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Abstract Fuzzy random graphs offer a powerful framework for modeling uncertain and imprecise
relationships in various real-world systems. This study introduces the concept of hesitancy fuzzy
random graphs, which incorporate both fuzziness and randomness in edge and vertex
memberships. Additionally, this study investigates the beta and gamma products within the context
of hesitancy fuzzy random graphs. Leveraging the beta and gamma operations, this study
investigates the application of combining and aggregating uncertain information from multiple
sources represented by hesitancy fuzzy random graphs.

Keywords: Fuzzy random graph (FRG), hesitancy fuzzy random graph (hfrg), beta product, gamma
product.

Introduction

Lotfi A. Zadeh invented the fuzzy set theory, which had a profound impact on the field of multidisciplinary
study. Rosenfeld, a pioneer in the subject like Euler, created fuzzy graph theory in 1975. In a different
seminal study on fuzzy sets, Professor Atanassov proposed intuitionistic fuzzy sets. The next significant
breakthrough came from T. Pathinathan, who came up with the new concept of the hesitant fuzzy graph
[3]. Furthermore, N. Sarala and R. Abirami introduced the novel idea of a fuzzy random graph [4]. Also,
Anil P.N. and Shashikala S. focused on defining and demonstrating particular fuzzy soft graph products. It
pays attention to the analysis of the regular characteristics and vertex degrees of these FSG products
under particular situations [5].

In addition, the direct sum of two fuzzy graphs, residue product, strong product, and lexicographic product
was established as well. To help with more research into fuzzy graph operations, M. Vijaya talked about
the conditions that must be met for the modular product of two fuzzy graphs to be totally regular under
certain constraints. He gave formulas for total degree and information about the properties of totally regular
fuzzy graphs so that more research into fuzzy graph operations could be done [7].

A. Nagoor Gani and B. Fathima Kani invented the idea of dividing a big fuzzy graph into smaller
components to produce a beta and gamma product of fuzzy graphs [2]. The properties of HFGs, including
the behavior of the B-product of various types of HFGs, are discussed by Sunil M.P. and Suresh Kumar in
their work On beta product of hesitancy fuzzy graphs and Intuitionistic hesitancy fuzzy graphs. They also
emphasize the benefits of HFGs in decision-making and problem-solving around mergers [6]. The reader
should also refer to [1].

In this paper, we delve into the intricate properties of hesitancy fuzzy random graphs, particularly focusing
on the beta and gamma products with examples. These products, derived from the fusion of hesitancy and
randomness, offer a nuanced understanding of network dynamics, shedding light on how uncertainty
influences connectivity patterns and structural properties.
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Preliminaries
Definition 1
Let Veg = {v;,i=1,2,...... ,n} be a set of n vertices has n(n — 1)/2 possible edges Ex between them.
Then there are two sets of edges
Er ={(viv))/1=vi<vj<n;ij=12,.... ,N,i#j and(vi, V]-) are fuzzy edges},
Eg ={(viv))/1=vi<vj<n;ij=12,.... ,n,i#j and(vi,vj) are random edges} that

are disjoint. Consider the mapping
@g: Vrz = [0,1]v; = @g(v;)
l.ng:Wg:R X VTR g [0,1]p X [O'l]fA
Vi, vj) = W (vi, vy) = (P(vi, vj), fa (Vi vy))
with P(v;,v;) = 0if and only if f5 (v, vj) = 0. Then Gzg = (Vzx, Exz) is called a fuzzy random graph (FRG)
if Wg(vi,v;) < min {@g(vi), ¢g(v;)}. Where (v;, v;) corresponds to the edge between v; and v;, P(v;, v;) and

fa(vi,vj) represents the probability of the edge (v;, v;) and the membership function for the edge (v;,v;)
within the fuzzy set A in X respectively.

Definition 2

In a fuzzy random graph Gz = (Vzg, Exz), the degree of a fuzzy random vertex v; is defined as

dggp (Vi) = Z Lng(Vi,V]-) + Z nP
Vi#Vj€EF vi#Vj€ER
for (vi,vj) € Exg and yg (v;,vj) = 0 for (v, v;) not in Exz. Where yg(vi,v;) = P and n- number of vertices
incident at a random edge. i.e.,n = 2

dgg, (Vi) = Z g (vi,vy) + Z 2 yg(vi,vy)

Vi, Vi€ER vi,Vi€ER
Definition 3

The fuzzy random graph Gz = (Vzg, Exg) is called a complete fuzzy random graph if wg(vi,v]-) =
min {(pg(vi),(pg(vj)} for all (v;, v;) € Egg.

