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ABSTRACT

This paper analyses a queueing model consisting of two units | and |l connected in series, separated by a finite buffer of
size N. Unit | has only one exponential server capable of serving customers one at a time. Unit Il consists of ¢ parallel
exponential servers and they serve customers in groups according to the bulk service rule. This rule admits each batch
served to have not less than ‘a’ and not more than ‘b’ customers such that the arriving customers can enter service
station without affecting the service time if the size of the batch being served is less than ‘d’ (a <d < b). The steady state

probability vector of the number of customers waiting and receiving service in unit | and waiting in the buffer is obtained
using the modified matrix-geometric method. Numerical results are also presented.

AMS Subject Classification number: 60k25 and 65k30

| Bulk service queues | Accessible and Non-accessible Batch service | Matrix geometric method | Steady state solution |

1. Introduction

Queueing models consisting of two units in series with an intermediate waiting room of finite capacity have
been studied by several authors. A model with a finite waiting room in between the two units has been discussed
by Neuts [1]. Unit I of this model contains one server with a general service time distribution and unit Il consists
of ¢ parallel exponential servers. The transform method is used to find steady state probabilities.

The study of blocking in two or more units in service with a general service time distribution, without an
intermediate buffer has been considered by Aviltzhak and Yadin [2]. Clarke [3] has investigated a tandem
queuing model, wherein two servers are placed in series and each customer will receive service from one and
only one server. The novel feature of this model is that a busy service unit prevents the access of new customers
to servers further down the line. A departing customer may also be temporarily prevented from leaving by
occupied service units down line.

Prabhu [4] has studied transient analysis in a tandem queue. Models of related type with finite total number of
customers have been treated by Sharma [5]. Queues with two units connected in series with single service in unit
I by a server and multiserver general bulk service in unit 1l has been studied by Krishna Reddy , Natarajan and
Kandasamy [6].
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In this paper we deal with a queuing model consisting of two units | and Il connected in series with a finite
intermediate waiting room of capacity N. Arrivals to unit | occur according to a Poisson process of rate A. The
queue in front of unit | can be of infinite length. Customers in unit I are served one at a time. The service time
distribution of unit | is negative exponential with a parameter p. In unit Il customers are served by c servers in
batches of size n (a < n < b). The service times, irrespective of batch size, are assumed to have independent
identical negative exponential distributions with parameter [, The service rule is assumed to operate as follows:
the server starts service only when a minimum of “‘a’ customers is in the buffer, and the maximum capacity is ‘b’
customers. Such a rule for bulk service, first introduced by Neuts [7], may be called general bulk service rule.
Here the general bulk service rule is further assumed to allow the late entries to join a batch, without affecting the
service time, in course of ongoing service as long as the number of customers in that batch is less than ‘d’ (a <
d < b, called maximum accessible limit ).

For the model describe above, the steady state probability vector of the number of customers waiting and
receiving service in unit I, waiting in the buffer and the stability condition are obtained by using the matrix-
geometric method.

In our discussion, the following notations are used: a diagonal matrix of order n is denoted by [a; a;.....a,] and
if the all entries are equal to ‘a’ then this is denoted by [a],x n . All the unmarked entries are zeros.

2. Steady State Probability Vector

This process can be formulated as a continuous time Markov chain with state space
s = {(i,jk);i>0, 0<j<a-1, 0<k<c-1}
U{Gi,jk); i=0, 0<j<N, k=c}
U {G,j.ak); i20,j=0 a<q<d-1,0<k<c-1}

where i denotes number of customers in unit | (including the one being in the service station), j denotes the
number of customers in the buffer, g denotes number of customers in the accessible service batch and k denotes
the number of busy servers in unit Il with number in each service batch is greater than or equal to maximum
accessible limit (d). The infinitesimal generator Q of the continuous time Markov chain with the above state has
the block partitioned structure.

o O O o

The matrix A, is given by
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o 1 2 3 c-2 ¢-1 ¢ 0 1 2 c-2 ¢l
0 [dp 1
1 dp d
2 dp; d
3 dgz d3
c-2 dc—2
A = c-1 dc—lc—z dc—l
17 ¢ B d E
0 [Coo Boo
1 Cua Bio B
2 Ca Ba1 Bx
c-2
2‘ L Cc—lc—l Bc—lc—2 Bc—lc—l_

d; =[—k—u1—iu2]axa, 0<i<c-1

dij_1=linal, . 1<i<c-1
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Oc 1c 2¢ . . . N-bc . . . Nc
Oc|
1c
2¢C

dc Cuo

bc Cuo

Nel Cu2 Jax(N-+1)

