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Abstract Beatty sequence is a special type of sequence by taking the floor of the positive value of
an irrational number. This paper will find an explicit bounds of character sums associated with non-
homogeneous Beatty sequence in quadratic fields. Next, we obtained the cardinality of character sums
associated with composite moduli. Finally, we found the estimated bound of character sums associated
with composite moduli by using the discrepancy and the cardinality.
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Introduction

Beatty sequences are divided into two types, namely homogeneous and non-homogeneous. In our
discussion, we are focusing on non-homogeneous Beatty sequences given by

(In8 + ADnenw = 160 + 4], 120 + 4], [36 + 1],...,|NO + 1]
where 0 is an irrational number and A is a real number.

In [1], they used Maynard’s methods to prove that there exist bounded gaps between primes in the
homogeneous Beatty sequence. Thatis, #{x < n < 2x : there exist m distinct primes of the form [0r|,r €
[n,n+ Ag ]} > x(logx)~8 . [2] found that the bound of multiplicative character sums of a non-
homogeneous Beatty sequence is by obtaining the Diophantine properties of 6 in order to obtain a
sharper estimate and the results are as follows:

Theorem 1. Let 6 be a fixed irrational number. Then, for all real numbers 1, integers a, g, m with
gcd(ag, m) = 1, and positive integers N < t, where t is the multiplicative order of g modulo m, the
following bound holds: S,,,(8, 4, x; N) < m¥/4N/2 + NDg ,(N).

Theorem 2. Let 6 be a fixed irrational number. For any fixed § > 0, there exists a constantn > 0 such
that for all real numbers 1, integers a, g and a prime p with gcd(ag, p) = 1 and positive integers p% <
N <t, where t is the multiplicative order of g modulo p, the following bound holds: S, (8,4, x; N) <
Np™"N/2 + NDg 1 (N).

Then, [3] estimated the summation of the number of prime divisors by using the method in [2]. They
found that the number of prime divisors of an integer n # 0 with multiplicities defined by o(n) is given by
Ynen(=1)°U8n+D = o(N). [4] investigated the application of non-homogeneous Beatty sequences in
invariant games. They used Sturmian word, which are infinite binary sequences that arises in
combinatorics on sequences to characterize two pairs of complementary non-homogeneous Beatty
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sequences. [5] studied the number of primes in the intersection of two or more non-homogeneous Beatty
sequences and give a few theorems for different compatibility conditions. [6] applied the complementary
Beatty sequences in solving the trigonometric functions. They let 8 = +/3 for tangent function and 6 = V6
for sine function in order to solve the trigonometric inequalities. [7] worked on the disjoint complementary
Beatty sequence which covering the rational non-homogeneous Beatty sequence. [8] investigated the
new approach in [2] to estimate the bound of character sums. They obtained an estimation of the bound
associated with composite moduli over prime.

Theorem 3. Let 6 be a fixed irrational number, 1 be any real number and m is any composite number
with primitive elements. Then, for positive prime P < m, set of prime P and non-trivial multiplicative
characters y (mod m), the following bound holds: S,,(8, 4, x; P) < ¢p(m)/*#P1/? + #PDg 1 (P).

Character sums can be used to find the number of solutions of equations over a given finite field. These
sums can be obtained by one character or more. Here, we provided the propositions stated in [9] on the
character sums associated with prime modulo. Suppose that p is an odd prime and F; is a finite field of

multiplicative group modulo p. Then,

Proposition 1. Let g be a primitive element of F; with order p — 1. For each fixed integer j where 0 <
j < ¢(m) — 1, a multiplicative character of F;, denoted by x; is given by

K Zn'i(l)
xj(g®) =e ‘Y wherek=0,1,..p—1.

Proposition 2. For multiplicative character, if a, b € F;'. Then,

—= p ifa=0>b,
Z)‘C(am(b) =0 0 ifass
X

where the sum is extended over all multiplicative character x of F;.

The other researches about Beatty sequences can refer to [10—13]. In this paper, we are going to study
the problem 34 in [14] and give an explicit solution to the same problem. [15] purposed that
5 (8,4, x; N) = o(N). In our discussion, we let § = Vk where k is a non-perfect square integer and 1 is
an integer. We will explain more in the next section.

Multiplicative Character Sums

For any real number x, [x| denotes the greatest integer less or equals to x. {x} denotes the fractional
part of x, that is x — |x]. Given functions J and K, the notations ] K K, K >» J and ] = O(K) are all
equivalent to |J| < C|K| holds with some constant C > 0. By the definition of character sums, we have

SO.A KN = ) x(Ind +21)
where 6 is an irrational number in quadratic field ar?aN)( is a non-trivial multiplicative character. Let 1 be
any integer. The fractional part of n6 + 1 is the same as the fractional part of n6, that is {n6 + 1} = {n6}.
In this paper, we consider 8 = vk with k is a non-perfect square integer at most 50, then
SO,4x;N) = x(12vk + A]) + x(12vVk + A]) + x(13Vk + 2]) + - + x(INVE + 4]). (D)
Next, we grouped (1) into following manner.

