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Abstract Main aim of this article, we derive sufficient conditions of new results for Picone identities
for a certain class of conformable half-linear anisotropic biharmonic equations. We derive a Strumian
comparison theorem and oscillation results. Furthermore, the oscillation results are different from the
most known ones in the sense that they are based on the information for radial solutions. This paper's

results expand upon and broaden a few of the previously established results for conformable half-linear

anisotropic biharmonic equations. If p; = 2, y = 1and a = 1, then conformable half-linear anisotropic
biharmonic equations (4) become the classical biharmonic equation. These novel outcomes add to the
body of knowledge already available in the classical example. To illustrate the usefulness of our new
results, we give an example.

Keywords: Picone identities, anisotropic biharmonic equations, anisotropic hardy type inequality,
oscillation.

Introduction

To establish oscillation theory and the Strumian comparison theorem, a Picone identity is fundamental
[2], [3]. For fourth-order ordinary equations, there are two varieties of Picone identities that are
recognized [12], [13], [17] —[20], [22]. There has been a lot of interest lately in researching the anisotropic
Laplacian has important mathematical theoretical merit but is not widely used in natural science
applications. The applications are in science and engineering. When the media's conductivity varies in
each direction, the anisotropic physical characteristics of some reinforced materials describe the fluid
dynamics in the anisotropic media and image processing [4], [6], [7], [14], [21]. Khalil et. al.[9] developed
a limit-based derivative with good behavior termed the conformable fractional derivative. Day to day,
there has been significant growth in their direction. The reference lists a few of the studies [1], [5], [8] —
[11], [15], [16].

Motivated by Picone's identity [19], we study the j and J ordinary differential operators by,

jlu] = (a;u")" = (a;u')" + azu, and (1)
JIvl = (Av")" — (A2v')" + Agv. ()

Prove the identity that is

d r
S Y = V@) + 0 aa) ~ )+ a) — ua )|

v
=(a; — A1)(u")2 + (ap - Az)(u’)z + (a3 — As)(u)z + A (u" - FV">

V(A + Ay ()7 (5 - 3)2 + 2 (W[v] = vj[u)). (3)

V.
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then, the oscillation theory of solutions and the Sturmian comparison principle was obtained.

This paper aims to identify a Picone identity for conformable half-linear anisotropic biharmonic equations.
As an application of the form, we derived the Strumian comparison theorem,

p(l,y[u] = in=1 D)z(i(x(lDzauXiXi|pi+y_3D2auXiXi) + C(x)lulpi+y_3u’ pi > 1J (4)

where a € (0,1], y> 0. Note that if y =1, the equation (4) becomes a conformable anisotropic
equations. If p; = 2, y = 1, the equation (4) is called a conformable biharmonic equations. If p; = 2, y =
1 and a = 1, then equation (4) is called the classical biharmonic equations.u(x) € C**(G, R) N C(G, R)
which is absolutely continuous with four times a — fractional derivative in every compact subset of G and
almost everywhere on G. This article is structured as follows: In section 2, a few necessary definitions
and a lemma are provided. In Section 3, we examine the Strumian comparison theorem, the Picone
identity. Section 4 discusses a few oscillation results. We provide an example of our results in section 5.

Preliminaries

The Basic definitions of conformable derivatives and discuss analogue of conformable Picone identities.

Definition 1.1 [9] Given u: R, — R. Conformable fractional derivative of u of o order is defined by
D*(u)(y) = lim e D),

Vy>0, a € (0,1]. If u is a-differentiable in some (0,a),a > 0 and limy_q+ u® (y)exists, then given by
u*(0) = limy_o+ u* (y).

Definition 1.2 [9] 1¢(W)(y) = IX(y* (W) = [/ 2% q

XlO(

The integral is this case is the regular Riemann improper integral.