D, = [—K—Hl—cuz](ml)x(ml)
Cii (0<i<c-1), is a matrix of order ((d-a) x a). with £, in the first column and zero in the remaining

entries.
Biii1= [—7\,—!,[1 _I“Z](d—a)X(d—a) , 1<i<c

Bii—l = [iHZ](d—a)X(d—a) , 1 <i< C‘—l

and E is given by
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Oac-1 Oa+1lc-1 Oa+2c-1 . ) ) 0d-1c-1
Oc )
1c

aC | Cus
a+1lc CLo
a+2c Cuo

d-1c Cuo

Nc | J(N+1)x(d-a)

The Matrix D is obtained from A; by putting 22, = 0. The matrix A, is given by A, = Al where | is the
unit matrix. All the four submatrices D, Ag A;and A, are square matrices of order ( ac+N+1+(d-a)c).

The stationary probability vector X = ( Xo, X1, X2, Xz3,. . ., X;,. . .) ifitexist, can be found by
solving the following system.

XQ=0 and Xe=1 1,2

where e represents a column vector with each component equal to 1. The system of linear equations XQ =0 is
solved using the matrix - geometric method [8] since the rate matrix Q has a special block tridiagonal structure.

Each X; (i=0,1,2,...)is arow vector of order (ac+N+1+(d-a)c) and
Xi = ( XiOO ’ Xi101 Xi201 CRC :Xia-loy XiOll Xillv Xi211 LRCEEI] Xia—llx ERCET] XiOC-ll XilC-l y XiZC-l [RCEERE
Xia-1e-11 Kioer Xizer Xizes - - -+ XKiade s+ + + 1 Xines Xioaor Xioa+10s - - - » Xiod-10, Xioats Xioa+1ts - - - »

Xiod-11 5 - -+ » Xioac-1s Xioatic-ts - - + » Xi0d-16-1) (3
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In the stable case, there exists the stationary probability vector

Xi= XoR' i>1 4)

The stationary probability vector X is called the matrix geometric probability vector. If a matrix geometric
solution exists, the system XQ = 0 becomes

Xo(D+RAg) =0 Q)
and

Xo Ri(A2+RA1+R2Ao) =0 (6)
The vector X, is uniquely determined by

Xo (D+RA0) =0
together with normalizing equation
Xo(1-R) "e=1. U]
The matrix R is the minimal solution to a matrix non linear equation

A, + RA, +R*Ag= 0 (8)

where R> 0, [9], and it is an irreducible, non - negative matrix with a spectral radius of less than one. An
iterative approach may be used to compute R as follows:

R(0)=0

R(+1) = -A, Al -R* () A)A', n>0 9)
For the Markov process with such a generator, Neuts [8] obtained the stability condition

A e<IAge, (10)

where the row vector IT is defined as follows:

Consider the infinitesimal generator A = Ag+ A+ A, . It can be shown that A is irreducible and there
is a unique row vector IT > 0 such that

IIA=0
and

He=1 (12)
In our case

H:[HOO!HJ.O! HZO!“‘!Ha-lO! HOllHll, HZlv--'! Ha-lli"'!HOC-li ch-ll
HZc»la---yHa-lc-la HOCI H161H201 ---:Ha»lmnac: Ha+101---:Hde
Hd+1Cl :HbCy---vHNc:HOaO:HOa+1OvHOa+2 03 "'1H0d-101 HOalv
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H0a+111HOa+211 LI ) Hod-lly ey HOac-ly H0a+1c—1: HOa+2C-11 .