SO,4x:N) = x(12vk + A]) + -+ + x(|0my — VK + 1)) )
+x(|mVEk + 2]) + -+ x(|(my + TIVk + 1)) 3)
+x(|m)VEk + 2]) + -+ x(|(m, + TWVk + 1)) 4)
o )
+x(lm)VEk + 1) + - + x(|(my, + T)VE + 4]) (6)
+x(lmp + T + DVk + A]) + -+ x(|NVE + 2]) ™)

In (2), we grouped the beginning of the non-repeated series with cardinality m; — 1 since there is no
pattern can be obtained. Then it follows by a few of the repeated series shown in (3) until (6). This is
because (3) to (6) has the same cardinality which is T + 1. Lastly, the remaining series in which the
cardinality less than T + 1, that is from (6) until the N-th term, the cardinality is N — (m; + T). We then
continued by extending (7) via adding in some terms to the series until the cardinality becomes T + 1,
which is same to (3) until (6). It became

SO,A4xN) < x([2vVk + 4]) + -+ x(|0my — DVE + 1))
+x(Lm)VE + 4]) + -+ x(|(my + TIVEk + 1))
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+x(Lm)VE + 2]) + -+ + x(|(my + TIVE + 4])
+x(LmpVE + 21) + - + x(|(ny + TIVE + 2])
+x(Imp + T + DVk + 2]) + - + x(|NVk + 2])
+ oo+ x(|Onpys + TIVE + A)).
Then, (7) is now have the same cardinality as (3) until (6). Then, from (3) until extended (7) we have
SO,4x;N) < x(|2vk + 2]) + - + x([Gmy — DVE + 1)) ®)
+M[x(| )V + A]) + -+ + x(|(my + TIVE + 2])] ©)
where M = h + 1.

Example 1. Let k = 3, 1 = 5and N = 100. Then equation (1) becomes

S(V3,5,x;100) = x(6) + x(8) + x(10) + x(11) + x(13) + - + x(178).
We consider the Beatty sequence in each of the character above, we listed out all the 100 terms and
grouped it into 8 groups as shown in the Table 1:

Table 1. The 100 terms in S(V/3,5, x; 100) without character .

6,8,10, 11,13,15,17, 18,20,22,24,
25,27,29, 30,32,34,36, 37,39,41,43, 44,46,48,50,
51,53,55, 56,58,60,62, 63,65,67,69, 70,72,74,76,
77,79,81, 82,84,86,88, 89,91,93,95,

96,98,100, 101,103,105,107, 108,110,112,114, 115,117,119,121,
122,124,126, 127,129,131,133, 134,136,138,140, 141,143,145,147,
148,150,152, 153,155,157,159, 160,162,164,166, 167,169,171,173,
174,176,178.

By observing the pattern above, we can see that the most pattern appeared is 3 consecutive terms,
follows by 3 times of 4 consecutive terms. For example, we take the second line in Table 1 which is
25,27,29, ...,46,48,50. This pattern is called repeated sequence. When we consider back to the sum of
character, it is known as repeated series. That is (3) until (6). The series before the repeated series
begins will be written like in (2). For this example, it is the first line in Table 1. Thatis 6,8, 10, ...,20,22,24.
On the other hand, the remaining series at the end of the sequence will be written like in (7). That is
174,176,178 (last line in Table 1) which only consists of 3 terms. Lastly, we can see that the sequence
below is not enough terms to be consider as the repeated sequence which is 77,79,81, ...,91,93,95 (line
4 in Table 1). This will then extend by adding terms in order to fulfil the requirement for repeated
sequence. Besides, we also extend the sequence 174,176,178 (last line in Table 1) to fulfil the
requirement for repeated sequence too, which mean all the lines in Table 1 (except first line) have 15
terms each. We let T, where a € z* be the terms to be added into the sequence. Take note that T, is not
the a-th term of the sequence that is T, is not the 6-th term of the sequence. Next, we consider the
character sums as the following:
S(\/§, 510 100) < x(6) + x(8) + x(10) + y(11) + --- + x(89) + x(91) + x(93) + x(95)

+x(T1) + x(T2) + x(T3) + x(Ta) + x(96) + x(98) + x(100) + -

+x(174) + x(176) + x(178) + x(Ts) + x(Ts) + x(T7) + x(Ts)

+x(To) + x(T10) + x(T11) + x(T12) + x(T13) + x(T1s) + x(T1s)

+x(Ts6)-
Then, we grouped the repeated series as shown in (8) and (9), we obtained

S(\/g, 510 100) < x(6) + x(8) + x(10) + y(11) + y(13) + y(15) + --- + x(22) + x(24)

+70e(ty) + x(t2) + x(ts) + x(ta) + x(te) + x(t10) + -+ + x(t13) + x(t1s) + x(t15)]
where t, represented the terms in the sequence.

