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Abstract The graph can represent the molecule structure and the m-electron energy derives the
concept of graph energy. The graph also can be related to the groups or rings as its vertex set. The
non-commutative graph is a type of graph whose construction is determined by the structure of a
group. This paper focuses on the energy of the non-commuting graph for dihedral groups using the
Szeged and Padmakar-lvan matrices. Both matrices are constructed based on the distance between
two vertices in the graph. The eigenvalues of these matrices lead to the formulation of the graph's
energy values. Interestingly, the energies obtained are equal to twice the spectral radius and are
hyperenergetic.
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Introduction

The non-commuting graph on a finite group G, denoted by I, with the set of non-central elements of
G as the vertex set of I;;. Two vertices v, # v, of I; are adjacent whenever v,v, # v4v, [1]. Alimon, et
al. [3] have discussed the Szeged index of this graph for the dihedral group, D,,. The Szeged index
definition was originally defined by Gutman & Dobrynin [8] in 1998. Fath-Tabar, et al. [6] introduced the
Szeged matrix of a graph in 2010. Later, Habibi and Ashrafi [9] continued the lines to define the revised
Szeged matrix of a graph. Furthermore, the graph matrix was extended to the Padmakar-lvan matrix
[12].

Initially, the connection between the graph and algebra is represented by the adjacency matrix. Gutman
[7] introduced the energy of a graph based on the eigenvalues of this matrix in 1978. The interesting
results on the energy value were given by [5] and [13] who described the values as neither an odd
number nor the square root of an odd number. Such authors investigated their research on the energy
of I; for the dihedral group, D,,,, such as the Seidel Laplacian and Seidel signless Laplacian energy [19],
and Sombor energy [21]. In addition, D,,, group is also a research topic in building power graphs as has
been done by Rana et al. [15] and another research by Romdhini et al. [18] who discuss the spectral
perspectives. Likewise, Sehgal et al. [23] discussed the coprime graph of D,,,.

The applications of graph energy can be found in Sun et al [24] to analyze and compare the protein
sequences, satellite communication [2], and decision-making theory [20,22]. Moreover, other
applications are reported for recognizing patterns and faces [4], identifying objects [25], analyzing images
[26], and international transfer of cancer patients [16].

Motivated by this, the authors investigate the Szeged and Padmakar-lvan matrices of I; for D,,, and
observe the characteristic polynomial, spectrum, and energy. The methodology consists of constructing
the Szeged and Padmakar-lvan matrices of I;, analyzing the spectrum and spectral radius of I;;, and
computing calculating the Szeged and Padmakar-lvan energies.

Preliminaries

This research focuses on the dihedral group of order 2n, where n > 3, D,,, = (a,b : a™ = b?> = e,bab =
a~'). For further discussion, we denote I}, as the non-commuting graph for D,,,. The following result
gives the isomorphism of I;,, with some common types of graphs.
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Theorem 2.1. [14] Let K,, is a complete graph on n vertices, then

K,, for odd n
= n
Ib,, = K, — EKZ, for even n.

The graph I, is associated with the Szeged and Padmakar-lvan matrices. We first consider Definition

2.1 for defining the Szeged and Padmakar-lvan matrices definition in the next two consecutive
definitions.

Definition 2.1. [8] For e = (v,v,) € Ip,, ,

na(e|lb,,) = [{x|x € Iy, d(x,vp|1p,,) < d(x,vq|1b,,)}:
nz(e|rD2n) = |{v|x € FDzn‘d(x' UperZn) > d(x' UQ|FDzn)}|'

Definition 2.2. [6] The Szeged (S) matrix of I, , S(Ip,,) = [spq] in Which (p, q) —th entry is

sy = PElTo) (el ), e = ) € 1)
pa 0, otherwise.

Definition 2.3. [12] The Padmakar-Ivan (PI) matrix of I, , PI(Ip, ) = [pipq] in which (p, q) —th entry is

L nl(e|FD2n) + nz(e|1"D2n), ife = (v,vy) € Ip,,)
Plva =19

otherwise.

