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ABSTRACT

The aim of this paper is to introduce the notion of interval-valued fuzzy subspace with its flags and interval-valued
fuzzy n-normed linear space. We define the operations intersection, sum, directsum and tensor product of interval-
valued fuzzy subspaces and obtain their corresponding flags. Further we provide some results on interval-valued fuzzy
n-normed linear space.
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1. Introduction

The theory of 2-norm and n-norm on a linear space has been introduced by
Gabhler in [9,10] and subsequently studied by several authors [11,14,19,20]. A
detailed theory of fuzzy norm on a linear space can be viewed in [4,5,6,7,8, 13,
15, 23]. Recently we have introduced the notion of fuzzy n-normed linear space
[22]. After the introduction of fuzzy subspace of a vector space by Katsaras
and Liu’s [12], many researchers [1,2,3,16,18,21] engaged themselves in the
development of fuzzy subspace of a vector space. Recently, G.Lubczonok and
V.Murali introduced an interesting theory of flags and fuzzy subspaces of vector
spaces [17]. Zadeh in his pioneering work introduced the theory of interval-valued
fuzzy subset in [24].

In this paper we introduce the notions of interval-valued fuzzy subspace and
interval-valued fuzzy n-normed linear space. We also define some operations on
interval-valued fuzzy subspaces and in each case we obtain the corresponding
flags. Further we establish some properties of interval-valued fuzzy n-normed
linear space.

2. Preliminaries

In the following we provide the essential definitions and results necessary for
the development of our theory.
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Definition 2.1[24]. An interval number on [0, 1], say @, is a closed sub interval
of [0,1] of the form @ = [a~,a™], where 0 < a~ < a™ < 1. Let D0, 1] denote
the family of all closed sub-intervals of [0, 1], that is,
Dlo,1]={a=[a",a"]:a” <a* and a~,a™ €[0,1]}

Definition 2.2[24]. Let @; = [a; ,a]]€ D[0,1] for all i € Q, Q an index set.
Define
(a)inf'{a; : i € Q} = [llggf2 a;,iigffZ a;
(b)sup*{@; : i € Q} = [supa; ,supa;].
i€Q e -
In particular, whenever @ = [a™,a™], b = [b—,b"] in DJ0, 1], we define
(i)@ < b if and only if a~ < b~ and at < bt
(ii)a = b if and only if a~ = b~ and a* = b+
(iii)a < b if and only if = < b~ and at < b™.
(iv)min*{@, b} = [min{a~, b}, min{a*, b*}]
(v)max*{@, b} = [max{a~, b~ }, max{a™, b }].
Definition 2.3 [24]. Let X be a set. A mapping A : X — D[0, 1] is called an
interval-valued fuzzy subset(briefly, an i-v fuzzy subset) of X, where
A(r) = [A=(z), AT (z)], and A~ and AT are fuzzy subsets in X such that
A~ (z) < At (z) for all x € X.

Definition 2.4 [24]. Let A be an interval-valued fuzzy subset of X and [t1, 2] €
D[0,1]. Then the set

U(A;[t1,t2]) = {x € X : A(z) > [t1,t2]} is called an upper level subset of A.
Note that

U(Z, [tl, tQD = U(Ai, tl) N U(A+; t2) where

UAt)={xeX:A () >t;1} and

U(AT;ty) ={z € X : AT (z) > to}.

Definition 2.5 [12]. Let V denote a vector space of dimension n over a field
F. A fuzzy subspace is a fuzzy subset p of V' such that
wlax + By) > w(x) Au(y), z,y € V, a, 5 € F(field), where A stands for inter-

section.
We recall some properties of fuzzy subspace [16]

Remark 2.6 [16]. (a)V* = u~1([a, 1]) is a subspace of V for a € [0, 1], known
as the a-cut of u.

bWVl =v

(c) p takes at the most k + 1 values in [0, 1], say

1>a1>...>a,>0,k<n (1)
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and

VoVe . .DoV* D {0} (2)
We can view (2) as a flag or chain of subspaces with a weight attached to each
subspace.

Remark 2.7 [16]. A subset {z1, 2, ..., 2} of V is fuzzy linearly independent
m m

if it is linearly independent and pu( ¥ oyx;) = A p(x;) for all a; € F, oy # 0,
i=1 i=1

i=1,,...,m, \ stands for intersection.