Definition 4

A fuzzy random graph Gz = (Vz%, Exz) is connected if any two vertices are joined by a path.

Definition 5

A hesitancy fuzzy graph is of the form G = (V,E) such that A;:V - [0,1], p;: V - [0,1], v;: V - [0,1] denote
the degree of membership, non-membership and hesitancy of the vertex v € V respectively and A;(v) +
uy (v) +vi(v) =1 for every v eV, where p;(v) =1 —[A;(v) +v,(v)] and E <V xV where A,:E - [0,1],
uy: E - [0,1],v,: E - [0,1] such that

A(u,v) < min{)xl (w), A, (v)};
W, (u,v) < max{y, (W), u, W}
V2(u,v) < min {v4(u),v,(v)} and
0=<A(uv)+p,(uv) +va(uv) <1

Hesitancy Fuzzy Random Graph
Definition 6
Consider a fuzzy random graph Gg¢ = (Vzg, Exz). In cases that

i @g,:Vrg = [0,1], Wg,:Vzg = [0,1], ny,:Vzz — [0,1] represents the amount of membership, non-
membership and hesitancy of the vertex v; € V¢4 with
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@g, (Vi) + P, (vi) + 7y, (vi) =1 and
ii. (Pazi IE(}:':R g [0,1], LIJBZI IE(}:':R g [0,1], T]yzi IE(}:':R g [0,1] such that

9, (v, ) < min{@,, (¥, 9 (v}

lIJBZ (Vir Vj) < max {%1 (v, WB1 (Vj)}

ny, (Vi-vj) < minfn, (vi),n, (vj)} and
0< Pq, (Vi) + LIJBZ (Vi) + Ny, (Vi) <1 for all (Vi,V]') (S IE}'R

then Gz, is referred to as hesitancy fuzzy random graph (HFRG) denoted by Gy sz = (Vareg, Esrrz)

Example 1
x(0.4,0.2,0.4) w(0.2,0.6,0.2)
p ]
(0.2,0.5,0.1)
(0.1,0.5,0.1) (0.2,0.5,0.6)
‘-’ (0.1,0.4,0.3) ®
1(0.2,0.5,0.3) v(0.3,0.4,0.3)
Figure 1. Hesitancy fuzzy random graph
Note:

In HFRG Gyrr = (Vor7, Exrz) the membership, non membership and hesitancy of the vertex v; € Vi z5
are indicated by Py, Wp, oMy respectively. Moreover, each of these indicators represent edge Ey 55,
1 1i 1i

degree of membership (if it is fuzzy edge) or probability (if it is random edge) Pg,, degree of non-
membership g, and hesitancy of the edge n, respectively.
2i

Definition 7

If iy = min(ay;, apy) for all v; € Vyep then the HFRG is considered as an a strong HFRG.

Example 2
x(0.5,0.4,0.3) w (0.3,0.6,0.4)
® \
N, (0.3,050.3)
(0.2,0.3,0.2) \
N 0.2,0.50.4)
\ >
u (02,04,05} v (04,05,0())

Figure 2. a strong Hesitancy fuzzy random graph
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Definition 8

If B2ij = min(By;, B2;) forall v; € Vyrrg then the HFRG is considered as an B strong HFRG.

Example 3
x (0.5,0.4,0.3) w (0.3,0.6,0.4)

o
(0.2,0.6,0.3)
°

u (0.2,0.4,0.5) v (0.4,0.5,0.6)
Figure 3. B strong Hesitancy fuzzy random graph
Definition 9

If y2i; = min(ys;,v2;) forall v; € Vyrzx then the HFRG is considered as an y strong HFRG.