Since )
]
Hy
A e=0I
Hy
0]
= /u 1 [1' H N,c]
and
HAzgz A,
the stability condition (10) becomes
A<pq[1-TIN ]
The system I'T A = 0 takes the form
K1 ITnac - CHl2 ITyc= 0,
M1 IT N-rc ~ (,Ul +cl, ) IT Nr1c = 0,
IT Nre T (Hl + CHZ) IT N-re1c T CHLD I1 N+b+1-r,c =0,
b
I ogaca- (/Jl + Cluz) e +cup Z 1T, =0,
j=d

g Mogrer (Hl + CHZ) o g—rs1catcuo I g rel,c -0
M1 IT a-1,c-1" (H]_ + CHZ ) IT odac1t CHo IT d-ac =0,

M1 IT ar,c-1” (H]_ +C _1“2 ) IT arilc1 T CU 2 1_[a—r+1 ,C =0,

N HOd-lc»l] '

(12)
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w Io g-1,c-k-1- (lul + muz) ITo, cact (C —k+DuaTlg ¢ ki1

d-1

+up 2 Mojek =0, 1<k<c-1
J=a

w1llo g—r,c—k-1- (ul +C— kuz) o, d—r+1,c—k-1

+(C_k)H2H0,d—r+1,c—k =0, 2<r<a,1<k=<c-1

Mlna—l,c—k—l'(ul +tC- kHZ)Ho,d-a,c-k-ﬁ (c—k) H2llo d-a,c—k =0, lsksel

MlH a-r,c—k-1- (Ml +c—k _1“2) IT a-r+1, c-k-1

+(C_k)H2Ha—r+l,c—k =0, 2<r<a,1<k<c-1

solving the above system of equations, we get

Mn-re= ((mg+cup)/ng)(eng /ug )y e, 1<r<b

TN (bra1)c = (g +oup)/ng) N0 x {{(Hl + o) mg f° —1}(Cuz/u1)
—r(ena /i) (g +CH2)r_1]HN,c’ 0<r<N-b-1

Mg g-1c-1= [{((Ml +oug)/ug )N x {{(Ml +oug)/ug —1}(CH2/M1)— (cpa /1y )?
N-(a+b+1)

Al(mg +ena) /)N —lema/my) Y gy Fena)/m )
r=N_(2b+1)

x {{(Hl +opp)/uy ) —1}(Cu2/u1)— r(emg /mg)* (g + CHZ)/Hl}r_l]H N,
Provided N > 2b+1.

Using the above results, the following relations are derived:
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k—
o d_k,c-1 = (11 +Cu2)/1y) 1H0,d—1,c—1
k-1 K—r-1
= > (ena/ug) (g +cmp)/n) gy c s 2<k<a
r=1
My gc= ((Hl + CHZ)/Hl)HO,d—a,c—l - (CHZ/Hl)Ha,c

k-1
Mo ke =g +C—Dpp)/py) " Magc g

k-1
= 3 (omg /i) (g + (€= Dup)/ng ) My 2<k<a
r=1

d-1

Mog-1c-2 = (e + (€= Dra)/ma )Mo g1 —(eua /M )loc = (2 /M) X Mo jo-1
j=a

Mod ke 2 = +C€~Duz)/ug) g g 1c 2

k-1
= 3 (1 + €= D)a /u)* (e~ Dpa /1) o dr 1 2<k<a

r=1
Mac-2 =((ug + (€ —Dnp/m1)gg-ac2 —((€—Dua/m1 g g-aca

g _kec-2= ((Hl +(c- 2))“2/“1)Ha—1,c—2

-2 ((C _1)H2/H1)((H1 +(c- 2))“2/Hl)k_r_1na—r,c—1 ’ 2<k<a
r=1
d-1
Mog-10 = (k1 +m2)/m1)Mog — (2n2 /1 Mg 2 — (2 /1) g 2
j=a

k-1
Mo g-ko = (g +12)/ ) To g 10

~(ug /1) (g + 1) /i) g grss 2<k<a
r=1
Ma10 = (g +12)/11 )Mo g-a0 —(M2/1 )Mo a1
k-1
My o =Ma 10— (np/m1) Y Mo rs, 2<k<a
r=1

By using the normalizing condition IT1e =1, Iy can be determined.



310 G. Ayyappan and S Velmurugan /Journal of Fundamental Sciences 4 (2008) 299-319

3. Numerical Results

By theorem 1 of Latouche and Neuts [10], R is the limit of the sequence {R(n)} n >0, of matrices
defined by

R(0)=0
R(+1) = -Ay AL —R¥(n) A AL n>0

Corollary 1 of [9] also provides an accuracy check on the evaluation of R, since
RAe = Az e,

where ¢ is the column vector with all its components equal to one. Fora=3,b=9,d =6,
¢ = 3, N=20, the matrices Ao, A1, A, and D of order 39 x 39 by choosing the parameters A = 0.8, 4, =1and
M, =8 we get A, = 0.81, where | is unit matrix of order 39 x 39.