Proposition 1.1 [9] Assume o € (0,1], at some pointy > 0, u, v be a-differentiable. The

1. D% (a,u+ a,v) = a;D%(u) + a,D*(v),
2. D*(y%)=qy?™,
3. D%(a) =0,
4. D%(uv) = uD*(v) + vD*(u),
a(u _ vD¥*(u)-uD%(v)
5. D (V) - v2 !
6. If uis differentiable, then D*(u(y)) = yl‘“m;—g:v).
Definition 1.3 [5] Consider u to a function with m variables yj, .....,ym, then conformable partial

derivative of uin order 0 < a < 1 in y; is given

AR ) = lim "0 Vim0 VHE VT Ym) = UG, - Yim)
y;c Vi e r¥Ym im c .
For conformable half linear biharmonic operators p,, and P, defined by, we prove (1) and (2) to an
analogue of Picone identity,
Paylu] = D?*(a; (30 [D**u[Y"'D?*u) + ay () u]’"u, (5)
Pyy[v] = D**(A; () [D**V[YID?*V) + A, () [v[Y v, (6)
Assuming G to be a bounded domain in R"with a piecewise smooth boundary G, we can say that A,a €
C2*(G,R,), and C, ¢ € C(G, R).

o
D%uy, =

The u € C**(G, R) n C(G, R) is defined to the domain ID)payy((G) of pg,y. A similar definition applies to the
domain ID)payy((G).

Lemma21 Ifue ]D)payy((G),v € ]D)payy((G) and v is not equal to 0 in G, then,
u
D2« ;{uD“(Al(X)IDZ“VIV‘lDZ"‘v) —vD%(a; (x)|D?*u|Y~1D?*u)}

v(a; (x)|D?%u|¥~1D2%) — D*u(A; (x)|D?%v[Y~1D%%v)}
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= = (UPay V] = ¥yl + (2160 = A, GO)IDZuY + (2 GOlul¥~" = Ay GOIVIY )2

« 2

+A;(x) (D2u — 22 A%) " — DX(DY(A, (x)[D2%v[~1D2ev)). @)
We generalized (7) to an analogue of conformable biharmonic equations v> 0 and u > 0,

2

20, _ DM — In2ay (2 4 (PHu)T 20,112
(p?eu — 22 p2ey)” = |p2eyl +(Dav) 2(2Y) preup2ey
— |D2uu|2 — D% (%) D2y, (8)
We extended (8) to a conformable p-biharmonic equations v > 0 and u > 0,
D« p pou\P~1 -

(Dz"‘u - DT:DZ“ ) [DZ*u? + (p— 1) (DO‘V) -p (DT:) D2%y|D?%y|P~1D2%y,

= D2 — D ( ([()[;V;‘;ﬂ) |D2%y|P-1D2%y, 9)

Half Linear Anisotropic Biharmonic Equations
In this section, we see the conformable half linear anisotropic biharmonic equations and we derive a
Strumian comparison theorem.

Pay[ul = 2L, D2%(a;(x)|D2%Uy,y, [PHY3D2%uy ) + c(x)|ulP*Y 3y, x € G, (10)
Py [Vl = Bty D2%(A; (X) D2 %y, [PIFY3D2%y o ) + C) VP 3y, x € G, (11)

Assuming G to be a bounded domain in R" with a piecewise smooth boundary dG, we can say that
Ay a; € C*(G,R,) (i=1,2,..,n),C c € C@G,R).

The u € C**(G, R) N C(G, R) is defined by the domain ID)payy(G) of py,y. According to definition, the domain
]D)pa’v((G) is the same as P, .

Theorem 3.1 If two continuously conformable differentiable sets u and v in G € R", they are,
n

La(u,v) = Z D2ty [PHYTE + Z(pi +v—2)
i=1 i

D%, \PitY 2 o
_Zinzl(pi +y-— 1) (D“_vxl) Dzauxixi |D20¢vxixi|Pi+V—3D20¢inxi (12)
' pi+y-1
n 20 pi+y—-1 n o [(0%x) pi+y-3p2a
Re(u,v) = Xilq [D* Uy [PFYT = XL DY, (e [D2%v, y [PHY=3D 20y, (13)
i) Lo (u,v) = Ry (u,v),
i) Ly (u,v) = 0 and
ii) L(uv)-OlffD,%f"(au)—Oan
Proof. i) L,(u,v) =Ry (u,v) (14)