Example 4
x (0.5,0.4,0.3) w (0.3,0.6,0.4)
® \
N\ (0.2,0.5,0.4)
(0.1,0.3,0.3)
\ (0.1,0.5,0.4)
‘ °
u (02,0.4,05) v (0:4,0.50.6)
Figure 4. y strong Hesitancy fuzzy random graph
Definition 10

A strong HFRG can be defined by
Qyij = min(onli, azj)
Baij = min(PByi, B2;)
Y2ij = min(y1;, v2))
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Example 5

x (0.5,0.4,0.3) w (0.3,0.6,0.4)

(0.2,0.5,0.4)

)
v (0.4,0.5,0.6)

u (0.2,0.4,0.5)

Figure 5. Strong Hesitancy fuzzy random graph

Definition 11

The complement of the HFRG is a HFRG where V¢ =V means that o;;© = 5 Bzijc = Baij; Y2i;° = Vaij

and
05 ¢ = min(oy;, azy) — a;;
C .
Bzij~ = min(Byi, B2j) — Baij
Y2ii€ = min(y13,v2)) — Va3
Example 6

w (0.6,0.4,0.3)

(0.3,0.3,0.1)

v (0.4,0.4,0.3)

x(0.5,0.6,0.8) .
(0.2,0.4,0.1) . -
-7 (0203,0.0)
u(0.7,05,0.3)
Figure 6. Hesitancy fuzzy random graph

w (0.6,0.4,0.3)

0301,02) .-~ (0.1,0.1,0.2)

o 0.5,0.4,0.3)
%(0.5,0.6,0.8) D - v (0.4,0.4,03)

(0.6,0.4,0.3)

-

.-

(0.3,0.1,0.2)

1(0.7,0.5,0.3)

Figure 7. Complement of Hesitancy fuzzy random graph
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Theorem 1

If Gorrr = (Varr, Ezorr) is a strong HFRG, then Gjrrr® = (Varrr, ExcrzC) is also a strong HFRG.
Proof:
There are two cases arise.

Case (i)

If (vi,v;) € Egg, then aZil-C = min(onli, azj) — i = min(ali, 0(2]-) - min(onli, azj) =0
Bzuc = min(Bys, B2j) — Baij = min(Byi, B2j) — min(Byi, Bay) = 0
Y2i5¢ = min(Y13,v2)) = Y215 = min(y11, Y2)) — min(ysi, v2;) = 0

Case (ii)

If (vi,v;) & Exp, then ;€ = min(ay;, azj) — gy = min(ay;, az;)

BzijC = min(By, B2j) — Baij = min(Byj, Bz;)
Y215 = min(y1i, v2)) = Y215 = min(y11, v2)

Thus if Gy55 is a strong HFRG, then G55 is also a strong HFRG.

Results and Discussion

Beta product of HFRG
Definition 12

Let Gy{}'ﬁl = (W}[j}:’ggl, IEH}'Rl), GH}'RZ = (W}[TRZ,IE:;{TRZ) be tWO HFRGS The ,B - prOdUCt Of tWO HFRGS
Gyerg ! and Ggerg2denoted by

Gyrr = GHTRI(XB)GH?RZ = (V}[Tkl(xﬁ)w}[?ﬂez: EH?RI(XB)EHTRZ)
Where ((pall(xs)(pqll) W) =9, "W A, (V)
(wp, 1 (xp)wg, ) @) = W 1) V W 1)
(n, 10xe)n,, ) @) = 1= {n, *@) AN, 1) + v 10D Vg 1)

and (Egrrr ' (%) Esrn®) (W vy, upv,) is defined by,

(qul(uﬂz) A (Pazz(lﬁvz) Jifuuy € By and vy v, € Egppg”
((Puzl(xﬁ)q)qzz) (uyvy,upv,) = (quz(lﬁ) A (quz(vz) A (qul(u1u2) ;if vy # voandugu, € Eyep’

. 2
(qul(uﬂ A (Pull(uz) A (PGZZ(UWZ) sifug # upandvy v, € Egprp

( lPle A lIJBZZ ;ifu1u2 € ]Eg.[j}:'ggl and V1V, € IE:;{:;:':RZ
(WBZI(XB)WBZZ) (U1 vy, uzv,) = ! WBIZ(W) A Wﬁlz(vz) A Wgzl(uﬂlz) ;if vy # voanduu, € Eypg!

Wﬁl(uﬂ A ngl(uz) A WBZZ(UIUZ) sifuy # uyandviv, € Eypg?

