are of the
same color, then any possible coloring of the spokes ab,, a;b; and azbs will result to two of the
vertices in the triangle bb;b;b, having the same color degree. The same applies to the triangle
byb,b,by, i.e., all the edges cannot be of the same color. Since each of the vertices on the triangle
b,b;bsb, is vertex transitive, we may assume that the edges b,b, and b;b; are of color 1 and the edge
b,bs is of color 2. Now, the both the edges a;b, and agb; cannot be of the same color, for otherwise,
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deg,(b,) = deg,(bs). By symmetry, we may assume that a,b; is of color 2 and agzb; is of color 1. This

implies that a;b; is of color 1, for otherwise, deg,(b;)=2=deg(bs) .

We denote such coloring, as depicted in Figure 10 as the base case B of a 2-liec of P(6,2).

3] ay ap bo
ag az bo

b3 ®. b

bs as a4 by

Figure 10. The base case B of a 2-liec of P(6,2)

Now, from B, ifthe edges aya, and a,a, are of different color, then deg,(b,)=2=deg,(a,) . Thus, both
the edges a,a, and a,a, must be of the same color. Suppose the edges a,a, and aa, are of color 1
(see Figure 11(a)). Ifthe edges ayb, and ayas are of different color, then deg,(a,) =2 =deg,(a,) . So,
the edges ayb, and a,a; must be of the same color. Similarly, the edges aza, and aga, must be of
the same color. If the edges ayb,, asa, and asa, are of color 1, then deg,(a,) =3 =deg,(as) . If the
edges ayb,, asa, and asa, are of color 2, then deg,(a,) =2 = deg,(as). Hence, we may assume that
the edges a,a, and aa, are of color 2 (see Figure 11(b)). As before, the edges asa, and asa, are of
the same color. If the edges aza, and aza, are color 2, then deg,(a,) =3 =deg,(a,) provided that the
edge ayb, is of color 2, whereas deg,(a,)=2=deg,(as;) provided that the edge a,b, is of color 1. So,
we may assume that the edges aza, and aga, are color 1. Now, both the edges asa, and a,a, cannot
be of color 1, for otherwise, deg,(a;)=3=deg,(b;). If both the edges a;a, and a,a, is of color 2,
then either deg,(a;)=2=deg,(a,) or deg,(a,;) =3 =deg,(a,). If the edge a,a, is of color 2 and the
edge aja, is of color 1, then deg,(a;) =2 =deg,(a,) or deg,(a;) =3 =deg,(a,) - So, we are left with the
case where the edge a,a, is of color 1 and the edge a,a, is of color 2. This means the edges a,b, and
a,b, are of color 2. Now, the edges b,b, and b,b, must be of the same color, for otherwise,
deg,(a,) =2 =deg,(b,) . Similarly, the edges b,b, and b,b, must be of the same color. This implies
that all the edges on the triangle b,b,b,b, are of the same color, contradicting our early assumption.

by a1 ao bo by a1 ap bo
as az b as az b

. x 2 . x 2

bs as 074 b4 bs as &'4 by

(a) (b)

Figure 11. The edges a,a, and aa, are of the same color.
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Lemma 2.14. Suppose n=5. Then y . (P(n,2))=2 if n=1(mod4).

Proof. It is sufficient to show a 2-liec ¢ of P(n,2). First, we assign color 1 to the following edges:
(i) the paths of length 3, a,_,a,_,g4a,,, for i=0.
b.

(if) the spokes a;b; and a; b;,, for i=0.

i+1
(iii) the edge bb,,, for i=0.

(iv) the paths of length 3, a,_,a, 4,4 for i =5,9,13,...,n .

for i =5,9,13,...,n.

Then we assign color 2 to the rest of the edges. For 0 </ <3, it is easily observed from Figure 12 that
adjacent vertices have distinct degrees.