In order to obtain the upper bound of the sum explicitly, we substituted the values of k and 1 into (1) and
observed the results as in (8) and (9). From the observation, we found that the series of S(6, 4, x; N)
have some different types of repeating pattern. We classified them into four different cases of k as follow
for the values of k < 50.

(i) Case 1: k = {3,8,14,15,23,24,34,35,47,48}

(i) Case2: k ={5,10,17,18,21,26,27,29, 37, 38,46, 50}

(iii) Case 3: k ={2,6,7,11,12,13,19, 20, 22,30, 32,33,39,40,41,42,44}
(iv) Case 4: k = {28,43}.
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Now, we consider the Case 1. In this case, we discussed (8) has cardinality of C;, then (9) has
cardinality of C; + 1. The result is shown in Theorem 4 below.

Theorem 4. Let # =vk be a fixed irrational number and 1 be any integer. Suppose k =
{3,8,14,15,23,24,34,35,47,48} and n is a positive integer. Then, the character sum of non-trivial
multiplicative characters y for the first N terms of a Beatty sequence is given by

S@O,4:N) <M Z x(n6 + A1) + (hM — 1) Z x(In6 + A1)
In|=k In|=k+1
where |n| is the cardinality of series (8) and h = {3,5,7,9, 11, 13,15,17, 19, 21} with respect to the value of
chosen k. M = 1if N satisfies 1 < N < h(k + 1), otherwise M is a positive integer satisfies h(k + 1)(M —
D+kM—-2)<N<M(hk+h+k)—k.

Proof Let k = {3,8,14,15,23,24,34,35,47,48} and M is a positive integer. Let U € R* be the least upper
bound for $(6, 4, x; N), such that
S8, ;N)<U. (10)
From (1), we have
x(12Vk + 2]) + x(12Vk + 4)) + x(13Vk + 4)) + -+ x(|[NVk + 2]) + o) = U, (11)
where O(N) is the number of terms to be added into (1) in order to get the equality as shown in (11). In
order to find U, we are considering another two cases as follow depend on the value of k.

Case (i): In this case, we consider the set value of k = {3, 8} as follows:
Case (i)(a). Suppose k = 3, by substituting in (1), we have

S@O,4x:N) <M Z x(1n6 + 2D + 3M — 1) Z x(1n6 + A]).
In|=3 In|=4

Case (i)(b). Suppose k = 8, by substituting in (1), we have
SO, ;N) <M Z x(In6 +A]) + (5M — 1) Z x(1n6 + 1)

In|=5 In|=6
<M Z ¥(Inb + A]) + (8M — 1) Z x(nf + 4.
In|= In|=
From Case (i)(a) and Case (i)(b), we concflude that ’
SOLN) <M Z x(n6 + 1) + (hM — 1) Z x(1n6 + 1) (12)
In|=h In|=h+1

where h =2m + 1, m = 1 when k = 3 and m = 2 when k = 8. For the value of M, M = 1 if N satisfies
1< N < h(k + 1), otherwise M is a positive integer satisfies k[h((M —1) + (M —2)]+ h(M —1) <N <
M(hk + h+ k) — k.

Case (ii): k = {14,15, 23,24, 34,35,47,48}. By using the similar argument in Case (i), the following results
are obtained.
For k = 14, we have

SO AN <M Z x(1n6 + 2D + (7M — 1) Z x(1né + A)).
In|=3 In|=4
For k = 15, we have
SO, N) < M Z x(1n6 + D) + (7M = 1) Z x(In6 + A)).
In|=7 |In|=8
For k = 23, we have
SO AN <M Z x(1n6 + AD) + (9M — 1) Z x(1n6 + A)).
In|=4 In|=5
For k = 24, we have
SO, ;N <M Z ¥(Inb + A1) + (9M — 1) Z x(nb + 4.
In|=9 |Inl=10
For k = 34, we have
S@O,A 5 N) <M Z x(In6 + A]) + (11M — 1) Z x(1n6 + ).
In|=5 In|=6
For k = 35, we have
SO, L, N)<M x(n6 + 1)) + (21M — 1) x(n6 + 1)).
Irzﬂl |n|2:12
For k = 47, we have
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SO, N) <M Z x(In6 + A]) + (13M — 1) Z x(1n6 + ).
In|=6 [n|=7
For k = 48, we have
S@O,A 1 N) <M Z x(In6 + AD) + (13M — 1) z x(1n6 + D).
In|=13 In|=14
Next, we take an upper bound for k = {14, 15,23, 24, 34,35, 47,48}. We obtain the result for Case (ii) as
follow.

