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Abstract In this article, we determine non-linear terms under the modulation of dynamic
transmission in childhood diseases analyzed to explore the effect of Rubella virus, along with
double-dose vaccination strategy which was suggested by WHO. Firstly, basic properties of model
were calculated such as positiveness, boundedness, disease free and endemic points. Model
stability was proved at the disease-free and endemic equilibrium points. The Reproductive number
was calculated using the next generation matrix method. Furthermore, sensitivity analysis is used
to ascertain how parameter changes impact the system's dynamic behavior. We used Euler, Rk-4
and NSFD method. The purpose of the numerical simulations is to demonstrate the importance of
the theoretical findings using numerical methods and the viability of the numerical schemes.
Convergence and consistency analysis of NSFD scheme were proven. Additionally, we proved
that NSFD is more reliable than Euler and RK4 through graphical interpretation. Incorporating this
method enhanced the model’s accuracy, stability, and predictions for rubella dynamics.
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Introduction

Rubella is an infectious disease caused by a virus. Additionally, it is referred to as "German measles,"
and is caused by a virus distinct from measles. In 2004, the United States declared the elimination of the
rubella virus. The lack of ongoing disease transmission in a particular geographic area for a minimum of
12 months is known as rubella eradication [1]. German measles has been a serious illness and a global
public health issue ever since the epidemic of congenital cataracts brought on by maternal infection in
1941. The most dreadful outcome of a rubella infection in an early-phase fetus is congenital rubella
syndrome [2, 3]. Congenital rubella syndrome (CRS), a condition in babies caused by maternal rubella
virus infection during pregnancy, and it is the most dangerous consequence of rubella virus infection.
Before rubella was originally identified as a distinct illness in German medical literature in 1814, it was
thought to be a variation of measles or scarlet fever. Since then, several initiatives have been made to
stop the iliness from spreading [4, 5]. The World Health Organization (WHO) has strongly advised the
use of Measles, Mumps, Rubella (MMR) vaccinations in countries pursuing widespread immunization
programs to eradicate the mumps, measles, and rubella viruses [6]. This recommendation resulted from
in-depth research on the outcomes of several clinical trials. According to the research, using multivalent
immunizations, such as the MMR vaccine, was advised to stop the spread of the rubella virus and
eradicate both CRS and rubella. A comprehensive analysis was carried out by Vynnicky et al. [7] on
vaccination coverage and seroprevalence to calculate the worldwide CRS burden.

The research indicated that, outside of the Americas, Europe, and the Eastern Mediterranean, the
projected global prevalence of CRS remains high even after vaccination. Following the Global Vaccine
Action Plan [8] which did not explicitly mention the aim of eradicating measles or rubella worldwide, the
World Health Organization released the Global Measles and Rubella Strategic Plan 2012-2020 [9]. This
strategy calls for nations to attain and preserve a high-level of vaccination coverage (at least 80%) with
two dose MCV-RCV or combination vaccines (MR or MMR) as one of the measures to eliminate measles,
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rubella, and CRS. It is advised to employ a 2-dose vaccination approach since the majority of people's
levels of rubella antibodies following a single dose of the vaccine may eventually decline. It is evident
that after 12 to 15 years following the second dose, between 91 and 100 % of those who had two doses
developed detectable antibodies [10]. It is standard practice to propose a 2-dose MMR immunization
regimen for children who are 12 months or older. Rubella should be administered as a first dose between
the ages of 12 and 15 months. If the first dose fails to elicit an immunological response, a second dose
should be administered.

Second dose is usually administered between the age of 4 and 6 before a child starts school [11].
Numerous authors have carried out extensive research on the spread of the rubella virus, including
different immunization approaches. There is research on the attempts to eradicate rubella that might be
discussed by a few WHO regions. For example, in 2013 Gao et al. [12] reported that in Australia,
vaccination rates were successfully increased by 99% in 2010 compared to the prevention era (1960—
70). Similarly, Lambert et al. [3] said that although while rubella vaccinations have been successfully
administered throughout the Americas since 2009, incomplete immunization programs have allowed the
virus to continue spreading, as seen in recent outbreaks in Japan and other countries.