The matrix R is given by R = [Cy, C,, Cs, . . ., Cao], Where
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[0.51370085 |
0.09350768
0.14928557
0.43206809
0.09350254
0.14897776
0.39537915
0.09349758
0.14870525
0.37262628
0.09349371
0.14884568
0.67416900
035513828
0.35507280
0.35176948
0.35176947
0.35176874
0.35146078

=10.09349033

0.14922940
0.63913646
0.33660295
0.33651091
0.33263056
0.33263055
0.33262713
0.33177191
0.09349524
0.15549419
0.43489540
0.43489444
0.43484848
0.39811337
0.39811242
0.39806692
0.37528420
0.37528325

1 0.37523818 |

[0.16763336
0.51704703
0.09884556
0.16695337
0.43541425
0.09883901
0.16638685
0.39872529
0.09883271
0.16589656
0.37597289
0.09902809
0.32184286
0.16259426
0.16264194
0.16506449
0.16506449
0.16506502
0.16528576

=10.35480922

0.09940030
0.31811573
0.16106187
0.16112851
0.16394525
0.16394526
0.16394765
0.16455002
0.33512925
0.10384987
0.16481992
0.16482062
0.16485446
0.16434442
0.16434511
0.16437850
0.16392848
0.16392917

10.16396214

[0.10308160 |
0.16840449
0.51827802
0.10307027
0.16772450
0.43664522
0.10305952
0.16715798
0.39995624
0.10304925
0.16666801
0.37733285
0.20340640
0.10212813
0.10214448
0.10295443
0.10295443
0.10295463
0.10303488

=10.16605842

0.35641451
0.20236398
0.10178079
0.10180412
0.10278175
0.10278176
0.10278270
0.10301531
0.16534178
0.35063466
0.10243171
0.10243195
0.10244309
0.10242301
0.10242325
0.10243438
0.10241466
0.10241490

0.10242601 |

[0.00001459]]
0.00001581
0.00001660
0.08164735
0.00002095
0.00032441
0.07339247
0.00002573
0.00056163
0.06827320
0.00003031
0.00079366
0.08068477
0.04264169
0.04323631
0.06358760
0.06358760
0.06358742
0.06351114

=10.00003678

0.00108283
0.07552495
0.03985245
0.04056544
0.05929510
0.05929509
0.05929424
0.05908140
0.00004554
0.00139630
0.00001481
0.00002591
0.00069457
0.03679684
0.03680736
0.03636264
0.04567314
0.04568318

0.04616235 |

Cs =

[0.00001371
0.00000144
0.00000146
0.00608136
0.08163422
0.00000801
0.00113439
0.07337936
0.00001407
0.00147226
0.06826012
0.00002106
0.00216098
0.00094995
0.00096574
0.00176006
0.00176006
0.00176023
0.00183379
0.06349810
0.00003108
0.00227629
0.00104814
0.00107034
0.00200382
0.00200383
0.00200464
0.00220870
0.05906842
0.00004307
0.00000137
0.00016000
0.00001270
0.00047688
0.00047711
0.00048809
0.00083325
0.00083348

1 0.00084435
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[0.00000013]
0.00000013
0.00000013
0.00001145
0.00038012
0.08163293
0.00002164
0.00113315
0.07337809
0.00003094
0.00147103
0.06825890
0.00004961
0.00002065
0.00002103
0.00004055
0.00004055
0.00004056
0.00004325
0.00183255
0.06349696
0.00005725
0.00002446
0.00002503
0.00005030
0.00005030
0.00005033
0.00005900
0.00221033
0.06144905
0.00000013
0.00000013
0.00000036
0.00000883
0.00000883
0.00000907
0.00001684
0.00001684

1 0.00001709 |

C; =

[0.00000000 |
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.04494382
0.00000018
0.00003529
0.04180821
0.00000049
0.00008555
0.02480675
0.01301278
0.01325992
0.03893821
0.03893821
0.03893810
0.03891360
0.00000113
0.00015707
0.02326977
0.01215070
0.01250769
0.03630898
0.03630898
0.03630845
0.03617802
0.00000223
0.00023051
0.00000000
0.00000000
0.00000000
0.00000000
0.00000057
0.00011348
0.01395287
0.01395383