( r]v 1 AN r]v 2 ;ifu1u2 € IE:;{:;:';R1 and 1Z4%)] € ]Eg.[j}:'ggz
2 2
(ﬂvzl(xﬁ)nvzz) (11, upvy) = ! nvlz(%) A ﬂvlz(vz) A r]vzl(u1“2) ;if vy # voanduu, € Eygpp’'

. 2
r]vll(uﬂ A r]vll(uz) A UVZZ(UWZ) ;ifuy # upandvyv; € Eypp
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Example 7

Consider the HFRGs given by,

(0.4,02,02) (0.3,04,02)
———— @-cecemcnanas= *
u (0.4,0.2,0.4) v(0.5,0.3,0.2) w(0.3,04,03) x(0.5,0.3,0.2)
Gﬁr?i G.H'FRZ

@ ux (0.4,0.2,0.2)

.
-
0

(0.3,0.2,0.2)

ww (03,03,02) ® vx (05,03,02)

GW.‘H

Figure 8. Beta product of Hesitancy fuzzy random graphs

Example 8
w(0.6,0.4,0.2)
(0.3,0.4,0.2)
o————— o
u (0.4,0.5,0.3) 1(0.5,0.4,0.6) (05,03,0.1)
G.‘-f‘?.ﬁi
(0.4,0.4,0.2)
............... ..
x(0.5,0.4,0.2) ¥(0.7,0.5,0.6)
G:-f.?.iz
ux(0.5,0.4,0.6)
uw(0.5,0.4,0.6) 1ux(0.5,0.4,0.6)

vw (0.5,0.4,0.6) vy (0.5,0.4,0.6)

vx (0.5,0.4,0.6)

G}F‘F:‘i

Figure 9. Beta product of Hesitancy fuzzy random graphs
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Theorem 2

If Gorrz @nd Gye® are two strong HFRGs, then their §- product Ggrz ' (Xg) Gz is also a strong
HFRG.

Proof:

Let Gyrrr' = (Vaerr ", Exrr '), Garrr” = (Varr®, Eyerz?) be two HFRGs.

Then for UiUy € ]Eg.[g:'ggl and 1Z4%)] € ]Eg.[g:'ggz,
<Pa21(u1u2) = (qul(ul) A (Pall(uz)i (PGZZ(VWZ) = (quz(vﬂ A (quz(vz)
szl(uﬂlz) = Wpll(uﬂ \ Wﬁll(uz)i LIJ[522(171772) = Wplz(%) \ Wﬁlz(vz)
n,,'wz) =n, tw) An, 1ue); Ny, 2(wiva) =n, 2(w) An, 2(v2)

Case (i). When ifu1u2 € IE:;{:;:';Rl and V1V, € ]Eg.[g:'ggz

((pazl(xﬁ)(pqzz) (U1, upv,) = (pazl(uluz) A (quz('hvz)
= (qul(uﬂ A (Pull(uz) A (quz(vﬂ A (quz(vz)
= (@4, 1(%p) @, 2) (1v1) A (0,1 (%p) @, 2) (1zv2)

(WBZI(XB)WBZZ) (uyvq,upvy) = Wﬁzl(uﬂlz) A WBZZ(WVZ)
= lIJB 1(u1) \ lIJB 1(u2) \ lIJB 2(”1) \% WB 2(”2)
1 1 1 1
= (UJBII(XB)UJBIZ) (W) Vv (wgll(xﬁ)wglz) (uzv2)

(nvzl(xﬁ)nvzz) (w1, upv;) = ﬂvzl(uﬂlz) A flvzz(v:lvz)
= ﬂvll(uﬂ A ﬂvll(uz) A ﬂvlz(vl) A rlvlz(vz)
= (nvll(xa)nvlz) (wyvy) A (nvll(xa)nvlz) (uzv2)

Case (ii): When ifv; # v, and uju, € Eyrpt

(‘Pazl(xﬁ)q)qzz) (wvy, upv,) = (Palz(lﬁ) A (Palz(vz) A <Pazl(u1uz)
=@, 2w A @, 2(2) A, (1) APy T (uz)
= (‘Pall(xﬁ)q)qlz) (uv) A ((qul(xﬁ)q)alz) (uzv7)