In 2016, Wu et al. [13] presented research on the age structured rubella transmission model in East
Java, Indonesia, using seven different vaccination approaches. Their findings suggested that, if
vaccination coverage is kept at least the same as it was for the prior two dose vaccination, substituting
the current two dose measles vaccination with MMR vaccines would be more successful in achieving a
99% vyearly decrease in rubella transmission after 20 years. By the LeBaron research [31], which
assessed the immunogenicity of MMR2 short and long-term, reinforced the significance of the second
dose of the rubella immunization (MMR2). From blood specimens obtained over a 12-year period, they
assessed the two groups' rubella antibody levels in children who obtained MMR2 at ages 4-6 and 10-12.
According to their findings, rubella antibodies responded well to MMR2, but after 12 years, the antibodies’
levels tended to decline. The model [1] reflects the decline in immunity from the first dose, noting that
rubella antibodies may decrease around 12 years after MMR1, emphasizing the importance of the
second dose (MMR2). The second dose’s efficacy is represented by a parameter 62, which extends
immunity and lowers the number of susceptible individuals in the older age group. Most researchers use
Kermack-McKendrick's standard model when discussing studies on the model of viral transmission
[14,18,19,20] and changes, contingent upon the inclusion of new variables in the systematic model. Zhou
et al. [15] discussed a SEIR rubella transmission framework with age factor. They inquired about the
global stability of endemic equilibria of SEIR epidemic models with the rubella virus in susceptible,
exposed and infected populations. Furthermore, they introduced a vaccination framework with four age
groups to investigate different vaccination strategies for rubella virus. Sun and Hsieh [16] studied a SEIR
model in which they considered to varying population size and vaccination strategy. The system's
fundamental reproduction ratios were thoroughly analyzed, and the results were utilized to assess the
stability of the endemic and disease-free equilibria.

It is more critical to investigate the impact of vaccine induced immunity reduction on the transmission
dynamics of childhood illnesses. Most semi-analytic and conventional numerical methods fail to explain
the true behavior of an infectious disease in a community. These methods have some drawbacks and
are incompatible with the continuous model’s biological nature [21,22]. Sometimes, it is very difficult to
find the exact and reliable solution of many systems, so researchers use numerical techniques for finding
the result. Because this model is following the WHO criteria, so we have done it using numerical
techniques for reliable results. We applied the Euler, RK4, and NSFD methods to a model [1] in order to
assess and compare their effectiveness in simulating the model's dynamics. The assumptions made by
Hethcote [17] in 1976 are the foundation for this model. By testing multiple numerical techniques on an
established model, we were able to evaluate their reliability and determine which method most accurately
preserves the model's biological features. According to our study, this model is being studied first time
using NSFD. This comparison provides valuable insights into the model's practical applicability and can
inform future research on selecting suitable numerical methods for similar systems [23,24,25,30,32]. A
reliable numerical analysis that preserves all the fundamental attributes is required to examine the
precise behaviors of such a model. NSFD show convergence at very small step size, and this method is
more reliable for other models with vaccination such as Rubella, Covid [23,24,25,26]. Using methods
like Euler, RK4, and especially NSFD with this model improves its accuracy and stability, making long-
term predictions about rubella more reliable. These methods help keep population numbers realistic,
which is important for planning effective vaccination strategies.

This paper is divided into five sections. Section 1 is about literature review and some background;
Section 2 is presenting the model formulation. In section 3, the equilibrium states are presented. Basic
reproductive number, sensitivity and stability analysis of the model are presented in section 4, while in
section 5 we discussed numerical simulation and discussion of the results. Section 6 presents the
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stability analysis of NSFD and in section 7 we discussed the conclusion of the paper.

Model Formulation

The model primarily targets females because rubella increases the risk of early pregnancies, which in
turn causes CRS in the newborns where the mother was infected during pregnancy. This sex differential
is attributed to the danger of rubella in females of childbearing age rather than a differential susceptibility
of females and males to the virus [1]. The Vaccination strategy is not gender-specific and there is no
need to target males; however, targeting the females is an important requirement in eradicating CRS
due to rubella which falls under public health priority for rubella elimination. The mathematical model [1]
continued to focus on women. Still due to the deployment of two dose vaccine method, the population
was split between girls aged 4 and under, girls aged 12 to 15 months and the larger population.
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Figure 1. SEIR two dose vaccination flow chart

Protein Preparation

The entire human population in figure 1 is represented by the letter N and is subdivided into eight
epidemiological sub-populations: susceptible populations S1 and S: infected populations |1 and |2,
Exposed populations E1 and E2 and recovered populations R1 and Rz representing the recovered
individual population.

S1 +S2+14 +I2 +E1 +E2 +R1 +R2=N

Variable of compartmental model S: Susceptible, I: Infected, E: Exposed, R: Recovered.

Lo g - LB (4 1)), (1a)
% _ (1—91);3;1(11”2) —(u+7n +OE,, (1b)
S = 6E — (u+n+ 1)L, (1)
% =yl —(u+nR +6,5; . (1d)
% =S, — (1—92)5132(11“2) — (4 +6,)S, (1e)
% =, + (1—92)552(11”2) — U+ O)E, an
% =nh +6E, —(u+ Y, (19)
T2 =Ry +yly — URy + 6,5, . (n

dat
We assumed all parameters of the system are non-negative.