SOAGNSM Y x(no+2D+@M=1) > x(1n +2]) (13)
i i)
where a =2b+5;b =b, €N, bj_, = kj, k;,; and j is odd. By comparing (12) and (13), we can see that
the bound of (13) < (12). Therefore, the cardinality of the bound for each cycle from h to k is
SOAGN)SM D x((n0+2D)+ (M =1) ) x(In0 +2])
In|=k |n|=k+1
where M = 1 if N satisfies 1 < N < h(k + 1), otherwise M is a positive integer satisfies k[h(M — 1) +
M-=2)]+h(M—-1) < N<M(hk+h+k)—k.

From (10), we have

U=M Z ¥(1n6 + A]) + ("M — 1) Z x(In6 + A)).
In|=k In|=k+1

Now, we consider Case 2. By considering (8) and (9), the result as shown below.

Theorem 5. Let # =vk be a fixed irrational number and A be any integer. Suppose k =
{5,10,17,18,21,26,27,29,37,38,46,50} and n is a positive integer. Then, the character sum of non-trivial
multiplicative characters y for the first N terms of a Beatty sequence is given by

S(6,4, 1 N) < aM Z x(In6 +2]) + M Z x(1n6 + 2])
In|=k In|=k+1
where M = 1 if N satisfies 1 < N < 5k + 2, otherwise M is a positive integer satisfies M(4k + 1) — 3k <
N<M@k+1)+k+1.

Proof Let k = {5,10,17,18,21,26,27,29,37,38,46,50} and M is a positive integer. Let V € R* be the least
upper bound for S(8, 1, x; N), that is
SO, ALx;N)<V. 14
From (1), we have
x(12VE +24]) + x(12Vk + 2]) + x(13Vk + 4]) + -+ x(|[NVk + 2]) + O(N) =V, (15)
where O(N) is the number of terms to be added into (1) in order to get the equality as shown in (15). In
order to find V, we are considering 5 cases.

Case (iii): k = {5,10, 17,26, 37,50}. By using the similar argument in Case (i), the following result obtained.
For k = 5, we have
S6,4, x; N) < 4M Z ¥(nb +A]) + M Z x(1n6 + ).
In|=4 In|=5
For k = 10, we have
S84, 1 N) < 6M z x(Inb + ) + M z x(1n6 + D).
In|=6 In|=7
For k = 17, we have
S04, N) < 8M Z ¥(nb +A]) + M Z x(1n6 + ).
[nf=8 In|=9
For k = 26, we have
(6,4, 1 N) < 10M z x(In6 +A)) + M Z x(1n6 + 21).
In|=10 |n|=11
For k = 37, we have
S(6,4, 1 N) < 12M z x(In6 +2)) + M Z x(1n6 + 21).
In|=12 In|=13
For k = 50, we have
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S0, 4 x;N) < 14M Z 2(Ind + 1)) + M Z x(1n6 + ).

In|=14 In|=15
Therefore, we conclude that from the above observation,
S(6,A4, x; N) < hM Z x(Inb + A + M Z PCIER) (16)
In|=h In|=h+1

where h=2m+2; m=1,2,3,456 and M =1 if N satisfies 1 <N < h?+ h+ 2, otherwise M is a
positive integer satisfies M(h? + 1) + h—h2 < N < M(R?+ 1) + h + 1.

Case (iv): k = {18,27,38}. By using the similar argument in Case (i), we have the following result.
For k = 18, we have

S04, N) < 8M Z ¥(Inb +A]) + M Z x(1n6 + ).
In|=4 In|=5
For k = 27, we have
S84, x; N) < 10M Z x(1n6 + 2D + M Z x(In6 + A)).
In|=5 In|=6
For k = 38, we have
SO,2,0;N) < 12M Z x(n0 + 1) + M Z x(Ind + A1)
In|=6 In|=7
Therefore, we can conclude that
S(6,4,x;N) <2gM Z x(no+AD+M Z x(n6 + 1)) 17
In|=g Inj=g+1
where g=m+3; m=1,2,3and M =1 if N satisfies 1 <N < 2g? + g + 2, otherwise M is a positive
integer satisfies M(2g° + 1) + g —29? < N <MQg? + 1)+ g + 1.