(WBZI(XB)WBZZ) (uyvq,upvy) = ngz(lﬁ) \ WBIZ(UZ) \% Wgzl(uﬂlz)
= WBlz(Ul) \ L|JB12(U2) \ WBll(ul) \ WBll(uz)
= (q"gll(xﬁ)wﬁlz) (ulvl) v (wgll(xs)%lz) (uzvz)

(n,, X(xp)n, 2) Guvn,ww,) = 0, 2@ AN, 2(w) AN, Mg
=n, 2w An, 2(w) An, Hw) AN, Hws)
= (nvll(xa)nvlz) (wyvy) A (nvll(xa)nvlz) (uzav2)

Case (iii): When if u; # u, and v,v, € Eyrp>

((Puzl(xﬁ)(quz) (w vy, upv,) = (Pull(uﬂ A (qul(uz) A (Puzz(vﬂz)
=@y, (W) APy () A, 2(v1) APy 2 ()
= (‘Pall(xﬁ)q)qlz) (uv) A ((qul(xﬁ)q)alz) (uzv7)

(WBZI(XB)WBZZ) (a1, uav2) = Yy (wa) A Wﬁll(uz) A wﬁzz(vlvz)
= LIJB1 (u) A q"ﬁll(uz) A WBlz(Ul) \ l.lJﬁlz(Uz)
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= (g, ()W 2) Guvn) v (wg *(xp)wg 2) (uw2)
(n,, 10xe)ny, 2) Quvnwovy) = 0, L) AN, 2wp) AN, 2@r07)
=n, t@)An, tw) An, () An, 2(v2)
= (nvll(xa)nvlz) (wyvy) A (nvll(xa)nvlz) (uzv2)

Thus the - product Gsrz ' (Xp)Garz” is also a strong HFRG.
Theorem 3

If Ggrrr @nd Gygrz? are two HFRGs such that their 8- product Gygrz ' (Xg)Garrr? is a strong HFRG |, then
atleast one of Gyrrz" or Gyere? Will be strong.

Proof:
Assume that the two HFRGs Gz and Gz are not strong. Then there exists at least one
UiUy € IE:H‘:;:'Rl and 1244 € ]Eg.[g:'ggz,

<P021(u1u2) < (qul(uﬂ A <P011(u2)§ <P022(V1U2) < (quz(vl) A (quz(vz)
Wle(uluz) < wgll(ul) \ Wﬁll(uz); WBZZ(Ulvz) < Wﬁlz(vl) \ WBlz(UZ)
ny,t(uuz) <n, T An, Hue); Ny, 2(wivz) <n, 2(w) An, 2(v2)

Let if uyu, € Egpp! and v, v, € Egppn?
((pazl(xﬁ)(pqzz) (w1, upvy) = <P021(u1u2) A (quz(vlvz)
< (qul(uﬂ A (Pull(uz) A (quz(%) A (quz(vz)
ie., ((PGZI(XB)(PGZZ) (wvy,upv,) < ((pall(xs)(palz) (wyvy) A ((qul(xa)q)alz) (uzv2)

(WBZI(XB)WBZZ) (uyvq,upvy) = Wgzl(uﬂlz) A WBZZ(WVZ)
< q"ﬁll(ul) v q"ﬁll(uz) v WBlz(Ul) v l.lJﬁlz(Uz)
ie., (WBZI(XB)q}BZZ) (u1171:“2172) < (Wﬁll(XB)WBIZ) (ulvl) v (WBII(XB)WBIZ) (“2172)

(nvzl(xﬁ)nvzz) (w1, upv;) = ﬂvzl(uﬂlz) A flvzz(v:lvz)
< ﬂvll(uﬂ A ﬂvll(uz) A ﬂvlz(Vl) A rlvlz(vz)
ie., (nvzl(xs)nvzz) (wvy, upv,) < (nvll(xs)nvlz) (wvy) A (nvll(xa)nvlz) (u2v2)

This implies that the B- product Gyrz ' (Xg)Garrr is not strong. So at least one of Gyee" OF Gyre® Will
be strong.