Using the following re-scaling for simplification

5 K L R
Si=y BEy hEyp REy
~ S _E ~ L R
SZ_N' EZ_N' IZ_N' RZ_N
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After using these values and dropping the caps, we got new system in a simple structure,

—_

% =A—(1- 6,)BS1(IL + L) — (w+n+6,)S,,
% =1 = 0)BSi(I + ) = (u+n+8)E;,
Sh=8E — (+n+Vh,
% =yl — (u+nR, + 6,5,
o )
% =nS; — (1 = 6,)BS (I, + 1) — (n+ 6)S;,
952 — By + (1= 0,085, + 1) — (n+ OB,
% =nh + 8E; — (n + V)L,
L% — nRy +y1, — Ry + 655, . B

Theorem 1: For given time (t) the system holds the positivity of the solution at the system of Equations

).

Proof:

S —Ax0, Bl = a-6)pSU+1) >0, dhl = §E >0,

atls,=o0 at lg,=o atlp=o

dR, _

E|R1=0 =yl + 6,5, >0,

Lol =g 20, L = E+A-00BS(h+ B)20, Ll =L+ 8B >0,
dt S,=0 dt E,=0 dt =0

& = T}Rl + ]/12 + 9252 > 0.

at Ig,=o

Which clearly indicate that positivity exists in the system.
Theorem 3: System’s solution is bounded in feasible region.
Proof:

The total population defined as

St +S2+l1 +l2 +E1 +E2 +R1 +R2=N.

Differentiate with respect to time on both sides

dN _ds, ,ds, , dl; , dl, | dE; , dE, , dR; , dR,
dt_dt+dt+dt+dt+dt+dt+dt+dt

using the system’s differential equations for each compartment, substitute each term on the right-hand
side:

S = AN - (S +S; + 1 +1, +E +E, +R; +Ry).

According to given condition

dN
S5 = AN —pN.

Solve the differential equation for N by variable separation and integrate,
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N _ o,
w = @A —wdt,
integrate both sides and we got
In(n) = (A—wt+ C, where C is the constant of integration exponentiating both sides
letting e¢ = N, the initial population at t = 0, we find

N = Nye®—wt,

If A=p, then 2—': = 0, which implies N = N, meaning the population N remains constant over time.
Thus, the total population conserved.

So, the feasible region Q is,
Q={(S1, S2 1, 2, E1, E2, R1, R2) E R& = 0| S1 +S2+l1 +l2 +E1 +E2 +R1 +R2=N}. (3)

Equilibrium Points
Disease free and endemic equilibrium points discussed in this section.

From above equation we get

S0 — A—(1-0,)BS1(I1+13) EO = (1—-61)BS1(I1+13) 19=0 S0 = NSy
1 (W +n+6,) ot (W+n+5) » T2 T -8B ) (M +6;)

E9 = NE1+(1-62)BS2(I1+ I3)
)=t 2z

0 _
(1+6) » 2=0.

So, the disease-free equilibrium points are

— (¢0 0 70 ¢O0 F0 7Oy A (- 601)BS1(I1+13) nA NE1+(1-62)BS2 (11 + I2)
f= L EL IS B2 1) = (s ™ qormee) O Gorwrtn vy (1+5) 0. @

And from system equation’s after simplification endemic equilibrium points obtained which are

* A * (1—-61)BS (U1 +13) « _ OE; * ns,

S{ = = Sk =
1T (- 0)BUy L)+ (i +6y) T L (wn+8) 7 LT nty) T2 T (1-0,)B(Uy H)+(u+6;)

Ef = NE1+(1-62)BS2(I1+ ) Nt SE,
2 W) 7T ey
Hence, endemic points are

& = (S1,EL 11,53, B3, 15) =

( A (1-61)BS1(1+1;) _ 8E; NSy NE1+(1-6;)BS;(I1+ 1) nli+ 8E; ) (5)
(1= 61)BUy+L)+(uin+6;) (u+n+96) T (i +y) " (1-62)BU1+1)+(ut+62) (u+8) Tuty) 7

Basic Reproductive Number

In this section, we use the next generation matrix technique to calculate the generation number by
calculating the transfer and transmission matrix.

Ey =1 - 01)BSi(h + 1) — (u+n+8)E,

Iy = 8E; — (u+n+y),

Ey =mE; + (1 - 0,)BS:(I1 + 1) — (0 + )Ey,

L=l + 8E; — (1 + V.