Case (v): k = {29, 46}. By using the similar argument in Case (i), we have the following result.
For k = 29, we have

SO,2,0;N) < 3M Z x(In6 + A]) + 4M Z x(Ind + A1)
In]=2 In|=3
For k = 46, we have
SO,2,0;N) < 3M Z x(In6 + A]) + 4M Z x(In6 + A1).
In|=4 In|=5
Therefore, we can conclude that
S0,2,0;N) < 3M z x(In6 + A]) + 4M z x(In6 + A1) (18)
In|=f Inl=f+1
where f =2m; m=1,2 and M =1 if N satisfies 1 <N < 7f + 5, otherwise M is a positive integer
satisfies M(4f +5) — (f +5) < N < M(4f +5) + 3f.

Case (vi): k = {21}. By using the argument in Case (i), the following result obtained.
S(6,4, x;N) < 5M Z x(In6 +A]) +3M Z x(1n6 + 2]) (19)

In|=r In|=r+1
where r =2 and M = 1if N satisfies 1 < N < 8r + 4, otherwise M is a positive integer satisfies M (5r +
2)—2r<N<M(r+2)+3r+2.

Case (vii): k = {31}. By using the argument in Case (i), we have
SO.AGN)<3M Y (0 +A)+M > x(no +2) (20)

In|=j Inl=j+1
where j =2 and M = 1 if N satisfies 1 < N < 4j + 2, otherwise M is a positive integer satisfies M(3j +
-2 <N<M@Bj+1)+j+1.

By observing the bounds, we found that all the bounds can be bounded by (16). We use 4M instead of
hM in (16) in order to get the least upper bound and the cardinality of each repeated series h replaced
by k that is |n| = k. Therefore,
SOAGN) <M D x(n0+2D+M D" x(In6+A)
In|=k In|=k+1
where M = 1if N satisfies 1 < N < 5k + 2, otherwise M is a positive integer satisfies M(4k + 1) — 3k <
N<MUk+1)+k+1.
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From (14), we have

V= 4M Z ¥(nb +A]) + M Z x(In6 + A]).
In|=k In|=k+1
| |

For Case 3, the cardinality of every repeated series is different by 1 alternately. For example, the
cardinality of the first repeated series is 4, the second repeated series is 5, the third repeated series will
return back to 4, the fourth repeated series is 5, and so on. Thus, the result is shown below.

Theorem 6. Let § =vk be a fixed irrational number and 1 be any integer. Suppose k =
{2,6,7,11,12,13,19, 20, 22,30, 32,33, 39,40, 41,42,44} and n is a positive integer. Then, the character sum
of non-trivial multiplicative characters y for the first N terms of a Beatty sequence is given by
S04, 1 N) < 14M Z x(In6 + A]) + 13M Z PCIER)
Inf=2 In|=3
where M = 1if N satisfies 1 < N < 68, otherwise M is a positive integer satisfies 67M — 66 < N < 67M +
1.

Proof Let k ={2,6,7,11,12,13,19,20,22,30,32,33,39,40,41,42,44} and M € z*. Let W € R* be the
least upper bound for S(8, A, x; N), that is
SO@.ALGN)<W. (21)
From (1), we have
x(1WVk + A1) + x(12Vk + A1) + x(13Vk + 4]) + -+ x(|[NVk + 2]) + o(N) = W, (22)
where O(N) is the number of terms to be added into (1) in order to get the equality as shown in (22). In
order to find W, we are considering 8 cases.

Case (vii): k = {6,12,20,30,42}. By using the similar argument in Case (i), we have the following result.
For k = 6, we have
S0, 4, x; N) < 4M Z ¥(Inb + ) + M Z x(1n6 + ).

In|=2 In|=3
For k = 12, we have

SO,A4,x;N) < 6M Z x(Inb + 2] + M Z x(1n6 + D).
In]=2 In|=3
For k = 20, we have

S0, 4, x; N) < 8M Z ¥(nb + ) + M Z x(1n6 + ).
In|=2 In|=3
For k = 30, we have

S04, x; N) < 10M Z x(nb +A]) + M Z x(n6 + A]).
In|=2 [n|=3
For k = 42, we have

S0, 4 x;N) < 12M Z $(In6 +A)) + M z 1(1n6 + 4.

In|=2 In|=3
Therefore, we can conclude that
S@,A4, x; N) < hM Z ¥(nb +A]) + M Z ¥(n6 + 2 (23)
In|=2 [n|=3

where h=2m+2; m=1,2,3,4,5and M =1 if N satisfies 1 < N < 2h + 4, otherwise M is a positive
integer satisfies M(2h +3) —2(h+ 1) < N < M(2h+3) + 1.