Gamma Product of HFRGs:
Definition 13
The Y - prodUCt Of two HFRGS Gg.[g:‘Rl = (W}[}‘RI, ]EHTRI), G}[TRZ = (V}[TRZ, ]Ej.[j:RZ) iS defined as a

HFRG Gyrr = Gorr' (%) Gocrr” = (Vacrr' (%y)Vaern®) Escrn' (X)) Escrz”)
Where (9, 1(x,)0q,!) @) = ¢, ') A, 1(v)
(e, Ce)up, 1) @) = 0 M)V @)

(nV11(XV)nV11) @) =1-{n, '@ An, @)+ ') vy ')

and (Egerr ' (X)) Eserr?) (uyvy, upv,) is defined by,
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( (pmz1 A(po(z2 sifugu, € Egpppt and vy v, € Egppp?
(Palz(vz) A <Pa21(u1u2) if vy = voandugu, € Egerg!
((Puzl(xv)(quz) (v, upvy) = (qul(uﬂ A (PGZZ(VWZ) ifu; = upandvv, € IEJ{TRZ
It(qul(uﬂ A (Pull(uz) A (PGZZ(UWZ) Jifuy # wpandvyv, € Egprg®

) 1
(quz(lﬁ) A (quz(vz) A (qul(u1u2) ;if vy # voanduiu, € Eyrp

qJB 1 A lIJB 2 ;ifu1u2 € IE}[TRI and 1202 € IE:;{:;:':RZ
2 2
Ws 2(v) A Wg Y(uyuy) ; if v; = voanduyu, € Egrp!
1 2
. _ 2
(WBZI(XV)WBZZ) (u1171' uzvz) = ngl(ul) A WBZZ(Ulvz) 5 lful = u2and'l71172 € ]E}ffFfR
WBIZ(VQ A ngz(vz) A Wgzl(uluz) jif vy # voandugu, € Egorp!

Wﬁlz(uﬂ A ngl(uz) A WBZZ(U1U2) sifuy # uyandvyv, € Eypg?

- 1 2
r]vz1 A nvzz ;ifuguy € Egppe' and vyv, € Eqrrg
i 1
r]vlz(vz) A ﬂvzl(uﬂiz) ;if vy = voanduyu, € Eypp
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Figure 10. Gamma product of Hesitancy fuzzy random graphs
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Result:
If Gyrr! @and Gqrz? are two strong HFRGs, then their y- product need not to be a strong HFRG.

Comparison of beta and gamma products of HFRG:
Comparing beta and gamma products of hesitancy fuzzy random graphs is a relatively niche area of
research in fuzzy graph theory. In these types of graphs, hesitancy arises when there is uncertainty or
hesitation in assigning membership values to elements, reflecting hesitation between a degree of
membership and non-membership.
e Beta Product: A product where the vertex and edge membership functions are combined using
a beta-type operation. This can involve, for instance, taking a specific combination (like a product
or a sum) of the hesitancy values of individual graphs.
¢  Gamma Product: Similar, but the operation is defined using gamma-type rules, which may differ
in how they handle hesitancy values.

Table 1. Comparison of beta and gamma product of HFRG

Comparison

Beta Product

Gamma Product

Handling of
Hesitancy

Beta product tends to be more flexible and
can use operations like weighted averages,
arithmetic products, or sums to combine
hesitancy values

Gamma product might use stricter or
more conservative rules, such as
max-min combinations or other non-
linear compositions that handle the
uncertainty more cautiously.

Combination
Rules

In the beta product, the combination might
focus on aggregating the hesitancy values
from different graphs in a more flexible
manner (e.g., using linear combinations,
averaging methods).

In the gamma product, the
combination might be stricter,
focusing on selecting the most
uncertain or conservative outcomes
from the hesitancy values, often
using max-min  or non-linear
combinations.

Behavior
Under
Randomness

Beta product could involve smoother
handling of randomness and hesitancy,
where the combined hesitancy values
adjust more gradually based on the
randomness in the graph.

Gamma product might provide more
conservative  outcomes  under
randomness, choosing the most
uncertain (worst-case) combination
when randomness introduces
ambiguity.

Computational
Complexity

Beta product might involve multiple
operations, such as weighted averages,
linear combinations, or more complex
aggregation rules that increase the
complexity.

Gamma product might involve even
more  computationally  intensive
operations like max-min or other non-
linear combinations, especially when
the hesitancy and randomness are
handled together.