Definition 2.8 [11]. Let n €N(natural numbers) and X be a real vector space
of dimension d > n. A real valued function |le,....,e|]] on X x ... x X = X"
[ —

n
satisfying the following four properties:

1. ||z1, xa, ..., zy,|| = 0 if any only if x1, z9, ..., z,, are linearly dependent
2.||x1, 22, ..., || is invariant under any permutation of x1, xa, ..., Tp
3. ||z, 22y ooy @y || = || ||21, 22, ..y @pl], for any « €R( set of real numbers )

4. Hl‘l,l‘g, 1 Tn—1,Y + Z|| < ||JI1,JU2, "'7xn—17y|| + ||£C1,$2, "'7xn—17z‘|’
is called an n-norm on X and the pair ( X, ||e,..., o||) is called an n-normed
linear space.

Definition 2.9 [22]. Let X be a linear space over a real field F. A fuzzy subset
N of X™ x R is called a fuzzy n-norm on X if and only if:
(N1) For all t €R with t <0, N(z1,z2,...,Zn,t) = 0.
(N2) For all t €R with t > 0, N(z1,z2, ..., 2n,t) = 1 if and only if
T1,%2, ..., T, are linearly dependent.
(N3) N(x1,x2,..., Ty, t) is invariant under any permutation of 1,2, ..., Ty,.
(N4) For all t €R with ¢t > 0,
N(x1, 22, ..., cTp,t) = N(21, T2, ..., Tn, I%\)’ if ¢ # 0 € F(field).
(N5) For all s,t € R,
N(mlax% s Ty J?;L, s+ t) >
ming N(z1, 22, ..., Tn, s), N(z1, 22, ..., z;L,t)}.
(N6) N(z1,x2,...,Tn,t) is a non-decreasing function of t € R
and tlirglo N(z1,29, ..., Tn,t) = 1.

Then (X, N) is called a fuzzy n-normed linear space or in short f-n-NLS.
Remark 2.10.

(i)Let V be a vector space over a field F' and let Uy, Us, .., U, be the subspaces
of V. V is said to be direct sum of Uy, Us, .., U, if every element v € V' can be
written in one and only one way v = uy +ug + ... +u, where u; € U; and denoted
asV=UoUs®..0oU,.

289
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(ii)Let V and W be vector spaces over a field F. Then the tensor product of
two vectors is denoted by V ® Wand given t € V® W, t can be uniquely written
as, t =Y t;jz; ®y,; where the sum is taken over all ¢, j for which ¢,;; # 0.

,J

3. Interval-valued fuzzy subspaces and their flags

By generalizing the Definition 2.5 we obtain a new notion of interval-valued
fuzzy subspace as follows:

Definition 3.1. Let V denote a vector space over a field F. Let A : X — D|0, 1]
be an interval-valued fuzzy subset of V. Then A is said to be an interval-valued

fuzzy subspace (or shortly i-v fuzzy subspace) if,
Aoz x By) > min*{A(z), A(y)}, z,y € V and «, 8 € F(field).

Example 3.2. Let V = {e,z,y, z} be the Klien 4-group defined by the binary
operation * as:

N[ M| o] %
N[<| M| o|o
N |
Hlo|N|< <
oW |<|IN|N

Let F be the field GF(2). Let 0.w = e, l.w = w for all w € V. Then V is a
vector space over F'.

Define an i-v fuzzy subset Ain V by B o
A(e) =10.6,0.9], A(z) =[0.3,0.4] = A(y), A(z) = [0.5,0.8].
Then A is an i-v fuzzy subspace of V.

Definition 3.3. Let (i) A be an interval-valued fuzzy subspace. Then
V@ ={z eV :A(z) > [a",a"]} is called an upper level subset of A.
(ii) Further V¥ = (A)~![a, 1] is known as the a-cut of A.

(iii) A takes at the most k + 1 values in D]0, 1], say

I1>a1>..>a >0, where a; = [a™, ™| (3)
i=1,2,...k, 0=10,0], T =[L,1] and
VoVers. .oV O0 (4)

We can view (4) as a flag or chain of subspaces with a weight attached to each
subspace.
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Definition 3.4. A subset {x1,z,...,2,,} of V is said to be interval-valued

fuzzy basis if it is linearly independent and A( 5 apxy) = min*{A(zy)}, for all
k=1

ar € F,ap, #0, k=1,....m

We now present the intersection of two interval-valued fuzzy subspaces by the
operation N and characterise its corresponding flag.