As a threshold, this number is used to analyse whether a disease will spread or decrease from the
population. It may be determined with the approach of the next generation matrix. In this disease system,
the infected population is indicated by E and |, whereas Without infection compartments are marked by

S and R. The new rate of infection formation and the rate of stage changeover are represented by the
two matrices, T and V, respectively.

e-ISSN 2289-599X | DOI: https://doi.org/10.11113/mjfas.v21n1.3713 1581



MJ FAS Zeb et al. | Malaysian Journal of Fundamental and Applied Sciences, Vol. 21 (2025) 1577-1601

By next generation matrix method

dx
dac T(ny) - V(ny)

(1= 61)BS1L + (1 — 6,)BS112)

T = 0
(1= 65)BS21y + (1 — 6,)BS )|
0
—(n+n+8)E;

v=| 8B~ (w+n+yh
Nk — (L+ 0)E;
Nl + 66, — (n + y)I;

Thus, at the disease-free equilibrium (DFE), the transmissions matrix T and V becomes

0 (1-6,)BS; 0 (1-061)BS;
7|0 0 0 0
0 (1-6)BS; 0 (1-6.)BS,|
0 0 0 0
—(u+n+96) 0 0 0
7= 8 —(n+n+y) 0 0
n 0 —(n+8) 0
0 n 5 -k +v

T represents the changes of new infections and ¥ transitions approaching equilibrium. Here we calculate
the V inverse, which indicate the time spent in each compartment and the total number of new infections
produced during the duration of the infection. So, the fundamental reproductive number has the highest
eigenvalue. Largest eigenvalue of

TV
[ (1—6,)BsA (1-6)B5M(y +8+n+2u) (1—6,)BsA

_ m+n+yE+n+M+u+6) +n+HM+y+wWE+H+wWh+pu+6:) M+ +wh+u+61)

- | (1—6,)B8M N (1—6,)B6AN2(y + & +n + 21) (1—6,)B6M |
l(u+n+v)(u+n+6)(n+u+91)(u+92) HAEN+VE+EN+O+DF+ WM +p+0)M+60) R+ +wWM+p+0)M+6,)

It's worth noting that T VV ~1 spectral radius is referred to as the reproduction number and is Denoted as

R,. It is critical for disease control since it

switches the illness from one equilibrium point to the next.

So,

_ (1-6,)BsA (1-6,)B8An(y+8+n+2p)
(n+Y)(un+8)(M+u+61) (N +)(M+y+) (W+8) (Y H)(+p+64)

Ro

Sensitivity Analysis of Parameters

By calculated the partial derivative of Ro with respect to each parameter to determine if the change in
Ro is positive or negative for each parameter.

Parameter X partial derivative R,

Sensitivity Analysis = - —
Ro partial derivative Parameter

According to the analysis, certain factors have negative sensitivity indices, while others show positive
sensitivity. This suggests that while certain parameters have an inverse relationship with the reproduction
number, others have a direct relationship with Ro as one of them represented in figure 2.
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5 Reproductive Number Ro vs A

Figure 2. Behavior of Rodue to A

Local Stability of Disease-Free and Endemic Equilibrium Points
Theorem 2: The disease-free equilibrium of system point is locally asymptotically stable whenever
Ry < 1 and unstable otherwise.

Proof: System of differential equation took from (1) as written below

das
TH=A—(1- 0)BSi(h + ) — (Wt n+61)Sy,

dE.
== (1= 60)BS; (I + 1) — (W +1n + 8)Ey,

dal
=8B —(n+n+Vh

ds,

2 =081 = (A =62)BS: (I + 1) — (n+ 62)S3

dE
d_: =nk; + (1 - 602)BS: (I, + L) — (u+ O)E,,

al.
o=+ 8B —(n + Yz,

to analyze the local stability of disease-free equilibrium point, Jacobian matrix of the system of equation
disease free equation point

F=A-(1- 6)BS;(Iy + ) — (W+1n+6,)S; @)
G=(1- 6)BS;(I; + L) — (+1n+8)E, 8)
H=8E, —(n+n+y)h )
L=1S; — (1= 6,)BS;(I; + 1) — (u+ 6,)S, (10)
M =nE; + (1 - 6,)BSy (I + L) — (W + 8)E, (11)
N =1l + 8E,— (n + y)I, (12)

