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Abstract In this paper, we discuss the energy of the commuting graph. The vertex set of the graph is
dihedral groups and the edges between two distinct vertices represent the commutativity of the group
elements. The spectrum of the graph is associated with the Seidel Laplacian and Seidel signless
Laplacian matrices. The results are similar to the well-known fact that the energies are not odd
integers. We also highlight the relation that the Seidel signless Laplacian energy is never less than
Seidel Laplacian energy. Ultimately, we classify the graphs according to the energy value as the
hyperenergetic.
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Introduction

The commuting graph, represented by I; and defined on the finite group G, has G\Z(G) as its vertex
set. This graph requires that v, # v, € G\Z(G) must be connected by an edge whenever v,v, = v4v,
[3]. An edge exists between v, and v, in I5;; such conditions are referred to as adjacent. The adjacency
matrix of I is denoted as A(I) = [a,q], with a dimension of n x n. If v, and v, are adjacent, a,,
equals 1, and if not, it equals 0. Furthermore, P4(,y(4) = |Al, — A(I3)] is the characteristic polynomial
formula of A(I;), where I,, denotes the identity matrix with a dimension of n x n [4]. The eigenvalues of
I, denoted as A4, 45, ..., A, are the roots of P,(r,(4) = 0. The collection of all 4, 45, ..., 4,, represented

by Spec(I;) = {/1'1‘1,/1'2‘2, ...,A’,‘L”} is referred to as the spectrum of Iy, with k4, k,, ..., k,, are the respective
multiplicities of these values. The spectral radius of I is denoted by the formula p(I;) = max{|A|: 1 €
Spec(I;)} [7]. Several scholarly articles examine the spectral radius and spectrum of alternative graph
types, including the non-commuting graph [17] in relation to the Sombor matrix, the coprime graph [18],
and the cubic power graph [12].

Gutman initially identified the adjacency energy of a finite graph in 1978 [6]. It is represented by E,(I5)
and defined as E,(I;) = X.i-414;| for I; with n vertices. Graphs consisting of n vertices and possessing
an energy greater than E,(K,) are deemed hyperenergetic, or equivalently, when E,(I;) exceeds
2(n — 1) [8]. Furthermore, energy values are never odd integers ([2],[9])-

A new graph matrix definition was put forward by Van Lint & Seidel (1966) [19], named the Seidel
matrix of I;, denoted by S(I;) = [s,q] whose (p, q) —th entry is
—1, ifv, # v, and they are adjacent
Spq =4 1, ifv, # v, and they are not adjacent
0, otherwise.

The diagonal degree matrix of order n xn associated with Iy is given by D(I}) = diag [n—1—
2dy,n—1—2d,,,--,n—1—d,, ], where d;; is the degree of vertex v; for i = 1,2,...,n. The Seidel
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Laplacian matrix [10] of order n x n associated with I7 is
SL(Ig) = D(Ig) — S(I5).

The Seidel signless Laplacian matrix [11] of order n X n associated with I7; is

Our study centers on the Seidel Laplacian (SL) and Seidel signless Laplacian (SSL) matrices of I
pertaining to the non-abelian dihedral groups of order 2n, D,,, = {a,b : a™ = b? = e,bab = a™ 1), where
n is more than or equal to three. Furthermore, its elements can be represented as a' and a'b [1]. For
odd n, the center of D,,,, denoted by Z(D,,), is equivalent to the set {e}; for even n, it is equal to {e, ag}.
The centralizer of a’ in Dy, is denoted by Cp, (a') ={a’:1<j<n}, and for a'b, if n is odd, it is
CDzn(aib) ={e,a’b}, and if n is even, it is CDZn(aib) ={e, az,a'b, ag”b}.

Some researchers have published recent findings regarding the energy of I; for D,,, where n > 3.
Degree exponent sum [13], maximum and minimum degree [14], degree subtraction [15], and neighbor
degree sum [16] matrices were among the graph matrices they performed. As an extension of those
investigations, the spectral radius and energy of I; for D,, corresponding with Seidel Laplacian and
Seidel signless Laplacian matrices are discussed in this paper. The methodology involves the following
steps: generate the Seidel Laplacian and Seidel signless Laplacian matrices of I, determine its
eigenvalues and spectrum, examine p(I;), calculate the Seidel Laplacian and Seidel signless
Laplacian energies, and subsequently observe the correlation between p(I;) and the obtained
energies. Additionally, we examine the hyperenergetic characteristic of I7.