(v) the spokes a;b; and a, b

i+1™i+1

bo 5  bs  bg b bio bn—9 bn—7 bn—5\0n—3

ago a9 a4 ae as a10 Anp—9| An—7] An—5| Ap
L b 1 1 1 3 K, ] b ]
’
[ a b1
[ [ [ [ [ [ 3 [ [ [ [
al as as ar ag ail Ap 8| Apn—6| AGpn—4a] Apl2
b1 bs by be  bu bn—s bn-6 bn—gAn_2

Figure 12. The 2-liec of P(n,2) where n=1(mod4)

For 4 <i<n-1, the above coloring will result in the following color 1 degrees for the outer rim:

3, ifi=1(mod4) 0, ifi=1(mod4)
deg,(g;)=42, ifi=0,2(mod4) and, deg,(g;)=41 ifi=0,2(mod4)
1, ifi=3(mod4) 2, ifi=3(mod4)

For 4<i<n-1, the above coloring will result in the following color degree for vertices in the inner rim:

1, ifi=12(mod4)
0, ifi=0,3(mod4)

2, ifi=12(mod4)

deg,(b;) =
9(b1) { 3, ifi=0,3(mod4)

and, deg,(b,) = {

It has been shown that in [20] that for n =7,11, . (P(n,2))=3. So, we are left with the case
n=3(mod4) and n=7,11.

Lemma 2.15. Suppose n=3(mod4) and n=7,11. Then y; (P(n,2))=2.

Proof. Itis sufficient to show a 2-liec ¢ of P(n,2). First, we assign color 1 to the following edges:
(i) the paths of length 3, a,_,a,_4ga,,, for i =0,5,10.

b;,, for i =0,5,10.

ii) the edge bb,,, for i =0,5,10.

iv) the paths of length 3, a, ,a,_4ga;,, for i =15,19,23,...,n.

i+1
b, ., for i=1519,23,...,n.

ii) the spokes.a;b;.and a

( i+1
(
(
(

v) the spokes a;b; and g,

i+1
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Then we assign color 2 to the rest of the edges. For 0 </ <13, itis easily observed from Figure 13 that
adjacent vertices have distinct degrees.

bo 5 by bg by big bz by big b9 bun-7 bn_s5 Ru—3
g as a4 ag as ag a2 aiyq ag n—9| Unpn—7] An—>5| @

> y p y > p

.
I ¥ bn-1

L 4 L 3 L
@] as as ar ay | ail a3 | ais | air An—8| An—6| An—4| Qpt2
b . bs by bo bun bz bz b7 bn-s bn6 ban-a by

Figure 13. The 2-liec of P(n,2) where n=3(mod4)

For 14 <j<n-1, the above coloring will result in the following color degrees for the vertices in the outer

rim:
3, ifi=3(mod4) 0, ifi=3(mod4)
deg,(g;)=42, ifi=0,2(mod4) and, deg,(g;)=41 ifi=0,2(mod4)
1, ifi =1(mod4) 2, ifi=1(mod4)

For 14 <j<n-1, the above coloring will result in the following color degrees for the vertices in the inner
rim:

1, ifi =0,3(mod4)
0, ifi=12(mod4)

2, if i =0,3(mod4)

deg,(b) =
eg,(b;) { 3, ifi=12(mod4)

and, deg,(b;) = {

0
Since B.LuZar et. al. [20] have shown that  .(P(7,2) = 4. (P(11,2) =3, the following theorem follows
from Lemmas 2.12, 2.13, 2.14, 2.15.

Theorem 2.16. Suppose n>5. Then

3, if n=6,7,11;
Zire(P(n,2)) =
2, otherwise.

Concluding Remarks

In this paper, we determine the locally irregular chromatic index ;. (G) for G is the complete
multipartite graph, see Theorem 2.4. Besides that, we showed the exact value of the y; (P(n,k)) for
k=12 and proposed a 2-liec or 3-liec for these graphs. We also show that y; (P(n k))=2 when

gcd(k,n) =1 when n is even and when both k,n are odd, see Theorems 2.5, 2.7 and Corollary 2.6. We
believe that Conjecture 1.5 is true is general.
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