Differentiating F, G, H, L, M and N with respect to compartmental model perimeters S, E, | and R. Now
J will be
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[Fs, Fe, F, Fs, Fs, F ]
I Gs, Gg, G, Gs, Gg Gy I
] Hsl HEl H11 HSZ HE2 H12 ,
L51 LE1 L11 LSZ LEz L12
M51 M51 MI1 Ms2 M52 M12
NS1 NE1 N11 st N52 N12
- -(1-6,)BA -(1-6)BA 1
(+n+6,) 0 (1+n+6,) 0 0 (1+n+6,)
_ (1-6,)BA (1-6,)BA
0 n+8) ey 0 0 (1+n+6,)
= 0 —(u+n+vy) 0 0 0
- —(1-6,)BAn _ —(1-6,)BAn
N Grnroarey W+ 02) 0 (n+61) (ot 67)
—(1-6,)BAn _ (1-6,)BAn
0 (e +6,)(4+67) 0 W+8) e G
0 n 0 6 —(u+vy)
We calculated det(J — AI),
- - —a-6)pA —a-6)pA
(tn+6,) -1 0 (n+6,) 0 0 (en+6,)
_ _ (1-6,)6A 1-6.BA
0 Wn+8) -2 5 0 0 (i +6)
U=l = 0 ) —(u+n+y)—21 0 0 0
- -(1-6,)BAn _ _ -(1-6,)BAn_['
L 0 (1 +6.)(1+65) (k+62) =4 0 (1 +6,)(1+65)
—(1-6;)BAn _ _ (1-6,)BAn
0 (14614 6;) 0 W+ -4 ey
0 0 n 0 s —(k+v) -2
which give us the following eigen values by solving this matrix
M=-8—1m—-0;,
h=-n-—y—p,
As=-n—p—-06;,
M=-p—1=0,,
the rest of two were complex so we found by python and checked they are also negative but for more
clarification we used MATLAB and found the numeric values as given below
A=-0.9503, - 0.8541, -0.0284, -0.0244, -0.3041, -0.3005.
From which we conclude that Ry < 1.
Theorem 3: The endemic equilibrium points is locally asymptotically stable if Ro >1.
Proof:
System obtained by linearizing with endemic equilibrium points which gives the following matrix
[ —BA-0)Ui L) 0 —BS1(1—6,) 0 0 —BS1(1=61)]
[BEA—-6)+BL(1—-6) —(u+n+8) BST(1—61) 0 0 BST(1—61) |
le 0 s —(+n+Y) 0 0 0
0 0 —BS;(1—6;) —BL(A—6) —Pl;(1—0) —(u+8) —BS;(1—6,)|
[ 0 0 BS3(1—62) BL(1-6,) —(u+8)  BS;(1-6)
0 0 n 0 6 —(n+v)

So, we calculated det(J — AI),

det(J — Al =
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0 —BS1(1 —64) 0 0 —BS1(1—641)
—(p+n+8) -2 BS1(1—61) 0 0 BS1(1—61)
) —(u+n+y)—-12 0 0 0
0 —BS3(1—02) —BH(A—-6)—-pL(1—-6;)—2 —(u+8  —pS;(1-62)
0 BS2(1—62) BII(1—62) —(+8) -1 PBS;(1-106,)
0 n 0 8 —(r+tv)—42
Now,
|J—AI|=0.

One of the roots is —(u + 1 + y) rest are so complex so by Mathematica calculations and by MATLAB
numeric values we checked all eigen values are with negative real parts so, endemic points are locally
asymptotically stable if Ro >1.

Numerical Analysis of SEIR Model

In this section for numerical investigation, we used EULER, RK4 and NSFD method, NSFD method is
positive preserving numerical scheme. Further justification proved in this section by graphical proving.
The recovered sub-populations R; and R, were not considered in the analysis, because they do not
support other subpopulations. Therefore, the research focuses on the following simple systems.
Parametric values used in numerical analysis written in Table 1 obtained from [1].

Table 1. Parametric values

Parameters Properties DFE EE UNIT Reference
N Influx of 1000 1000 1000 [1]
susceptible Per
week
B Transmission 0.000001 0.0007 DFE(Fitted),
rate EE [1]
6 Aging ratio 0.3 0.3 [1]
y Incubation 0.0243 0.0243 Per [1]
period week
n Recovery 0.00385 0.00385 Per 1
ratio week
u Natural death 0.3 0.3 Per [1]
rate week
0, MMR1 0.85 0.85 [1]
impact
0, MMR2 0.95 0.95 [1]
impact

From SEIR model, now we will use the numerical modelling to solve the problem. First, we'll use the
Forward Euler scheme, followed by the Fourth Order Runge-Kutta scheme, and finally the proposed
approach.

Euler Scheme
By the model’'s equations Euler scheme represented as

SPHL =SP4+ h(A— (1 —6,)BSTUT + 1) — (W +1 + 6,)S]), (13.1)
Ef*™ = B + h((1 = 00)BST T + 1) — (w41 + 8ED), (13.2)
B = If 4+ h(SET — (n+n + V1D, (13.3)
S3*h =83+ h(Sy — (1 = 0)BSF (T +13) — (n+ 6,)S3), (13.4)
E3* = E} + h(MET + (1 — 6)BSF (T +13) — (n+ 8)ES), (13.5)
I3+ = I3 + h(IP + SE} — (n+ Y)ID). (13.6)
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Runge-Kutta Fourth Order Method
We use the SEIR system to develop an explicit RK4-method.