n n (D“u )pi+y—1
. — Xi . —_
Re(,) = D D% [PrY-1 —Z Dg (W) D2 [P 3Dy
i=1 i

= B 1D PP 4 T (i 4y = 2) (B D20 |

)Pi+V—1
n g\ P2, +y-312

i a [od i+y— [od
izl(pi +y-— 1) (D“v ) D uxixi |D inxilp1 Y=°D inxi

= Ly(u,v).
ii) To prove Ly (u,v) > 0, we rewrite by
n

pity-1
La,v) = D D% [P 1+Z(pl+v 2)( Dy |>
i=1 Xi

[X

pit+y-2
z Uy, pi+y-3
+ (pl + Y - 1) (Duv ) |D2uVXiXi| (lDZ'xVXiXi | |D2quiXi| - DzauXiXiDquXiXi)

Pty 2a PitY=3 5oq 2a
- 21 l(pl + Y~ 1) (qu ) |D VXiXi| D VXiXi |D uXiXil
=141, (15)
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Where

Ay pi+y-1
Z|D2“uxx|pl+“+2(pl+v 2)( |D2°‘vxx.|>

i=1
D% pl
Lipit+y—1) (Dav) |D2°‘

D%, \PitY~ pi+y-3
= 1(p1 +y—-1) (D“v ) |D2(XVXin| (lDzanixillDzauxixil - DzauxjxiDzavxixi) (17)

Recall, the Young’s |nequaI|ty m > 0 and n > 0. We have

pity-3
| DzaVXiXi | DzauXiXi | (16)

mn<m?p+% where%+3=1
Equality holds if mP = n9, where p > 1,q > 1. We take

D pity-2
m= Zin:1|D2aux-x-| and n=Xi (Davx1 |D2avx1xl|)
n 2a D%uy; D2« pity=2 D2« pity-1
i=1[D uxixil (D”‘ inxi|> <2 1 prty— 1)| uxixil !
pity-2 §:+Z:z
+2?=1(%)((§%x o) ) - ()

Then, using then equation from (16), we obtain I > 0.
Clearly, I1 > 0 in virtue of L, (|D?% vy, ||D*®uy,y, | — D?*uyx,D?*vy,x,) = 0 holds simultaneously.
Hence L, (u,v) = 0.
Let us consider that iii) L (u,v) = 0. In fact, if L, (u, v)(x¢) = 0 and (%) # 0, (x¢) € Q.
?:1 |D2aux iXi | |D Vi x,l - ?:1 DzauxixiDzaVXixi ylelds

11 D2 () ) = 0.

D°‘uXi

D‘vai

If u(xo) = 0, then 3L, D*u,, = 0 a.eon Q and }i, D,%f‘( ) = 0. Hence the proof.

Theorem 3.3 Suppose a; = A;, ¢ < Cin the bounded domain G. Let u € C**(G, R) 3 ID)pa’y[u] is zero,

I D2 (a3 (0|02t [V T D2 ) + €GO lulPHY 3,
Next, the following conformable half linear anisotropic biharmonic equations can be solved non trivially
by v,

n D,Z(i"‘(Ai(x)|D2°‘vxixi|pi+y_3D2°‘vxiXi) + C(x)|v|Pi*¥—3v, must change sign.

Proof. Assume to the contrary, thatv # 0 in G. Let v > 0 we observe that,

0<f L(uv)d,XX—f o(u, v) dgx

n ( D% )pi+V—1
f [Zle a7 Z <(axw>'Dza"xixi|pi+y_3D2avX‘Xi]dax

( D% , pl+V 1

f Z ID*uy |p1+V Hdax - f Z ((D“ pity- 2) |DzaVXiXi|pi+Y_3D2aVXiXid0‘X

)Pi+V_1

(pu
f ZlDZa |p1+y 14 X_f ZD (lDZaVXX |p1+Y 3p2ay XX])( - Xl)p1+y zd X
l+ 1
L, fo (c®) =€) (D%uy,)” v dx < 0.
Which is contradiction. Hence the proof.