The formula of Szeged and Padmakar-lvan energies of Ip,, are Es(Ip, ) = Xi%,14;| and Ep (I, ) =

2iluil [7], where 44, 43, ..., Ay @nd iy, p, -+, i, are the eigenvalues of S(I,, ) and PI(I},, ), respectively.
In this case, m =2n—1 for odd nand m = 2n — 2 for even n. The spectrum of I, , Spec(I"Dzn), is
{/1’1‘1, 1’2‘2, ...,A’,‘n’"} or {ufi,u;‘z, ,ufn"'} associated with S(I,, ) or PI(I,,), respectively, where ky, ks, ..., kn,
are their respective multiplicities. The spectral radius of I, is ps(Ip,,) = max{|Al: 1 € Spec(Ip, )} or
ppi(Ip,,) = max{lul: u € Spec(Ip,,)} [10]. Moreover, I, can be stated as hyperenergetic if the energy
is more than 4(n — 1) for odd n or more than 4(n — 1) — 2 for even n [11].

The following lemma and proposition are from previous results that are used in formulating the
characteristic polynomial of Iy, .

Lemma 2.1. [14] For real numbers a, b, c and d, and an n X n matrix J,, in which all entries are 1, then

A+ a)1n1 —aJy, —CJn,xn,
_d]nzxnl (A + b)lnz - b]nz

(n1+ny)x(ng+ny)
can be simplified as

A+a)m (A + b)”z‘l((/l —(ny —Da)(A— (n, — 1)b) — nlnzcd),
where 1 <ny,n, <nandn; +n, =n.

Theorem 2.2. [17] If r, s, t are real numbers, and even number n, then the characteristic polynomial of
an (2n — 2) x (2n — 2) matrix

r0 . 0 s . s s .ee ST

S e mrs T e e e
M=|: - S A S =!S]%><(n—z) t(]_l)]% t(]_l)]%

N st 0t 0 s t(] -1 t(] —1

S 0 ¢ 0 ¢ l ]%X(‘n—Z) U )]% U )]%J

S s t 0t 0
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can be simplified in an expression as

3n—
2

Py = (A T (A + 207 (42 = (n = 2)t4 — n(n — 2)s?).

Szeged Energy of I'j,

Let us start with the characteristic polynomial of I, corresponds to the Szeged matrix.
Theorem 3.1. In I}, , then

(1) for odd n, Ps(ry,, (1) = D 2A+ 1)1 (A% + (1 —n)A+n(1 —n)d),

(2) forevenn, Py, y(A) = (1)32;6(1 + 8)3_1(12 —4(n—2)A—4n(n - 2)3).

Proof.

(1) Letn is odd and suppose G; = {a,a?-,a"*}and G, = {a'b:1 < i < n}.If e = uv is an edge of I, ,
then the entries of the Szeged matrix of I, , S(I"Dzn), are described as follows:

(i) From Theorem 2.1, there is no edge between a,a?,--,a™ 1 in Ip,, which means for u, v € Gy, the
entries of S(I;, ) are zero.

(i) For u € G; and v € G, or vice versa, then n (e|I, ) = 1 and n,(e|lp,,) = n — 1. Consequently,
the entries of S(I;,,, ) are 1-(n—1) =n—1.

(iii) For u, v € G, then ny(e|I},,,) = 1 and n,(e|Ip,,) = 1. Hence the entries of S(I, Jare 1-1 = 1.

Therefore, S(Ip,,) is a (2n — 1) X (2n — 1) matrix as follows:

a a? - a*' b ab - a™'b
‘7; r 0 0 0 n-1 n—-1 - n-1j
a 0 0 0 n-1 n-1 - n-1
S(p,)=a"'| o 0 - 0 n-1 n-1 - n-1|
b In-1 n—-1 - n-1 0 1 1
ab n—1 n—-1 - n-1 1 0 1
avpmn-1 n—-1 - n-1 1 1 - 0
Then, the Szeged matrix of I, can be expressed as
On—l (n - 1)](11—1)><n
S, = | |
o) = |0 = Doy U =D

and the determinant below is the characteristic polynomial for S(Ip,,),

AlL,_ (1 = 1)
PS(FDZn)(A) — n-1 (n—-1)xn

(1 - n)]nx(n—l) (}L + 1)1n _]n '
Based on Lemma 2.1, witha =0, b=1,c=d =1—n,n, =n—1, and n, = n, therefore

Ps(rbzn)(/l) =" 2+ DA% + (1 —n)A+n(l —n)3).
(2) Letn is odd and suppose G, = {a, a?, --‘,ag‘l, a%H, --‘,a"} and G, ={a’b:1<i<n}.Ife=uvisan
edge of I}, , then the entries of the Szeged matrix of I, , S(I“Dzn), are described as follows:

n

(i) From Theorem 2.1, there is no edge between a,a?, --,az %, az*?,--,a" in Ip,, Which means for
u,v € Gy, the entries of S(I;,, ) are zero.
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(i) For u € G; and v € G, or vice versa, then n, (e|l}, ) = 2 and n,(e|lp,, ) = n — 2. Consequently,
the entries of S(I;,, ) are 2+ (n — 2) = 2(n — 2).
(iii) For w,v € G,, then ny (e|l},,) = 2 and ny(e|l},, ) = 2. Hence the entries of S(I;,, ) are 2-2 = 4,

except for a'h, azt'b € G, which are zero since there is no edge between those two vertices.