Definition 3.5. Let ( 7@ and (V, ) be two i-v fuzzy subspaces. Define
(AN B)(z) = min*{A(z), B(x)},

Theorem 3.6. Let (V, A) and (V, B) be two i-v fuzzy subspaces. Then AN B
as in Definition 3.5. is again an i-v fuzzy subspace.

) be two i-v fuzzy subspaces.Define

Proof. Let (V, A) and (V,
x), B(z)}, € V. Now,

(A rlB)(ic) = min’{ A(
(AﬂB)(aa? *jy) o
= min'{A(ax x By), B(az * By)} .
> min‘{min‘{A(z )é(y)},man{B( ), B(y)}}
=min'{min"{A(z), B(z)}, min*{A(y), B(y)}}
q =min*{(A N B)(z), (AN B)(y)}.
07

(AN B)(az * By) > min'{(AN B)(z), (AN B)(y)}.
Thus AN B is an i-v fuzzy subspace. O

B
B(

Example 3.7. Let V = {e,z,y, 2z} be the Klien 4-group given in example 3.2.
Then V is a vector space over the field GF(2).

Define an i-v fuzzy subset A in V by

Ale) = [0.6,0.9], A(z) = [0.3,0.4] = A(y), A(z) = [0.5,0.8]

Then A is an i-v fuzzy subspace of V' by Example 3.2. Also define an i-v fuzzy
subset B on V by

B(e) = [0.5,0.8], B(z) = [0.4,0.7], B(y) = [0.2,0.3] = B(z).

Then B is also an i-v fuzzy subspace of V.

Now, (AN B)(e) = [0.5,0.8], (AN B)(z) = [0.3,0.4], (AN B)(y) = [0.2,0.3],
(AN B)(z) =[0.2,0.3] .

Thus AN B is an i-v fuzzy subset of V and further it is an i-v fuzzy subspace of
V.

Theorem 3.8. An interval number ¥ = min{a;, 3s} is a weight for A N B if
and only if

()ar 1>7>arandﬁs 1>7 67

(i) Vern W8 £ 0.
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Proof. Let (V,A) and (V, B) be two i-v fuzzy subspaces with (A N B) as in
Definition 3.5.

Let VOV > ..D0V* >0

and VO WP 5> ... > WF 50 be their corresponding flags.

We need to construct a flag for AN B.

Clearly the values of AN B are ;s and 57-'5.

Define U7 = (AN B)~Y([7,1]) = VI nW7.

Suppose U7 # 0. Then for some r and s

a1 >72a and foog >7 2 f.

Then V7 = Ve and W7 = W8, So UT = V& N Whs.

Therefore U7 = V¥ N WF: where ¥ = min{ay, (s }.

Since the argument can be reversed, we have the required result. O

Theorem 3.9. An interval number 5 = min{ay, 3;} is a weight for A + B if
and only if o, 7 > 7 > @, alchﬂsi > 7% > f3,. The subspace corresponding to
~ in the flag representation of A + B is V7 + W7,

Proof. Define,
(A+ B)(z) = sulj)r A(z1) N B(xs).
T=x1+To

Now, z € (A+ B)~Y([,1])

& A(ry) >7 and B(xs) > 7

ez €V and 2o € WY

Sx+a e VI+W.
So, (A+ B)~Y[,1]) = V7 + W7 = U7, where § = min[a,., 3,)- |

Theorem 3.10. An interval number ¥ = min{a,, 3s} is a weight for A © B.
The subspace corresponding to v in the flag representation of A® B is VY @ W7.

Proof. Let U = V@ W. Suppose (V, A) and (W, B) are i-v fuzzy subspaces with
their corresponding flags.

Define,

(A® B)(z,y)

& (z,y) e VEXp W a

Theorem 3.11. An interval number 7 = min{a,, 35} is a weight for A® B and
the subspace corresponding to v in the flag representation of A® B is VioW?.
Proof. Let (V, A) and (W, B) be i-v fuzzy subspaces with their corresponding
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flags. Consider the tensor product V @ W.