Oscillation Results

Now we investigate the oscillation solutions of

Py [V] = Bl DEA | D2 V| D2V ) + CROIVIPHY 3y = 0, (19)
Where y > O a € (0,1] and a bounded domain G c Q, that Q is an exterior domain in R", assume that

A; € C2%(G,R,) (i=1,2,..,n) and C € C(G, R).

A solution if, foreveryr > 0, Q, = Qn{x € R™|x| >r},v € mey(ﬂ) has a zero, it becomes oscillatory in Q.
AX)=n max Ai(%).
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A(r) and C(r) are the spherical means of A(x) and C(x) to the sphere S, = {x € R™: |x| = r}, respectively.
A) = s, AG oS,

C(r) = ﬁ Js, €O dgS.

Here w,, is the sphere’s surface area. We observe that the conformable half linear anisotropic biharmonic
equations have a solution y(r).

D« (rn—lDtx (K(r)rl—n((lDa(rn—lDtxy)Dpi+y—3Dtx(rn—1Do¢y)))) + r“‘lﬁ(r)lylpi+y‘3y =0,

then a conformable, radially symmetric solution of is v(x) = y(r) of

Pay[V] = Ty DEEA(XD[D2 vy | D2vy) + TURDIVIPHY 3y = 0.

Theorem 4.1 Consider the conformable half linear anisotropic biharmonic equations

D% (rn—lDtx (K(r)rl_n((|D“(rn_1D°‘y)|)pi+y_3D“(rn_1D°‘y)))) + r“‘lﬁ(r)lylpi”‘?’y =0. (20)
If each solution v € ]D)payy(Q) of the conformable half linear anisotropic biharmonic equations (19) is
oscillatory at r = oo, then Q is oscillation.

Proof. If y(r) of (20) has a nontrivial solution, let {ry }y—,be the zero sequence such thatr, <r; <r; ...,
llim rx = . Get,

Gy =EeERY,r <X <re1} (k=12,...),

v(x) = y(r), define that

n

2 pity-3 y—
Mg, [v] =f ZAi(x)(Dz"‘inxi) [D2%vy | + C(x)|v[PitY=3v2| dx
G 1i32

< Jo [ 28 max 4160 (D2vy, ) [D2vyy, + CEOvIPHY=3v?| dox

=w, frrkkﬂ [rn—l (K(r)rl—n((lDa(rn—lDay)|)pi+y—3Da(rn—1Day))) (DaDay) + rn—lc(r)lylpi+y—3y2] dar

<0, (pi>1)
that v oscillates in Q since it contains a zero on every Gy (k = 1,2, ....). Hence the proof.

|Pi+V—3

Remark 4.1. In the instance, here A(r) = 1,a = 1,p; = 2, y = 1, equation (20) was derived by Yoshida
[21], (see Lemma 1.6.1, P. No. 27).

Example
We consider the conformable half linear anisotropic biharmonic equations
pity-3 py—
i=1 D)Z(;X(AolDzanixil Y DzaVXin) + Colv[Pi*Y3v =0, (p;>1) (21)

in Gy, = {x € R": x| = ro}(rp > 0), wherey > 0,A, > 0 and C, > 0 are constants and a € (0,1]. Then the
conformable radially symmetric solution for (21) is the following

D« (rn—lDa (Aorl—n((lDa(rn—lDay)|)pi+y—3Da(rn—1Day)))) +I‘n_1C0|y|pi+Y_3y =0, r> Io (22)

This, with A(r) = A, and C(r) = C,, is a special case of (20).
i) Assume thatn < p; + y — 1. Then we obtain
1 1 (n-1)
o 1 j+y— © N TUTNTS ity _
o Gt dar = [ g™ WV 0 dr = o0
Since fro "~ 1C(r)d.r = G, fl‘o " 1d,r = oo,
Since equation (22) oscillates at r = oo, Theorem (4.1) states that every solution v € mey(le) of
equation (21) oscillates in Gy, .
i) Suppose thatn > p; +y— 1. We get
1 1 (n-1)
© 1 i+ty= © T s
fro (rl‘" ./3.(1‘))13l " dor = fro Ag PV PR dgr < co.
It is simple to observe that
1