Therefore, S(Ip,,) is a (2n — 2) X (2n — 2) matrix as follows

a @t P S ant b e a @b e g™ 1p
a 0 0 0 0 2(0—2) - 2(n—=2) 2n—=2) - 2(n—2)
a0 0 0 0 2n—2) ~ 2n—-2) 2n-2) - 2n-2)
ot 0 0 0 0 2(0—=2) - 2(n—-2) 2(n—=2) - 2(n-2)
I 0 0 0 2n=2) - 2n-2) 2mn-2) ~ 2m-2)|
b |2(n-2) -~ 2n-2) 2(n-2) - 2(n-2) 0 4 0 4
Epl2m=2) - 2m-2) 2m-2) - 2m-2) 4 -« 0 4 0
ap 120=2) - 2m-2) 2(0-2) -~ 2(n-2) 0 4 0 4
a"ilb»z(n; 2) 2(n'— 2) 2(n'— 2) 2(n‘— 2) 4 0 4 0

In other words, S-matrix of I, can be written as

[ O 200~ D gt 200 = D o]
S(FDzn) = |2(n - z)jgx(n—z) 40 - 1); 40— 1)% |
[2(n = D)1y nz) 40 = Da 40-Dr |

Based on Theorem 2.2 with s = 2(n — 2) and t = 4, we get

3n—6

Ps(r,, )W) = ) =

(A +8)2 7 (22 — 4(n — 2)1 — 4n(n — 2)?).

In the next results, we prove the S-spectral radius, pS(FDm), and S-energy of I, .
Theorem 3.2. In I},

(1) ps(Ip,,) = n(n — 1), for odd n, and
(2) ps(I,,) = 2n(n — 2) for even n.

Proof.

(1) Based on Theorem 3.1 (1) when n is odd, we have PS(FD2 )(/1) which implies four eigenvalues of I, .
Then we get A, = 0 of multiplicity n —2, 4, = —1 of multiplicity n—1, A3 =n(n—1) and A, =
—(n — 1)?, each of multiplicity 1. Thus, the S —spectrum of Ip,, is

Spec(lp,,) = {(n(n — 1), (0)"2, ()" (-(n — 1)?)1}.

Now for i = 1,2,3,4, based on Spec(I"Dzn), the maximum of absolute eigenvalues |1;| is the S-spectral
radius of I, ,

Ps(rpzn) =n(n-1).

(2) Performing PS(FDZ )(/1) = 0 from Theorem 3.1 (2) for even n, we get the eigenvalues of I}, , which

3n

are A, = 0 of multiplicity 2_6, A, = —8 of multiplicity g— 1 and the other two eigenvalues are 43 =

2n(n — 2) and A, = —2(n — 2)? each of multiplicity 1. So that

10.11113/mjfas.v20n5.3629

1186



MJFAS

Romdhini et al. | Malaysian Journal of Fundamental and Applied Sciences, Vol. 20 (2024) 1183-1191

3n

=, (=8)i L, (—2(n — 221},

Spec(Ip,,) = {(Zn(n -2)L(0)
From the spectrum mentioned above, we finally arrive at

Ps(rz)zn) = 2n(n — 2).

The result of the Szeged energy of I, is presented below.

Theorem 3.3.In I}, ,

(1) Es(Ip,,) = 2n(n — 1), for odd n,
(2) Es(Ip,,) = 4n(n — 2), for even n.

Proof.

1. From the eigenvalues of Spec(I3;) in Theorem 3.2 (1) for odd n, we can obtain the S-energy of I, .
Sincen = 3 forn € N and n is odd, then

Es(Ip,,) = MIn(n = 1]+ (n = 2)[0] + (n = DI=1| + |-(n — 1)*| = 2n(n — 1).

2. For even n, it follows from Theorem 3.2 (2), the S-energy is presented below

3n-6
2

Es(Ib,,) = (M12nn - 2) + (22) 0] + (2 = 1) 1-8] + |-2(n — 2)?| = 4n(n - 2).