Case (viii): k = {7,19}. By using the similar argument in Case (i), we have the following result.
SO,LN) <M Z x(In6 + A]) + 4M Z x(1n6 + 1) 24)

In|=2 In|=3
where M = 1 if N satisfies 1 < N < 15, otherwise M is a positive integer satisfies 14M — 14 < N < 14M.

Case (ix): k = {32,33}. By using the similar argument in Case (i), the following result obtained.
For k = 32, we have
SOAGN) <M D x(1n0 + )+ 11M ) x(nd + ).

In]=2 |n|=3
For k = 33, we have
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S@,4x:N) <M Z ¥(1n6 + A]) + 11M Z ¥(1n6 + A1).

[n]=3 In|=4
Therefore, we can conclude that
SO, N) <M Z x(In6 + A + 11M Z PCIER) (25)
In|=d In|=d+1

where d = 2,3 and M =1 if N satisfies 1 < N < 12d + 12, otherwise M is a positive integer satisfies
M(12d +11) — (12d + 10) < N < M(12d + 11) + 1.

Case (x): k = {39,40}. By using the similar argument in Case (i), the following result obtained.
For k = 39, we have

SO, A4, x;N) < 12M Z x(n6 + 2] + M Z x(In6 + A)).
In|=4 In|=5
For k = 40, we have

S0, 4 x;N) < 12M Z $(In6 +A)) + M z x(1n6 + ).

In|=3 In|=4
Therefore, we can conclude that
S04, 3 N) < 12M Z ¥(Inb + ) + M Z ¥(Iné + ) (26)
In|=b In|=b+1

where b = 4,3 and M =1 if N satisfies 1 < N < 13b + 2, otherwise M is a positive integer satisfies
M(13b+1)—13<N<M(13b+1) + 1.

Case (xi): k = {11,22}. We have the following result.
For k = 11, we have

SO, x;N) < 6M z x(Inb + 2] + M Z x(1n6 + D).
In|=3 In|=4
For k = 22, we have

SO, x:N) < 4M Z ¥(In6 + 1)) + M Z 2(Inf + A]).

[n]=3 In|=4
Therefore, we can conclude that
SO.AGN) < gM ) x(n0 +2D) +M > x(In6 + 2] @7
In|=3 In|=4

where g = 6,4 and M =1 if N satisfies 1 <N <3g + 5, otherwise M is a positive integer satisfies
M(Bg+4)—3(g+1)<N<M3Bg+4)+1.

Case (xii): k = {2,41}. By using the similar argument in Case (i), we have the following.
For k = 2, we have

S04, 1 N) < 4M z x(1n6 + A]) + 3M Z x(Iné + A)).
In|=2 |n|=3
For k = 41, we have

SO,4,x; N) < 14M Z x(1n6 + A]) + 13M Z x(1n6 + .

In|=2 |n|=3
Therefore, we can conclude that
SO.A N SBM ) (Um0 +2) +jM D" x(Ind + ) (28)
In|=2 In|=3

where b = 4,14, j = 3,13 and M = 1 if N satisfies 1 < N < 2b + 3j + 1, otherwise M is a positive integer
satisfies M(2b + 3j) = (2b +3j) + 1 < N < M(2b + 3j) + 1.

For the next two cases, we have to express them separately due to they cannot be classified into any
category above.

Case (xiii): k = {13}. By using the similar argument in Case (i), we have the following result.

S0, ;N) < 7M Z x(1n6 +A]) + 8M Z x(1n6 + 2]) (29)
In]=2 In|=3
where M =1 if N satisfies 1 < N < 39, otherwise M is a positive integer satisfies 38M —37 < N <

38M + 1.

Case (xiv): k = {44}. By using the similar argument in Case (i), we have the following result.
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SOAGN) <M Y x(1n8+2)+3M ) x(ng +21) 30)
In|=2 In|=3
where M =1 if N satisfies 1 < N <12, otherwise M is a positive integer satisfies 11M —10 < N <
11M + 1.

Next, we choose a bigger bound to cover from (23) to (30). By observing the bounds, we can see that
all the bounds can be bounded by (28) when we choose b = 14 and j = 13. Therefore, we have
S04, 1 N) < 14M Z x(In6 + ) + 13M Z x(1n6 + A1)
In|=2 In|=3
where M =1 if N satisfies 1 < N < 68, otherwise M is a positive integer satisfies 67M — 66 < N <
67M + 1.

From (21), we have

W = 14M Z x(In6 + A]) + 13M Z x(In6 + A)).
[nf=2 [n]=3
]
Now, we are discussing a special case in which the different between any two consecutive terms is
consistent since almost every repeated series has the same cardinality. The result as shown in the
following theorem.