0.01410525 |

Cs =

[0.00000000 |
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00011348
0.04494382
0.00000024
0.00022864
0.04180821
0.00000070
0.00019159
0.00007825
0.00008038
0.00032771
0.00032771
0.00032782
0.00037392
0.03889136
0.00000150
0.00002206
0.00009424
0.00009808
0.00041260
0.00041260
0.00041312
0.00054130
0.03617803
0.00000246
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000057
0.00005957
0.00005957

| 0.00006057 |

[0.00000000 |
0.00000000
0.00000000
0.00000000
0.00000000
0.00000057
0.00011348
0.04494382
0.00000145
0.00022864
0.04180821
0.00000146
0.00000051
0.00000053
0.00000246
0.00000246
0.00000246
0.00000310
0.00037392
0.03889137
0.00000186
0.00000070
0.00000073
0.00000357
0.00000357
0.00000358
0.00000582
0.00054305
0.03763682
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000034
0.00000034

0.00000035 |

CIO =

[0.00000000 |
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.03100775
0.00000000
0.00000043
0.00027075
0.00000042
0.00010408
0.02887917
0.02887917
0.02887909
0.02884442
0.00000001
0.00000141
0.00033605
0.00000116
0.00019388
0.02692915
0.02392915
0.02692876
0.02868320
0.00000002
0.00000260
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000090

1 0.00003727 |
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[0.00000000 |
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00003727
0.03100775
0.00000000
0.00000127
0.00000000
0.00000033
0.00006946
0.00006946
0.00006954
0.00010400
0.02884442
0.00000001
0.00000178
0.00000000
0.00000078
0.00009717
0.00009717
0.00009756
0.00019349
0.02683202
0.00000002
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000

| 0.00000009 |

C12 =

[0.00000000 ]

0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000009
0.00003727
0.03100275
0.00000001
0.00000000
0.00000000
0.00000021
0.00000021
0.00000021
0.00000042
0.00010400
0.02884442
0.00000001
0.00000000
0.00000000
0.00000035
0.00000035
0.00000035
0.00000117
0.00019479
0.02791396
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
| 0.00000000

C13 =

[0.00000000 |

0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000009
0.00003727
0.03100775
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000042
0.00010400
0.02884442
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000001
0.00000110
0.00017045
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000

| 0.00000000

Cy =

[0.00000000 |
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000009
0.00003727
0.03100775
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000042
0.00010400
0.02884442
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000001
0.00000087
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000

| 0.00000000 |

CIS =

[0.00000000 ]
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000008
0.00003225
0.02683211
0.00003727
0.03100775
0.00000000
0.00000000
0.00000000
0.00000000
0.00000036
0.00009000
0.02496043
0.00010400
0.02884442
0.00000000
0.00000000
0.00000000
0.00000001
0.00000095
0.00014750
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000

[ 0.00000000 |
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C16 =
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[0.00000000]]
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000027
0.00016124
0.00000009
0.00003727
0.03100775
0.00000000
0.00000000
0.00000000
0.00000000
0.00000090
0.00020999
0.00000042
0.00010400
0.02884442
0.00000000
0.00000000
0.00000000
0.00000001
0.00000168
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000

[ 0.00000000 |

Cy =

[0.00000000]

0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000081
0.00000000
0.00000009
0.00003727
0.03100775
0.00000000
0.00000000
0.00000000
0.00000001
0.00000126
0.00000000
0.00000042
0.00010400
0.02884442
0.00000000
0.00000000
0.00000000
0.00000001
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000

| 0.00000000

CIS =

[0.00000000 ]

0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000009
0.00037270
0.03100775
0.00000000
0.00000000
0.00000000
0.00000001
0.00000000
0.00000000
0.00000042
0.00010400
0.02884442
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
| 0.00000000

Cl9 =

[0.00000000 |
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000009
0.00003727
0.03100775
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000042
0.00010400
0.02884442
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000

| 0.00000000 |

C20 =

[0.00000000 |
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000009
0.00003727
0.03100775
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000042
0.00010400
0.02884420
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000