Padmakar-lvan Energy of I'y,,

This section focuses on the Padmakar-lvan matrix of I, .

Theorem 3.4.In I}, , then

(1) for odd n, Ppy(r,, 5(1) = A 2A+2)" (A% +2(1 —n)A + (1 — n)n3),
(2) for even n, P, y(A) = )2 *(2%2 + n(n — 2)(3n? — 16n + 16)32).

Proof.

(1) Let n is odd, for the same reason as the proofing part of Theorem 3.1 (1), then the entries of the
Padmakar-lvan matrix of I,, are as the following:

)
i. Foru,v € G, the entries of PI(I},, ) are zero;
ii. Foru € G; and v € G,, or vice versa, then the entries of PI(I"DM) arel+(n—1)=n;
iii. Foru,v € G, then the entries of PI(I},, Jare 1+1 = 2.

Therefore, PI(Ip,,) is a (2n — 1) X (2n — 1) matrix as follows

a a? av* b ab - a™lb
‘7; 0 0 0 n n .- n
a 0 0 0 n o n o n
PI(Ip, )= a" |0 o 0 n n n
b n n n 0 2 2
ab n n n 2 0 2
a1y ln n n 2 2 0

10.11113/mjfas.v20n5.3629

1187



MJFAS

Romdhini et al. | Malaysian Journal of Fundamental and Applied Sciences, Vol. 20 (2024) 1183-1191

Then, the Padmakar-lvan matrix of I;, can be expressed as

_ On—l n](n—l)xn
PI(FDZ") - [n]nx(n—l) 2(] - I)n]’

and the determinant below is the characteristic polynomial for PI(I}, ),

/un—l n](n—l)xn
n]nx(n—l) A+2), -2,

PPI(FDZH) =

Based on Lemma 2.1, witha =0, b =2,c=d =n,n; =n—1, and n, = n, therefore
PP,(FDM)(A) =) 2A+2)" 1A%+ 2(1 —n)A + (1 —n)n?).

(3) For even n and by the same reason as the proofing part of Theorem 3.1 (2), then the entries of the
Padmakar-Ivan matrix of I, are as the following:

i. Foru,v € G, the entries of PI(I}, ) are zero;
ii. Foru € G; and v € G,, or vice versa, then the entries of PI(I"DM) are2+ (n—2)=n;

iii. Foru,v € G,, then the entries of PI(I"DZn) are 2 + 2 = 4, except for a’b, az"p e G, which are zero
since there is no edge between those two vertices.

Therefore, PI(Ip,,) is a (2n — 2) X (2n — 2) matrix as follows

a a;—l a§+1 T L S ag_lb a%b . a™1p
‘:l 0 0 0 0 n n n n
ai_l 0 0 0 0 n n n n
az't |0 0 0 0 n n n n
PI(FDZn) = a"“l 0 . 0 0 e 0 n e n n e n
b n n n n 0 4 0 4
ag_lb n eee n n aee n 4 eee 0 4 eee 0
n n .ve n n .ee n 0 “ee 4 0 eee 4
aZb H ‘ H H ‘ H H N H H . H
a";lb ln - n n e n 4 e 0 4 ... ol

The PI-matrix of I;,, can be written as

[ On-z 7/ n-2)%% nJ (n-2)x2|
PI(Ip,,) = |nlgx(n_2) 40 =Dz 40 = Dr |
|[Visnozy 40U —Dr 40 =Dz|

2 ( ) 2 2

Repeated application of Theorem 3.1, with s = n dan t = 4, we get

P,y @) = () 7 (A+8): 122 — 4(n — 2)A — n*(n — ).

The next theorem is the spectral radius of I, associated with the Padmakar-lvan matrix.

Theorem 3.6. In I},

(1) ppi(Ip,,) =n—1+4+/(n—1)? + n3(n — 1), for odd n, and
(2) pPI(FDzn) =2(n—2) +4(n—2)2 + n3(n — 2), for even n.
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Proof.

(1) Based on Theorem 3.5 (1) when n is odd, we have PP,(FD2 )(/1) which implies four eigenvalues of I, .
Then we get A; =0 of multiplicity n—2, A, =-2 of multiplicity n—1, A3,=n—-1%
J(n—1)? + n3(n — 1) each of multiplicity 1. Thus, the PI —spectrum of I, is

spec(lp,,) ={(n—1+ (- 1Z +n3(n - D), )2 (2" (n—1—- - DZ+n3(n— 1))1}.