Ki=h(A— A —-0)BSTUT+1}) — (u+n+6)SPH), (13.7)
my = h((1 — 6)BSPUT +13) = (n+n + SED), (13.8)
ny = h(8E] — (0 +n +y)I), (13.9)
P =h(SE — (1 - 6)BSEUL +13) — (n+ 6,)SP), (13.10)
t; =hMET + (1 — 0,)BSTUT + I}) — (L + 8)ED), (13.11)
u; = h(IP + 8EF — (u+ Y)IP). (13.12)
ko = h(A = (1= 8BS + D) (UF +2) + (F +1) — (W+1 + 6 (! +2)), (13.13)
my = h((1 = 6)B(SE + (UL +7) + (1 +2) — (n+n + &) (EL +22), (13.14)
np = h(8(EY + ) — (+n+NUF + 7)), (13.15)
P = h(n(ST + 2) — (1 = 62)B(SY +E)(U + 5D + (1F +5) — (n+ 0,)(SF +2), (13.16)
£ = A(ET + 59 + (1 = 6)B(SE + EY(UF +55) + (3 + ) — (n+ ) (EF + D)), (13.17)
wy = h((If + 59 + 8(EF +) = (+V){IF +5)). (13.18)
ks = h(A~ (1= 0BT + (T +7D) + (3 +5) = (+n+ 0)(Sh+ ), (13.19)
mg = h((1 = )BT +D(UF +3) + (F +5) — (w+n+OET + 7)), (13.20)
ns = h(8(ET +22) — (W +ny) (T + 7)), (13:21)
ps = h(N(Sh +2) — (1 — 6)B(SY +Z2) (U +2) + (13 + D) — (+ 6,)(S} +2)) , (13.22)
ts = h((ET + 22 + (1 = 0)B(ST + D)(UT + ) + (1 + ) — (0 + 8)(EF + D)), (13.23)
us = h(N(IP +72) + 8(EF +2) — (W+ V) (I} + ). (13.24)
ks =h(A— 1 —-60)BEST + k)T +1n3) + (IF +u3)) — (W+n+60,)(ST + k3)), (13.25)
my = h((1 = 61)B(ST +ks) (U +ns) + (I} +u3)) = (w+ 1+ 8)(ET +ms)), (13.26)
ny = h(S(ET + ms) — (w+ 0 + ) (] +1s)), (13.27)
P = h(N(ST + ks) = (1 = 62)B(SF +p3) (I} + 1) + (I3 +us)) — (h+ 6,) (S +p3)), (13.28)
ts = h((ET +m3) + (1 = 6)B(SF + ps) (T +n3) + (I3 + uz)) — (n+ 8)(EF + t5)), (13.29)
uy = hMUP +n3) +8(EF +t3) — (L +V)UF + u3z). (13.30)
P = ST+ = (ky + 2k, + 2ks + ky). (14)

En+t =E{l+%(m1+2m2+2m3+m4). (15)

=y %(n1 +2n, + 203 + 1y). (16)
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1
syt =S?+E(P1+2P2+2P3+P4)- (17)
EM1=EI 4 %(t1 2t + 265 4 £) (18)
[t = +%(u1 + 2uy + 2uz +uy) . (19)

Non-Standard Finite Difference Scheme
In this part, we’ll look at the stability of the NSFD schemes of the SEIR model’s disease-free equilibrium

point (DFE). .

sprt = Th(i— 91)Bf;?:};§)+h(p+n+91) (20.1)
@3
= 1i£(+uhfffv) (20.3)
Syt = 1+h(1_9;£(t;j]s;)+h(u+ez) (e04)
E?H _ Egl+hnE{‘+1h+(:1;f:;§S§‘((l{‘+I§‘) (20.5)
[+ = I?Qrtzii:hgw (20.6)

Stability Analysis of NSFD Scheme

After taking the partial derivative of NSFD equations and putting the disease-free points, we got the

matrix J.

F= 1+h(1- el)sf};];g)+h(p+n+el) (21.1)

6= s 212)
- e o

L = AT TG (21.4)

M= E£‘+hnE{‘+1h+(;::331)355‘((1{‘+1£‘) 215)
- —’%‘ﬂziiihf%‘ (21.6)

Differentiating these F, G, H, L, M and N with respect to compartmental model perimeters S, E, | and

R. Now J will be
[Fs, Fe, F, Fs, Fs, F ]
IGSl GE1 Gll GSZ GEZ GIZ I
J= H51 H51 H11 H52 HEz le ’
L51 LE1 L11 LSZ LEz L12
MS1 Mb"1 MI1 M52 M52 M12
NS1 NE1 NI1 st NE2 N12

From the above Jacobian matrix, we obtained eigenvalues. So, by the determinant of the Jacobian
matrix we analyzed that our scheme is stable.
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Consistency Analysis

Consistency analysis of NSFD scheme is performed by using Taylor's series expansion [29,30]. First,
we took (20.1) then applied Taylor series

hdsf | h*d’st  h3d3sh (22)

S‘n+1 — Sn
1t dt 20 dt2 ' 31 ded

In the following expression

S‘n+1 — Si'+ha
1+h(1- 61)BUT+I)+h(p+n+6;)’