_ « 1 pi+y-2
) = fr (s“‘3l K(s)) ds
0 n-1+a(pj+y-2)

1
= AO_ pi+y-2 (—pi+y—2 )I‘ pi+y—2
1-n—-a(pj+y-2)

And therefore

v _ (pity-1) 4ty =2 PitY=1 (n—-1+a(pi+y-2))(pi+y-1)
7)™ TCw) = A, PPE g ( Piry ) " b2
1-n—oalp;+y—2)
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Ifn < (p; +v—2)?, then frf (ﬁ(r))pier_lr“_lC(r)dar =00, and ifn > (p; +y — 2)?, then

Lfr(: (ﬁ(s))piw_lsn_lﬁ(s)das < oo,

7(r)

which tends to o« as r - o. As a result, according to Theorem (4.1), the solution v € ]D)payy((le) of
equation (21) is oscillatory in Gy, since equation (22) is oscillatory at r = oo.

We conclude that for each n € N, and for non negative constants A, > 0, C, > 0, every solution v of (21)
is oscillatory in Gy, .

Conclusions

In this article, we obtain some new results for Picone identities for a certain class of conformable half
linear anisotropic biharmonic equations, derived a Strumian comparison theorem and oscillation results.
We have provided an example to show how our new results are useful.
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	−,i=1-n-,(p-i.+γ−1),,,,D-α.,u-,x-i..-,D-α.,v-,x-i....-,p-i.+γ−2.,D-2α.,u-,x-i.,x-i...,|,D-2α.,v-,x-i.,x-i..|-,p-i.+γ−3.,D-2α.,v-,x-i.,x-i..
	=,L-α.,u,v..
	ii) To prove ,L-α.,u,v.≥0, we rewrite by
	,L-α.,u,v.=,i=1-n-,|,D-2α.,u-,x-i.,x-i..|-,p-i.+γ−1.+,i=1-n-(,p-i.+γ−2)..,,,,D-α.,u-,x-i..-,D-α.,v-,x-i...|,D-2α.,v-,x-i.,x-i..|.-,p-i.+γ−1.+,i=1-n-,(p-i.+γ−1),,,,D-α.,u-,x-i..-,D-α.,v-,x-i....-,p-i.+γ−2..,,,D-2α.,v-,x-i.,x-i...-,p-i.+γ−3.(|,D-2α.,v-,...
	=I+II ,                                                                                                                                               (15)
	Where
	I=,i=1-n-,|,D-2α.,u-,x-i.,x-i..|-,p-i.+γ−1.+,i=1-n-(,p-i.+γ−2)..,,,,D-α.,u-,x-i..-,D-α.,v-,x-i...|,D-2α.,v-,x-i.,x-i..|.-,p-i.+γ−1.
	−,i=1-n-,(p-i.+γ−1),,,,D-α.,u-,x-i..-,D-α.,v-,x-i....-,p-i.+γ−2..,,,D-2α.,v-,x-i.,x-i...-,p-i.+γ−3.,D-2α.,v-,x-i.,x-i..|,D-2α.,u-,x-i.,x-i..|                                                              (16)
	II=,i=1-n-,(p-i.+γ−1),,,,D-α.,u-,x-i..-,D-α.,v-,x-i....-,p-i.+γ−2..,,,D-2α.,v-,x-i.,x-i...-,p-i.+γ−3.(|,D-2α.,v-,x-i.,x-i..|,,D-2α.,u-,x-i.,x-i...−,D-2α.,u-,x-i.,x-i..,D-2α.,v-,x-i.,x-i..)                           (17)
	Recall, the Young’s inequality m≥0 and n≥0. We have
	mn≤,,m-p.-p.+,,n-q.-q.,        where ,1-p.+,1-q.=1.