Flexibility vs.
Conservatism:

Beta product offers more flexibility, allowing
for smoother or less restrictive combinations
of the hesitancy and randomness.

Gamma product, in contrast, is more
conservative and cautious, focusing
on preserving the maximum
uncertainty or hesitation, making it
better suited for scenarios where risk
or extreme cases must be
considered.

The beta product and gamma product offer different methods of combining hesitancy fuzzy random
graphs, with the beta product being more flexible and computationally lighter, while the gamma product
tends to be more rigid but possibly more robust in high-uncertainty or risk scenarios. The choice between
them depends on the specific needs of the problem, such as whether flexibility or strictness is desired in
handling hesitancy and randomness.

The beta and gamma products in hesitancy fuzzy random graphs are specific types of operations
designed to handle the combination of multiple graphs under conditions of uncertainty (hesitancy). These
operations differ from traditional or existing operations in fuzzy graphs in several ways, primarily in how
they handle uncertainty and hesitancy within the graph structures. A detailed comparison of how the beta
and gamma products vary from existing operations in HFRG is given below.

Table 2. Comparison of the beta and gamma products with the existing operations of HFRG
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Comparison

Existing Operations

Beta and Gamma Products

Handling of
Hesitancy

Combination
Rules

Behavior Under
Randomness

Computational
Complexity

Flexibility VS.
Conservatism

Traditional operations in fuzzy graphs, such as
union, intersection, or complement, do not
explicitly account for hesitancy. They are
primarily  designed for graphs where
membership values (of vertices and edges) are
known or deterministic. For example, the
intersection of two fuzzy graphs might take the
minimum of the membership values for
corresponding vertices and edges, while the
union might take the maximum.

In regular fuzzy graph theory, combination
operations like the Cartesian product or direct
product involve straightforward combinations of
membership values (often using basic
arithmetic operations such as min, max, or
product). These operations are designed for
graphs where there's a known membership
value for each edge and vertex.

In traditional fuzzy random graphs, randomness
typically affects the presence or membership
value of edges or vertices based on a
probability distribution. Operations in these
graphs deal with combining randomness and
fuzziness, but hesitancy is not explicitly
modeled

Basic operations like union, intersection,
or complement in fuzzy graphs are
generally  computationally  simpler
because they involve straightforward
arithmetic or logical combinations (min,
max, complement, etc.) between the
membership values.

Fuzzy graph operations like union and
intersection are usually fixed in how they
combine membership values, typically focusing
on combining certainty in a deterministic or
probabilistic way.

In  hesitancy fuzzy random
graphs, the membership of an
element (vertex or edge) is not a
single value but can be
represented by an interval or a set
of possible values reflecting the
uncertainty. Both beta and
gamma products aim to combine
these intervals or sets in ways
that explicitly handle hesitancy.

These introduce more complex
combination rules to handle the
additional uncertainty introduced
by hesitancy.

Both the beta and gamma
products are designed to handle
the triple  combination of
fuzziness, randomness, and
hesitancy. This means they do
not only deal with probabilistic
uncertainty but also  with
hesitation about the membership
values.

The computational complexity of
the beta and gamma products
can be higher due to the more
sophisticated nature of the
operations.

Offer a balance between flexibility
and conservatism in the way they
manage the hesitancy.

Applications

Modeling uncertain relationships or affiliations in social networks where connections are not clearly
defined. Understanding uncertain interactions or dependencies in biological systems where data is
inherently noisy or incomplete. Assessing reliability or vulnerability of infrastructure networks such that
power grids, transportation networks under uncertain conditions. These applications highlight how beta
and gamma products, along with concepts like hesitancy in fuzzy random graphs, can be utilized across
various fields to model and analyze uncertainty and probabilistic relationships with complex systems. Beta
and gamma products are more suited for problems where there is uncertainty not just in the structure
(randomness) but also in the values themselves (hesitancy). They are useful in areas such as risk analysis,
decision-making under uncertainty, and modeling scenarios where there is significant hesitation in
assigning values to graph elements.

Conclusion
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This study proposes the innovative concept of a Hesitancy fuzzy random graph. The strong Hesitancy
fuzzy random graph and its complement are also discussed, with examples and theorems. Furthermore,
examples with related theorems are given to discover the beta and gamma products of two Hesitancy
fuzzy random graphs.
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