[ 0.00000000 |
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70.00000000] [0.000000000  [0.00000000] [0.00000000] 0.00000000
0.00000000 0.00000000 0.00000000 0.00000000 0.00000000
0.00000000 0.00000000 0.00000000 0.00000000 0.00000000
0.00000000 0.00000000 0.00000000 0.00000000 0.00000000
0.00000000 0.00000000 0.00000000 0.00000000) 0.00000000
0.00000000 0.00000000 0.00000000 0.00000000 0.00000000
0.00000000 0.00000000 0.00000000 0.00000000] 0.00000000
0.00000000 0.00000000 0.00000000 0.00000000 0.00000000
0.00000000 0.00000000 0.00000000 0.00000000 0.00000000
0.00000000 0.00000000 0.00000000 0.00000000, 0.00000000
0.00000000 0.00000000 0.00000000 0.00000008 0.00000000
0.00000000! 0.00000000 0.00000000 0.00003467 0.00000000)
0.00000000! 0.00000000 0.00000000 0.02884442 0.00000000)
0.00000000 0.00000000 0.00000000 0.00000000 0.00000000)
0.00000000 0.00000000 0.00000000 0.00000000 0.00000000)
0.00000000 0.00000000 0.00000000 0.00000000 0.00000000)
0.00000000 0.00000000 0.00000000 0.00000000 0.00000000
0.00000000 0.00000000 0.00000000 0.00000000 0.00000000)
0.00000000 0.00000000 0.00000000 0.00000000  _|0.0000000
=1 0.00003727| C22 =| 0.00000001| C,; =|0.00000000] C,, =|0.00000039| > ~| 0.00003727
0.03100775 0.00003727 0.00000009 0.00009674 0.03100775
0.00000000 0.03100775 0.00003727 0.02683211 0.00000000!
0.00000000 0.00000000 0.03100775 0.00003727 0.00000000
0.00000000 0.00000000 0.00000000 0.03100775 0.00000000
0.00000000 0.00000000 0.00000000 0.00000000 0.00000000
0.00000000 0.00000000 0.00000000 0.00000000 0.00000000
0.00000000 0.00000000 0.00000000 0.00000000 0.00000000
000000042 0.00000000 0.00000000 0.00000001 0.00000042
0.00010540 0.00000034 0.00000000 0.00000102 0.00010540
003000750 0.00007358 0.00000022 0.00015856 0.03000750
0.00000000 0.00000000 0.00000000 0.00000000 0.00000000
0.00000000 0.00000000 0.00000000 0.00000000 000000000
0.00000000 0.00000000 0.00000000 0.00000000 000000000
0.00000000 0.00000000 0.00000000 0.00000000 0.00000000
0.00000000 0.00000000 0.00000000
0.00000000 0.00000000)
0.00000000 0.00000000 0.00000000
0.00000000 0.00000000)
0.00000000 0.00000000 0.00000000
0.00000000 0.00000000 0.00000000 0.00000000 0.00000009
L0-00000000 0.00000000) 0.00000000) 0.00000000) 0.00000000
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0.00000000 0.00000000 0.00000000 0.00000000 0.00000000

0.00000000 0.00000000 0.00000000 0.00000000
0.00000000

0.00000000 0.00000000 0.00000000 0.00000000
0.00000000

0.00000000 0.00000000 0.00000000 0.00000000
0.00000000

0.00000000 0.00000000 0.00000000 0.00000000
0.00000000

0.00000000 0.00000000 0.00000000 0.00000000
0.00000000

0.00000000 0.00000000 0.00000000 0.00000000
0.00000000

0.00000000 0.00000000 0.00000000 0.00000000
0.00000000

0.00000000 0.00000000 0.00000000 0.00000000
0.00000000

0.00000000 0.00000000 0.00000000 0.00000000
0.00000000

0.00000000 0.00000000 0.00000000 0.00000000
0.00000000

0.00000000 0.00000000 0.00000000 0.00000000
0.00000000

0.00000021 0.00000000 0.00000000 0.00000000
0.00000000

0.00000000 0.00000000 0.00000000 0.00000000
0.00000000
0.00000000 0.00000000 0.00000000 0.00000000 0.00000000

0.00000000 0.00000000 0.00000000 0.00000000
0.00000000

0.00000000 0.00000000 0.00000000 0.00000000
0.00000000

0.00000000 0.00000000 0.00000000 0.00000000
0.00000000
0.00000000 0.00000000 0.00000000 0.00000000 0.00000000
Ca =[0.00000000 | C7 =|0.00000000 | Co5 = 0.00000000 | o9 =|0.00000000 | Co =|