SMI(1+h(1— 6)BUF+ 1) +h(u+1n+6,) =SP+hA ,

hals1 h?d*sp | h3adst

(SP+=+ =+ 5+ ) (L +h(1 = 6)BUT +17) + h(u+n+6;)) = ST +hA,
ST+ SPh(L = 6)BUL + 13) + STh(u+n +6) + 225 + 4% g g o)+ 13) + 258 (u e+ 6) +
GOt B (1 +h(1— 0)BUT +13) +h(u+n+6,)) = ST +hA,
SPh(L = 6)BUT +13) + SPh(u 41 +6,) + 295 4 08 iy —pyap o+ 13) + 2 (4 +6) +
s S )(1+h(1— )BUR +3) +h(u+1+6;)) = ha,

By taking h common and then apply h—0

SP(L— B)BUL +13) + ST(+n+6) + 2L = 4,

BL A — ST —8)BUF +13) — SP(u+1+6y). (23)
Similarly taking equation (20.2) and then apply Taylor expansion for EJ**?

Eptl = pp oy MOE ROH MR (24)

dt 2! dt? 3! dt3

g+t = ELh (0= 60BSTUT+)
1 1+h(p+n+8) ’

Ef*'(1+h(u+n+8)) = EI' +h (1 — 6)BST (T + 1),

(E hdE} | h®d’E] | h®d’E}
1 1 2 1 3
dt 2! dt 3! dt

+-) A +h(u+n+8) =Ef +h (1 - 0)BSTUT + 1),

from the following expression we obtained,

th1 h? d51 h? d’E} | R d3ET

EM+Erh(u+n+8) +— a3 e

6)BST (T +17),

+

(p+n+9) + (= )@ +h(p+n+8))=Er+h (-
after simplification and then apply h—0 we got

dE,

% = (- B)BSTUL +15)- B} (+1+ ). (25)

Now by taking equation (20.3)

hdl} | h?d%p | hdad}
In+1 In 1 n 1 n- 1 (26)
dt 2! dt? 3! dt3
m = I +h8ET
1+h(u+n+y) ’

Y1 +h(u+n+y)) = I} + h6ER,
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1 I 1
ha{‘+h2d2{‘ h3 a3
dt 2! dt?2 3! ded

It + +..)JA +h(p+n+7vy)) =1} +héE?,

hdI?
dt

h2d?p | RPailp

+ R 4 y)
dt HTnTy 2! dt? 3! dt3

I+ h(p+n+y) + )1+ h(u+n+y)) =1 +hSEL,

By simplification and then after applying h—0 we got

an

= OF — H(u+n+y) (27)

Now if we take equation (20.4)

hdsy | h*d’s}  h®d3s}

SQH = SQ + dt 2! dt? 3! dt3 (28)
S‘n+1 - S3+hnst

2 1+h(1-6,)BUR+I3) +h(u+6,) ’
SPTH(A+h(1 - 6;)BUT +13) + h(u+6,)) = ST +hnsT',

hdsy | h?d?s} | h®d3s}

(SP+E+ T2+ T (1 4+ h(1— 0)BUT + 13) + h(u + 6,)) = SF +hnST',
by applying simplification and then h—0 we got
hds}

E=nSE = (1 - 6,)BSPUR +17) — SP(u+62) (29)
By equation (20.5)

hdEY}  h%d%E} | h®d3E}

B3t = Ej + dtz 20 dt22 30 dt32 (30)
En+l — EF+hnET+h(1-0,)BSTUT+IY)

2 1+h(u+8) ’
EF*'(1+h(u+8)) = EF + MET + h(1 — 6,)BST (1T +17),

hdEY . h?d?E}  h3d3E}

(B2 + =+ 522 T3ae T +h(u+8)) =E} + mET + h(1 = 6,)BS7 (T +17),
by simplification and with same step as above we got
dE%l n n n n n
¢ = NET+ h(1—0)BSTUT + 1Y) — EZ(n + 6) (31)

with same method, by applying expansion and then h—0 we can get our system from equation (20.6)

diy
= nif + 8E} — I (u+vy) (32)

Hence NSFD numerical scheme is consistent with the system.