Let {z;},i=1,2,..,n and {y;}, j = 1,2,...,m be i-v fuzzy bases of V and W

respectively. Given ¢t € V. ® W, t can be uniquely expressed as , t = > t;;2;, Qy;
2]

where the sum is taken over all 4, j for which ¢;; # 0. Now we define

Now,
te(@2B) " (7,1)
& A(x)® B(y) >7
& A(z.)N Blys) =27
& A(x,) >7 and B(ys) > 7
sz, €VYand y, € WY O

4.Interval-valued fuzzy n-normed linear space

As a generalization of Definition 2.9 we have the following notion of interval-
valued fuzzy n-normed linear space.

Definition 4.1. Let X be a linear space over a real field F. An interval-valued
fuzzy subset N of X™ x R is called an interval-valued fuzzy n-norm if and only
if :
(N1) For all t € R with t <0, N(z1, 2, ..., ¥n,t) = 0.
(N2) For allt € Rwitht > 0, N(z1, 29, ..., Ty, t) =

are linearly dependent.
(N3) N(x1,2,..., Ty, t) is invariant under any permutation of xy, xo, ..., T,,.
(N4) For all t € R with t > 0,

N(z1,29, ..., Ty, t) = N(21, 22, ..., Tp, 1), if ¢ # 0 € F(field).

le]

Tifand only if x1, xg, ..., Ty

(N5) For all s,t € R,
N(21, 82,0y @p + 2,5+ 1) >

min'{N(z1, 22, ..., Tn, s), N (1, T2, ez 1)}

(N6) N(z1,x2,...,Tn,t) is a non-decreasing function of t € R

and lim N(z1, %2, ..., 2, t) = 1.
t—oo

Then (X, N)is called an interval-valued fuzzy n-normed linear space or briefly
i-v f-n-NLS.

The following example agrees with our notion of i-v f-n-NLS.
Example 4.2. Let (X,||e, o, ..., ¢||) be an n-normed space. Define

- [0, whent<||zy,z2,.... 2y
N(z1, 22, ..., T, t) = { 1, when ||z1, 22, ..., 2,]| <t

293
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Then (X, N) is an i-v fn-NLS.

N(z1,x9, ...z, t) = 0.
(N2) For all t € R with t > 0, if 21, 29, ..., 7,, are linearly dependent.
= ||z1, 22, ..., Tn|| = 0 by definition 2.9.
= N(x1,2,...,a,,t) = 1 by definition.
Also N(z1, %2, ..., T, t) = L.
= |1, 22, . Tn|| < T
= ||z1, 22, ..., Tn|| = 0.
=1, T3, ..., T, are linearly dependent.
Thus for all t > 0, N(x1,Za, ..., Tn,t) = 1 if and only if x1, 7o, ..., z,, are linearly
dependent.
(N3) As ||z1,29,...,z,]| is invariant under any permutation, it follows that
N(z1, 29, ...,p,t) is invariant under any permutation of 1, xa, ..., Tp,.
(N4) For all t €ER with ¢t > 0 and ¢ € F,c # 0
N(x1,x9,...icTp,t) =0
St <|lz1,z2, ..., CTy|

& & <ller,ma, ozl

Proof. (N1) For all t € R with ¢ < 0 we have by our definition,

& N(x1, T2, .00y Tny, I%I) =0 and

N(xl,xg,...,cxn,t) =1
& |y, e, ey x| < t
S el |x1, xay o xal| < t
& |21, e, o, x| < |—Z|

& N(21, T2,y T, 1) = 1.

cf

Thus N (21,22, ..., CTn,t) = N(21, T2, ..., Tn, ‘%‘)

(N5)For all s,t € R,

N(21, 29, n+2,,5+1) =0
s+t <||lzr,z2, ..y n + m;L|/| < |21, Ty ey || + ||21, 2y ooy ||

If ||z1, 22, ..., || < s then ||z1, 22, ..., 2,|| £ t.
That is, if N(x1,72,...,2,,8) = 1 then N(x1,xo, ...,x;l,t) =0.
Thus N (21, %2, ..., 00 + 2,5 +1) =0

=min'{N(z1, 22, ..., Zn, 5), N(x1, 2, ...,x;l,t)} =0
Similarly, N (1, 2, ..., Tn +@,,5+1) = 1

= N (&1, 20, T + T, 5 + 1) >
min'{N(z1, T, ..., Tn, 5), N (€1, T2, ...z, t)}.

ey s

Thus,

N(z1,22,....;Tp+ 2,7, 8+ 1) >
min{N (21, &2, ..., n, 8), N (21, T2, .., 2, 1) }.