Now for i = 1,2,3,4, based on Spec(FDzn), the maximum of absolute eigenvalues |4;| is the PI-spectral
radius of I, ,

ppi(Ip,,) =n—1+/(n—1)? +n3(n—1).

(2) Performing PP,(FD2 )(/1) = 0 from Theorem 3.5 (2) for even n, we get the eigenvalues of I, , which
3n—-6
2
2(n—2) £ /4(n — 2)% + n3(n — 2) each of multiplicity 1. So that

are A, = 0 of multiplicity , 1, = —8 of multiplicity % — 1 and the other two eigenvalues are A3, =

Spec(Ip,, ) = {(z(n —2)+ /4 —-2)2 +n3(n— 2))1, (0)3"2—_6, (-8): 7, 2m-2)-
Jin -2+ -2) }.

From the spectrum mentioned above, we finally arrive at

ppi(Ib,,) = 2(n—2) +/4(n—2)? + n3(n — 2).

Theorem 3.7.In I}, ,

(1) Epi(Ip,,) =2(n =14/ (n — 1D?+n3(n — 1)), for odd n,
(2) Epi(Ip,,) = 2(2(n = 2) + 40 — 2)2 + n*(n — 2) ), for even .

Proof.

(1) From the eigenvalues of Spec(I3) in Theorem 3.6 (1) for odd n, we can obtain the PI-energy of I, .
Sincen = 3 forn € N and n is odd, then

Epi(Ip,,) = (n=2)10] + (n = DI-2 + [n =1 £ /= D2+ n3(n - 1))
=2(n-1+/(n—1?+n3(n-1)).

(2) For even n, it follows from Theorem 3.6 (2), the PI-energy is presented below

Epu(Tb,,) = (D 200~ 2) £ V&0 =27 + G = D) + (7o) lol + (5~ 1) 1-8
=2(2(-2) + A -7+ P (n - 2)).

Discussions

By examining the results of Theorems 3.2 and 3.3 and Theorems 3.5 and 3.6 we obtain the explicit fact
that the obtained energies are twice their spectral radius of Iy, .

COI’O"ary 41. In FDZTL’ ES([‘DZn) =2- ps([‘Dzn) and EPI(['DZn) =2 pPI(['DZn)'

The classification of I, is presented below.
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Corollary 4.2. I;,, is hyperenergetic corresponds to the Szeged and Padmakar-lvan matrices.
Based on Theorems 3.3 and 3.6, we derive the following fact.

Corollary 4.3. In I, , the Szeged energy is always an even integer.

Corollary 4.4. In I, , the Padmakar-Ivan energy is never an odd integer.

As the illustration, we provide one example for Dg as presented in Example 4.1.

Example 4.1. Let Dg = {e, a, a?, a3, b, ab, a®b, a®b}. By excluding the center of Dg, we have 6 vertices
in I'p,. The non-commuting graph for Dg is as in Figure 1.

a’b a3b
Figure 1. Non-Commuting graph for Dg

The construction of the Szeged matrix of I, is as the following

o 014 4.4 4

S e
S(Ip,) = PI(Ip,) = | | =4)2 —4L+4), —4L + 4|

4 4.4 004 08 gy 4L +4), —4l+4]

4 4.0 4,0 4 2 2Tz z Tz

4 4,4 0,4 0

The characteristic formula of S(I,,) and PI(I},) are

PS(FDS)(A) = PP,(FDS)(A) =3 +8)?2(1 - 16).
By using Maple, we have confirmed that

Spec(Ip,) = {16M, 0, —8@} and ps(I},) = ppi(Ip,) = 16.
Therefore, the Szeged and Padmakar-lvan energies of I}, are as follows:

Es(Ip,) = Epi(Ip,) = (DI16] + (3)[0] + (2)|-8| = 32 = 2 ps(I;p,) = 2 pp(Ip,)-

Conclusion

Graphs can be defined in groups as demonstrated in this paper. They can also be associated with
matrices based on certain definitions such as the Szeged and Padmakar-lvan matrices. The eigenvalues
of these matrices provide the concept of spectral graph theory. In this article, the formula of the spectral
radius and energy of I,, associated with both matrices are determined. We also presented the obtained
energies are always twice their spectral radius and are hyperenergetic. For further research, the
discussion can be extended to the graph defined on rings including the prime ideal graph.
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