Graphs at Different Points

Using Euler, Runge-Kutta 4 (RK4) and Non-Standard Finite Difference (NSFD) methods for this rubella
model provides accurate and stable approximate solutions, especially when applied to dynamic and
long-term model base predictions. Solutions available in Euler and RK4 are simpler and have raised
accuracy and especially RK-4 suited the differential system problems. NSFD though is especially
useful since it retains all important of the model properties. Thus, the system results do reflect realities
of biological relevance even when the system is analyzed for longer spans of time. Such stability level
makes NSFD especially useful for epidemiological models where sustainable, precise predictions are
needed most.
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Figure 3. Euler behavior on SEIR first and second dose when h =2.05
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e-ISSN 2289-599X | DOI: https://doi.org/10.11113/mjfas.v21n1.3713 1591



MJ FAS Zeb et al. | Malaysian Journal of Fundamental and Applied Sciences, Vol. 21 (2025) 1577-1601

- 10°%° Disease Free Equilibrium g 10%%° Disease Free Equilibrium
euler — gular
41 - 0
35+ 05
3t 1
0 25+ - 15}
= 25 4
K=}
s 2 g -2
2] a
a d 25
(3 1.5 X
1 3r
0.5F 35
0 4
05 i i i : ; 45 : ! . .
0 20 40 60 80 100 120 140 0 20 40 €0 80 100 120 140
Time h=3 Time h=3
05 X 1026 Disease Free Equilibrium ) «10%65 Di Free Equilibrium
0 E 0 |
05+ E
Sk |
-1 B (n('\l
= @ 4r g
L e}
- =B B =
2 &
b @ 6r E
@ L 4
£ 7 3
25¢ ] 8+ ,
3r 1 -0 F 1
35 -
42 i s . ‘ ‘ ;
0 20 40 60 80 100 120 140
= ‘ : ‘ | : : Time h=3
0 20 40 60 80 100 120 140
Time h=3
12 2 10265 Disease Free Equilibrium 102 10%6° Disease Free Equilibrium
e gl @ 5 — guler
10 -
8r ,
81 7 7r g
uf o~ B
6| il o
¢ :
g 4 1 £ 4
3l
2+ i
ol
0 - 1k
o ‘ . ‘ ‘ : ‘
-2 ‘ ‘ ‘ ‘ : ! 0 20 40 60 80 100 120 140
0 20 40 60 80 100 120 140 Time h=3
Time h=3

Figure 5. Euler behavior on SEIR first and second dose when h =3.0
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Figure 7. RK4 behavior on SEIR first and second dose when h =2.05
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The Euler and RK4 techniques can provide divergent solutions at tiny step sizes and different behaviour
at large step size as shown in figure 3, 4, 5, 6, 7 and 8. By way of comparison, the Non-Standard Finite
Difference (NSFD) approach produces convergent solutions even with same and tiny step sizes while
maintaining the system's qualitative characteristics as shown in figure 9, 10 and 11. Because of this,
NSFD ensures numerical stability and is more suited for managing intricate epidemiological models
[27][28].

Hence by graphically analysis proved that NSFD is more reliable than Euler and Rk4. NSFD methods
offer greater accuracy and stability compared to Euler and RK4 by better preserving the qualitative
dynamics of disease models. Euler, which may introduce errors over time, and RK4, which can be less
efficient for stiff systems, NSFD ensures more reliable long-term predictions. This makes NSFD
particularly useful for guiding public health strategies like the WHQO's two-dose vaccination plan. The
NSFD method, helps in preserving realistic properties, ensuring that solutions remain biologically feasible
across longer time periods, which strengthens the model's practical applicability for public health
planning.

Conclusions

Mathematical modelling of epidemiological disorders is a significant tool for studying disease dynamics.
We have seen significant solutions to overcoming the disasters of vaccination loss worldwide. Model
equilibrium points and reproductive number discovered. As reproductive number increase the disease
spread in the community while it decreases then disease reduce. Effect of parameters play a vital role
on reproductive number that we can easily identify by sensitivity analysis. With the help of a nonstandard
finite difference method, an accurate and dependable numerical solution of a vaccination epidemic model
is offered in this study effort. The suggested method keeps all the fundamental aspects of the vaccination
epidemic model, demonstrating its efficacy. The well-defined NSFD technique compared with Euler and
RK-4 methods.

The simulations revealed that both classical approaches were unsuccessful in providing faultless results,
even at very small step sizes. Furthermore, the model’s equilibrium points are determined, and it is
discovered that the system has two steady states, one of which is disease free, and the other is endemic
equilibrium. The stability at DFE and EE points is being studied. The role of Ro in determining the basic
reproduction number is being investigated when Ro < 1, the equilibrium point is locally asymptotically
stable; however, when Ro > 1, it is unstable. In this paper, we compared forward Euler, RK-4 and NSFD
method. NSFD is more sufficient and reliable as compared to forward Euler and RK-4 because NSFD
shows convergence at very small step size. NSFD is dynamically consistent scheme and also by
graphical results we proved that NSFD method hold the properties of SEIR mathematical model. Hence
this model is reliable and also will provide better results with NSFD technique. This approach can
contribute to further understanding of rubella dynamics, enhancing the model's applicability in public
health planning. In the future, this model can be extended by incorporating fractional order derivatives
by integrating stochastic elements to account for variability and uncertainty in disease transmission,
further enhancing its applicability for real-world public health scenarios.
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