PR )



S. Vijayahlaji et al. / Journal of Fundamental Sciences 4 (2008) 287-297 295

(N6)From the definition it is clear that N(xq, s, ..., Z,,t) is a non-decreasing

function of t € R and lim N(zy, o, ..., Tpn,t) = 1.

t—o0

Thus (X, N)is an i-v f-n-NLS. O

Theorem 4.3. Let (X, N;) and (X, Ny) be two i-v fuzzy n-normed linear spaces.
Define

(N1 NV No) (21, T2, ooy Ty t) = min" { Ny (21, 2o, ., Ty, ), No (21, X0, oy Ty, 1) }

for all (z1, 22, ...,x,,t) € X™ X R. Then Ny N Ny is an i-v f-n-NLS.

Proof. (Ny) For all t € R with t < 0 we have
Ni(21,22, ..y Tn,t) = 0 and Na(21, 22, ..., Ty, t) =0
So, (N1 N Na) (21, %9, ey Tpyt) =0
(N3) For all t € R with ¢ > 0 we have
(Nl n NQ)(QQLI’Q, ceey Ly ) = ]. L B
< min {(N1($1,x2, ...,Z'n,t),NQ(Q'Jl,IEQ, vy Ty )} =1
@E((El,.’f%...,l'n,t) :E(l’l,ﬂfg, oy Ty ) =1
& 21, X3, ..., Ty, are linearly dependent.
(N3) As Ny (21,72, ..., Tp, t) and Na(x1, T2, ..., Tn,t) are invariant under any per-
mutation, we have (N7 N N2)(x1, X2, ..., &y, t) is invariant under any permutation
of x1,29,...,Tn
(N4) For all t € R with t >0 and c € F,c # 0
(ﬁlﬂﬁg)(xl,xg,.. CTn, 1)
= min'{Ny (1, o, ..., ¢y, t), No(21, oy .oy CTp, 1) }
min’{ Ny (z1, T2, ..., Tn, %) No(w1, 22, o0y Tny, %l)}
= (N1 N NQ)($1,I27 ceey Ly ﬁ)
(N5) For all s,t € R,
(N1 N No) (21, 29, ..., Ty —|—x/n,s—|—t)
= min®{Ny (1, 22, s T + 2y, 5 + 1), No(@1, Ty ooy Ty + T, 5 + 1)}

(xlnya ""x;mt)}a

(zlal:Qa vxvut)}}

> mini{mini{ﬁl(xl, To, ...,

Tn,S )
mini{ﬁg(xl,xg,...,xn, s),

z\ 2\

= min*{min*{Ny (21, z2, ... xnvs)a
’
(xlaan axnvt)}}

’

:mini{(ﬁlﬂm)(xl,xg,...,xn, s), (N1 N No)(z1,22, ..., T,, 1)}

min{N;y (z1, 2, ..., x,,, 1),

Thus,

(N1 NN (21, T2, oy @ + 2y, 8 + 1)

B - mini{(ﬁl N No)(21, %0, ey Tp, 8), (N1 N N ) (21, 20, .. In, t)}
(N6) As Ny (z1, 22, ..., ¥, t) and No(z1, T2, ..., Tp, t) are non—decreasmg functions
of t € R it follows that (N1 N Ng)(xl,xg, .ees T, ) 18 a non-decreasing function
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of t € R and tlim (N1 N No) (21,00, ey Ty, t) = 1.
Thus (X, N7 N Ny) is an i-v f-n-NLS. O

Remark 4.4. Let (X, N7) and (X, Ny) be two i-v fuzzy n-normed linear spaces.
Define_ - -

(N1 U Na)(21, 22, .0, Tp, t) = max"{N1(z1, 2, ..., Tn, 1), No(21, 22, ..., T, 1) }

for all (z1, 2, ..., 2pn,t) € X™ X R. Then Ny U N3 is not an i-v f-n-NLS.
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