Theorem 7. Let 8 = vk be a fixed irrational number and 1 be any integer. Suppose k = {28,43} and n
is a positive integer. The character sum of non-trivial multiplicative characters y for the first N terms of a
Beatty sequence is given by

SO,4 x:N) < 4M Z ¥(1n6 + A]) + 3M Z ¥(In6 + A])
InI:NgJ Inl= j§

where M = 1 if N satisfies 1 <N <7 ng + 4, otherwise M is a positive integer satisfies M (7 Ng] +

)18 )<t

Proof Let k = {28,43}and M € z*. Let Y € R* be the least upper bound for S(0, 4, x; N), that is
SO, A x;N)<Y. (31

+1

From (1), we have

x(11VEk + A1) + x(12Vk + 4]) + x(13VE + 2]) + -+ x(|[NVE + 2]) + 0V) = Y, (32)
where O(N) is the number of terms to be added into (1) in order to get the equality as shown in (32). In
order to find Y, we are considering another 2 cases.

Case (xv): k = {28}. By using the similar argument in Case (i), the following result obtained.
S(6,4, ;N) < 4M Z x(In6 +A]) +3M Z x(1n6 + ) 33)
[n|=3 In|=4
where M =1 if N satisfies 1 < N < 25, otherwise M is a positive integer satisfies 24M — 23 < N <
24M + 1.
Case (xvi): k = {43}. By using the similar argument in Case (i), it follows by

SO.A6N)<3M D x(n8 +2D+M Y x(ng +2) 34
Inf=2 [n]=3
where M = 1 if N satisfies 1 < N < 10, otherwise M is a positive integer satisfies 9M —8 < N < 9M + 1.

By comparing (33) and (34), we can see that (34) < (33). Therefore, itis clear that (33) the generalised

of the cardinality of each repeated series from 3 to l\/é] is as follow.

SO, A4, x; N) < 4M Z ¥(In6 + 2]) + 3M Z ¥(Iné + )
InI:NgJ Inl= j§

where M = 1 if N satisfies 1 <N <7 ng + 4, otherwise M is a positive integer satisfies M (7 Ng] +

+1
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2)- (o +2) < <m(o| f]2) .
From (31), we have
Y =4M Z x(n6 + 1)) +3M Z x(no + A)).

el e

From the observation of Theorem 4 to Theorem 7, it can be generalised that for the case 2 < k < 50, we
have the result as in Theorem 5. That is, the character sum of non-trivial multiplicative characters y for
the first N terms of a Beatty sequence is given by

SOAGN) < 4M D x(n0+aD+M Y x(In +2])
In|=k In|=k+1
where M = 1 if N satisfies 1 < N < 5k + 2, otherwise M is a positive integer satisfies M(4k + 1) — 3k <
N<M(@4k+1)+k+1.

+1

Cardinality of Double Character Sums Associated with
Composite Moduli

In this section, we consider a finite group F,, for m € {2,4,p%, 2p*} where p is an odd prime and ¢t € N.
The multiplicative group F;, of F,, is a cyclic subgroup of F,, with order ¢(m).The following lemma helps
us to deliver our theorem later.

Lemma 1. Let y be a nontrivial multiplicative character of F,. If a, b € F;,, then

Y- 1=h
X

where the sum is extended over al multiplicative character y of E,,.

Proof Let g, € F;, be the primitive roots of order ¢(m) with 0 < k < ¢(m) — 1, we have
X0(98), x1(g8), ---'X¢(m)—1(9(l)l)'
xo(g1), x1(g), ---'X¢(m)—1(9%)'

Xo(g$(m)—1)JX1(g$(m)—1)' .)(¢(m)-1(gf,§(m)_1)-
In the case a = b,

> 2@x®) = pm).

X
For a # b, y(a)x(b) will vanish one another and end up equal to 0.
Then, the cardinality of the double character sums is as follows:

Theorem 8. Let 6 be a fixed irrational number, 1 be any real number and m € {2, 4, pt, 2pt} where p is
an odd prime and t € N. For any positive integers on the interval N > m and non-trivial multiplicative
characters y (mod m), the following bound holds:

WalZ = # " " 410G+ 1K) + 2DZAB (1 + ) + AN} < N - p(m) - (HC).
neN kex

Proof Let k < N, where N is a natural number and A € (0, 1) be a rational number. Suppose thaty € Q,
we obtained the following fractional part.

Ny={1<n<N:{n+1-y}<1-A}

K, ={1<k <K: {6k +y} <A},

NF ={1,2,3,..,N}\ \V,.
Fix y € Q, the notation for intervals is as follows.