0.00000000 0.00000000 0.00000000 0.00000000
0.00000000

0.00000035 0.00000000 0.00000000 0.00000000
0.00000000

0.00000000 0.00000000 0.00000000 0.00000000
0.00000000

0.00000009 0.00000000 0.00000000 0.00000000
0.00000009

0.00003727 0.00000009 0.00000009 0.00000009
0.00003727

0.03100775 0.00003727 0.00003727 0.00003727
0.03100775

0.00000000 0.03100775 0.03100775 0.03100775
0.00000000

0.00000000 0.00000000 0.00000000 0.00000000
0.00000000

0.00000000 0.00000000 0.00000000 0.00000000
0.00000000

0.00000000 0.00000000 0.00000000 0.00000000
0.00000000

0.00000000 0.00000000 0.00000000 0.00000000
0.00000000

0.00000000 0.00000000 0.00000000 0.00000000
0.00000000

0.00000000 0.00000000 0.00000000 0.00000000
0.00000000

0.00000000 0.00000000 0.00000000 0.00000000
0.00000000

0.00000000 0.00000000 0.00000000 0.00000000
0.00000000

0.00000000 0.00000000 0.00000000 0.00000000
0.00000000

0.00000000 0.00000000 0.00000000 0.00000000
0.00000000

0.00000000 0.00000000 0.00000000 0.00000000
0.00000000
0.00000000 0.00000000 0.00000000 0.00000000 - -




C31

[0.01389844 |
0.01899467
0.03102936
0.01389831
0.01898843
0.03065498
0.01389819
0.01898259
0.03035890
0.01389806
0.01897713
0.03013632
0.04873822
0.01382389
0.01382524
0.01389134
0.01389134
0.01389136
0.01389788
0.01896977
0.02989220
0.04716419
0.01379632
0.01379825
0.01387849
0.01387849
0.01387857
0.01389763
0.01896164
0.03084092
0.09547935
0.01384672
0.01384764
0.05053543
0.01384662
0.01384754
0.03659926
0.01384652

0.01384743 |
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C32 =

[0.01389844 ]

0.01899467
0.03102936
0.01389831
0.01898843
0.03065498
0.01389819
0.01898259
0.03035890
0.01389806
0.01897713
0.03013632
0.04873822
0.01382389
0.01382524
0.01389134
0.01389134
0.01389136
0.01389788
0.01896977
0.02989220
0.04716419
0.01379632
0.01379825
0.01387849
0.01387849
0.01387857
0.01389763
0.01896164
0.03084092
0.09547935
0.01384672
0.01384764
0.05053543
0.01384662
0.01384754
0.03659926
0.01384652

0.01384743 |

C33 =

[0.01389844]

0.01899467
0.03102936
0.01389831
0.01898843
0.03065498
0.01389819
0.01898259
0.03035890
0.01389806
0.01897713
0.03013632
0.04873822
0.01382389
0.01382524
0.01389134
0.01389134
0.01389136
0.01389788
0.01896977
0.02989220
0.04716419
0.01379632
0.01379825
0.01387849
0.01387849
0.01387857
0.01389763
0.01896164
0.03084092
0.09547935
0.01384672
0.01384764
0.05053543
0.01384662
0.01384754
0.03659926
0.01384652

0.01384743 |

Cyy =

[0.00000001 |
0.00000001
0.00000001
0.00000014
0.00000624
0.00037438
0.00000026
0.00001169
0.00059218
0.00000038
0.00001657
0.00074610
0.02592823
0.00000003
0.00000027
0.00000052
0.00000052
0.00000052
0.00000055
0.00002288
0.00009047
0.02411946
0.00000032
0.00000033
0.00000066
0.00000066
0.00000066
0.00000079
0.00003080
0.00108750
0.00000001
0.00000001
0.00000001
0.04494393
0.00000011
0.00000011
0.02787235
0.00000210

0.00000021 |

Cys =

[0.00000000]
0.00000000
0.00000000
0.00000000
0.00000006
0.00000266
0.00000000
0.00000011
0.00000486
0.00000000
0.00000017
0.00000688
0.00024929
0.02592757
0.00000000
0.00000001
0.00000010
0.00000001
0.00000001
0.00000024
0.00000961
0.00036087
0.02411867
0.00000000
0.00000001
0.00000001
0.00000001
0.00000001
0.00000035
0.00001316
0.00000000
0.00000000
0.00000000
0.00011348
0.04494382
0.00000000
0.00015243
0.02787214