	Equality holds if ,m-p.=,n-q., where p>1, q>1. We take
	m=,i=1-n-|,D-2α.,u-,x-i.,x-i..|.   and  n=,i=1-n-,,,,D-α.,u-,x-i..-,D-α.,v-,x-i...,,D-2α.,v-,x-i.,x-i....-,p-i.+γ−2..
	,i=1-n-|,D-2α.,u-,x-i.,x-i..|.,,,,D-α.,u-,x-i..-,D-α.,v-,x-i...,,D-2α.,v-,x-i.,x-i....-,p-i.+γ−2.≤,i=1-n-,,1-,(p-i.+γ−1).|,D-2α.,u-,x-i.,x-i..|-,p-i.+γ−1..
	Now we investigate the oscillation solutions of
	,P-α,γ.[v]=,i=1-n-,D-,x-i.-2α..(,A-i.,x.,,,D-2α.,v-,x-i.,x-i...-,p-i.+γ−3.,D-2α.,v-,x-i.,x-i..)+C,x.,,v.-,p-i.+γ−3.v=0.                                                   (19)
	Where γ>0,α∈(0,1] and a bounded domain 𝔾⊂Ω, that Ω is an exterior domain in ,ℝ-n., assume that
	,A-i.∈,ℂ-2α.,𝔾,,ℝ-+.. ,i=1,2,..,n. and C∈ℂ,,𝔾.,ℝ..
	A solution if, for every r>0, ,Ω-r.=Ω∩,x∈,ℝ-n.:,x.>r.,v∈,𝔻-,P-α,γ..,Ω. has a zero, it becomes oscillatory in Ω.
	A,x.=n ,,max-1≤i≤n.-,A-i.,x...
	,A.(r) and ,C.(r) are the spherical means of A,x. and C,x. to the sphere, S-r.={x∈,ℝ-n.:,x.=r}, respectively.
	,A.,r.=,1-,w-n.,r-n−1..,,S-r.--A,x..,d-α.S,
	,C.,r.=,1-,w-n.,r-n−1..,,S-r.--C,x..,d-α.S.
	Here ,w-n. is the sphere’s surface area. We observe that the conformable half linear anisotropic biharmonic
	equations have a solution y(r).
	, D-α.,,r-n−1.,D-α.,,A.,r.,r-1−n.,,,,,D-α.,,r-n−1.,D-α.y...-,p-i.+γ−3.,D-α.,,r-n−1.,D-α.y....+,r-n−1.,C.,r.,|y|-,p-i.+γ−3.y=0,
	then a conformable, radially symmetric solution of is v,x.=y(r) of
	,P-α,γ.,v.=,i=1-n-,D-,x-i.-2α..(,A.,|x|.,,,D-2α.,v-,x-i.,x-i...-,p-i.+γ−3.,D-2α.,v-,x-i.,x-i..)+,C.,|x|.,,v.-,p-i.+γ−3.v=0.
	Theorem  4.1   Consider the conformable half linear anisotropic biharmonic equations
	,D-α.,,r-n−1.,D-α.,,A.,r.,r-1−n.,,,,,D-α.,,r-n−1.,D-α.y...-,p-i.+γ−3.,D-α.,,r-n−1.,D-α.y....+,r-n−1.,C.,r.,|y|-,p-i.+γ−3.y=0.                         (20)
	If each solution v∈,𝔻-,P-α,γ..,Ω. of the conformable half linear anisotropic biharmonic equations (19) is
	oscillatory at r=∞, then Ω is oscillation.
	Proof.    If y(r) of (20) has a nontrivial solution, let ,,,r-k..-k=1-∞.be the zero sequence such that ,r-0.≤,r-1.<,r-2.….,
	,,lim-k→∞.-,r-k.=∞.. Get,
	,𝔾-k.=,x∈,ℝ-n.;,r-k.<,x.<,r-k+1..       ,k=1,2,…..,
	v,x.=y(r), define that
	,M-,G-k..,v.=,,𝔾-k.--,,i=1-n-,A-i.,x.,,,D-2α.,v-,x-i.,x-i...-2.,,,D-2α.,v-,x-i.,x-i...-,p-i.+γ−3.+C(x),,v.-,p-i.+γ−3.,v-2...,d-α.x.
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