N =N, K =%, and V¢ = N,£.
Next, we insert y in the following expression and obtain
[6(n+k)+A=OMn+k)+21)— {8(n+k)+ 1}
=@n+1—y)— {On+1—y}+ Ok +y)— {0k + vy}
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Therefore,
[6(n+k)+ A =[0n+2A—y]+ |0k +yl. (35)
Let
W= Z z 218 + k) + D).
NneEN keX

From (35), we have

w = Z Zx([0n+/1—yj+l9k+]/])-

NneEN kexX
Now, consider the cardinality of |6n + 2 — y]. Since N = m and uniformly for all r € Z,

#{neN:[On+ A1 —y| =r (modm)} = 0(1).

By using Cauchy inequality, we obtain
2

W |? « N Z
nenN

m
<<NZ

r=1

D x(l6n+ 2 -yl + 10k + )
kEX

D X+ 16k +yD)

kEX
m

2

=N Z Z}((r + [0k +yDji(r + 6L+ v]).
kleX r=1

Now, consider the expression

m

> X+ 10k + YD + 101+ ).

kleEX r=1
We found that the maximum number of total elements is (#K) - (#XK) - ¢p(m) = ¢p(m)(#XK)?. By using
the Lemma 1, the inner sum takes only two possible values as follows.
m

DX+ Lok + yDEGr o+ Loty = (P Lor 19K+ VI = 60+l (mod m),
r=1 '

The congruence of |6k + y| = |61 + y] (mod m) occurs for at most 0 (#X) pairs with k,l € X since K <
m. Then we have

i X+ 6k +yDx(r + 161+ v]) < ¢p(m) - (#X).
Therefore, e :1
N YT X0+ 18k + YDEG + 101+ yD) < N - pm) - (HIO).
We obtain e

W |2 &K N-¢p(m) - (#K).

Character Sums of Beatty Sequences Associated with
Composite Moduli

Theorem 9. Let 6 be a fixed irrational number, 1 be any real number and m € {2, 4, pt, 2pt} where p is
an odd prime and t € N. If a positive integer N > m and non-trivial multiplicative characters y (mod m),
then the following bound holds:

1 1
Sm(8,4, x; N) & N2¢p(m)% + NDg ,(N).

Proof Letk < N € Z* and A € (0, 1] be a rational number, Q. Suppose that y € Q. Then, we obtained
the following fractional part.

Ny={1<n<N:{n+1-y}<1-A}

K, ={1<k <K: {6k +y} <A},

NF ={1,2,3,..,N}\ \V,.
From the definition of discrepancy, we have

b v{,M) "
= Su - .
o 19[0131) M
Given that V(I, M) = #Ny and |I| = |A|. Suppose M < N, we will obtain
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c

Y
—1A
- Al

Dg)(N) = sup
1<[0,1)

If supremum element from I < [0, 1), then the representation constants can be denoted as big 0 and
vice-versa.
0 (NDoa(N)) = |#Nyc - NIAIl.
Therefore,
Ny = 0 (NDoa(N)) + NIA. (36)
Fix y € Q, the notation for interval are as follows.
N =N, K =K, and N = Ny,
The fractional part of X, is less than A. Hence, the number of elements in the interval ¥, can be
estimated by using the lemma in [2], we have
#J, < 0.5KA. 37
Now, we have for every k € X,
Sm®2,6N) = ) x(10Gr+ k) +2]) + 0(K)
nsN
= > X8+ ) + ) + 0(K)
nsN
- Z x(18(n + k) +A) + O(K + #3).
nenN
Thus,

w,
Sm(®,A,xN) = ﬁ + O(K + #V°), (38)

w, = Z Z x(18(n + k) + A]).

neN kex
The cardinality of double character sum of W; is given in Theorem 8. As a result, we will obtain the
following inequalities.

where

W12 K N - d(m) - #K.
Substituting this bound in (38) and by using (36) and (37), we have

$(m)N
Sm(® A N) « |+ K + NA+ NDg,(N)
with
1
1 1 2
K = [qu)(m)zl andA = ¢(W? .
N2

Thus, the theorem holds.

Conclusions

The character sums of non-trivial multiplicative characters x for first N terms of a Beatty sequence is
given by
S(6,4, x;N) < 4M Z x(In6 + 1) + M Z x(1n6 + 1))
In|=k In|=k+1
where 8 = Vk, A is aninteger, 2 < k < 50 is a square-free integer and M = 1 if N satisfies 1 < N < 5k +
2, otherwise M is a positive integer satisfies M(4k + 1) -3k < N < M(4k + 1)+ k + 1.

Next, the cardinality of double character sums associated with composite moduli has the maximum value
equals to N - ¢p(m) - (#X). Finally, the estimated bound of character sums associated with composite
moduli can be obtained by

1 1
Sm(6,A,% N) K N2¢p(m)* + NDg (N).

In the future, the non-homogeneous Beatty sequences can be extended to the floor of polynomial
function which is beyond than a linear function.
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