[ 0.00000000 |
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[0.00000000 | [0.00000000 | [0.00000000 | [0.00000000 |
0.00000000 0.00000000 0.00000000 0.00000000
0.00000000 0.00000000 0.00000000 0.00000000
0.00000000 0.00000000 0.00000000 0.00000000
0.00000000 0.00000000 0.00000000 0.00000000
0.00000002 0.00000000 0.00000000 0.00000000
0.00000000 0.00000000 0.00000000 0.00000000
0.00000000 0.00000040 0.00000000 0.00000000
0.00000004 0.00007829 0.00000023 0.00000023
0.00000000 0.00000001 0.00000000 0.00000000
0.00000070 0.00000100 0.00000000 0.00000000
0.00002703 0.00015774 0.00000063 0.00000063
0.02243804 0.02884443 0.00010400 0.00010400
0.00024928 0.00000000 0.02884442 0.02884442
0.02592757 0.00000000 0.00000000 0.00000000
0.00000000 0.00000001 0.00000000 0.00000000
0.00000000 0.00000001 0.00000000 0.00000000
0.00000000 0.00000001 0.00000000 0.00000000
0.00000000 0.00000002 0.00000000 0.00000000
Cy6 =1 0.00000030 | C3; = 0.00000214 | C34 =|0.00000001 | C39 =|0.00000001
0.00007534 0.00025798 0.00000146 0.00000146
0.02087455 0.02683203 0.00019349 0.00019349
0.00036087 0.00000000 0.02683202 0.02683202
0.02411867 0.00000000 0.00000000 0.00000000
0.00000000 0.00000002 0.00000000 0.00000000
0.00000000 0.00000002 0.00000000 0.00000000
0.00000000 0.00000002 0.00000000 0.00000000
0.00000000 0.00000004 0.00000000 0.00000000
0.00000080 0.00000397 0.00000002 0.00000002
0.00012347 0.00036165 0.00000255 0.00000255
0.00000000 0.00000000 0.00000000 0.00000000
0.00000000 0.00000000 0.00000000 0.00000000
0.00000000 0.00000000 0.00000000 0.00000000
0.00000057 0.00000000 0.00000000 0.00000000
0.00011348 0.00000000 0.00000000 0.00000000
0.04494382 0.00000000 0.00000000 0.00000000
0.00000097 0.03100775 0.00003727 0.00003727
0.00015243 0.00000000 0.03100775 0.03100775
0.02787214 | [ 0.00000000 | [ 0.00000000 | [ 0.00000000 |
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By using the above matrix R, the equation A, e = R Agg, which provides us with internal accuracy check on
the computation of R, is verified. The vector X, = {Xg00, Xo10: Xoz20r X001, Xo11» Xo21» XKooz Xo1zs Xogz s« - - » Xo20
3, X0030, Xoo40, X050, X 0030, X 0041, X 0051+ X0032, X042, X0052) is the left Eigen'vector of the matrix D + RA,,
corresponding to an eigenvalue of zero. Vector X, is calculated from the relation Xq (D + RAg) =0 and is
normalized by X,(1-R)'e= 1.

For the numerical parameters chosen above, the row vector X is given by

that

X =[ 0.00000000, 0.00000000, 0.00000000, 0.00000000 , 0.00000000 , 0.00000000

0.00000000 , 0.00000000, 0.00000000, 0.00000000 , 0.00000000 , 0.00000000
0.00000000 , 0.38500000, 0.00000000, 0.00000000 , 0.00000000 , 0.00000000
0.00000000 , 0.00000000, 0.00000000, 0.38500000 , 0.00000000 , 0.00000000
0.00000000 , 0.00000000, 0.00000000, 0.00000000 , 0.00000000 , 0.00000000
0.00000000 , 0.00000000, 0.00020000, 0.04950000 , 0.00000000 , 0.00900000
0.00000000 , 0.00000000, 0.00000000] _
Further, the remaining vectors X;, i > 1 are evaluated using the relation X;= X, R', i > 1. It may be noted

Xy — 0 as k — oo. For the chosen parameters, Xq; — 0, and the sum of the steady state probabilities is found

to be one.
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