Preliminaries

We investigate the commuting graph for the subset of dihedral groups of order 2n, D,,, denoted by I,
where G is one of the following values: G;, G, or G, U G,. The set G, is defined as {a:1 <i <n}\
Z(Dyy), and G, is defined as {a'h: 1 < i < n}. We define the Seidel Laplacian energy of I; as

ESL(FG) = ?=1|)1i|1

where 14, 4, ..., 4, are eigenvalues of SL(I;), which need not be distinct from one another. The SL-
spectral radius of I; can be calculated as
ps..(Ig) = max{|A]: A € Spec(I)}.

Furthermore, in the case where the SL-energy fulfills the subsequent criteria, I; associated with the SL
-matrix can be categorized as a hyperenergetic graph, given that it consists of 2n — 1 (odd n) and 2n —
2 (even n) vertices,

4(n—1), for odd n

Eq (I5) > {4(71 —1)—2, forevenn.

In order to determine the roots of Pg; (1) = 0, elementary row and column operations must be
performed on Py r,y(4). Denote R; and R; as the i-th and new i-th rows, respectively, that result from
the row operation of Pg;(r,y(4). Furthermore, designate the i-th column as C;, and denote the new i-th
column obtained from a column operation of Pg;(;,y(1) as C;. The above notations also can be applied
to the Seidel signless Laplacian matrix.

Now we are moving to the properties for constructing the SL and SSL-matrices. Some previous results
of I; are given below:

Theorem 2.1. [13] Let I; be the commuting graph for D,,, where G = G; U G,. Then
n—2, ifnis odd

n — 3, if nis even,

0, ifnis odd

1, ifnis even.

1. The degree of a‘ on I is dgi = {
2. the degree of alb on Iy is d i, = {
Theorem 2.2. [13] Let I; be the commuting graph for D,,,.

1.If G =Gy, then Ty = K, where m = |G, |.

_ ~ Ky, if nis odd
2.1 G = Gy then [ = {1 — regular graph, if niseven.
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By applying these two theorems, the characteristic polynomial of I; can be ascertained through the
construction of its SL and SSL-matrices. The subsequent finding offers assistance in streamlining the
procedure for deriving the characteristic polynomial of I; for D,,,.

Theorem 2.3. [5] If a square matrix M = [’g g] consists of four blocks, where |A| # 0, then
—|4 B - a1
M| =[] D_CA_IB|_|A||D CA™1B|.

Main Results

The following theorem gives the characteristic polynomial of some matrices.

Theorem 3.1. If s, t are real numbers, then the characteristic polynomial of an m x m matrix

S t “ee t
t S “ee t
M= H : . H
t t “ee S

can be simplified in an expression as
P =A—=—s—(m—-Dt)A—s+t)™ L.

Proof.
The characteristic polynomial of M is Py (1) = |(A — s + t)L,, + t],,|. We replace R; by R; = R; — R, for
every 2 < i <m. Then we see

A=s —tix@m-1)
Py(A) = .
u(d) Lu—s+ommnn (A =5+ Dlps
We replace C, by C; = C; + C, + -+ + Cpp, then
l—S— (m_l)t _tjl -1
Py =" | Loy
(m-1)x1 A=s+ )

It is obvious that Py, (1) is an upper triangular matrix. Thus, it can be simplified as the product of the
main diagonal entries as given below:
PurpyD) =@A—-s—(m-1D)A—-s+t)™ "
m]

Theorem 3.2. If s,t are real numbers, and even number n, then the characteristic polynomial of an
n X n matrix

t S ooe t t _t coe t
t ot t ot —t
M= -t t t s t
t -t t t s t
t t ooe _t t t ces S

can be simplified in an expression as
n n
Py =A—-s+@B-nt)(A—s+3t)2 '(A—s—t)2.
Proof.
Let M be a square matrix of size n x n as follows:
(s=t)n+tjn
M= [ —2tIn + tJn
2 2

—2tln + tJn

2 2
(s=t)n+tJn
2 2

We derive the following determinant

A=s+t)n—t/n 2tin — tJn
2 2 2 2

p M(Ig) (A) =

2tIn — tJn A=—s+t)In—t/n
2 2 2 2

To begin, we replace Rr_; by Rﬁﬂ. =Rn,, —R,forl<i< g Then, Py(r,)(4) can be expressed as
2 2 2
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A=s+t)rn—t/n 2tIn — tJn
2 2 2 2
—-A=s5—-0t)Ir A=s—=0)In
2 2

P M(Ig) @ =

Consequently, we replace C; by C;{ = C; + Cn

2

.o foreveryl <i< g Then Py, (A) can be written as

A —=s54+3t)[n—2tJn 2tln — tJn
P (A) — 2 2 2 2 — |A B
M(T%) On (A-=s—0I|  Ic bpI
2 2
By using Theorem 2.3, it is the form of
Pu(ry)(D) = |AlID — CA™*B| = |AlID], 1)

since C =0. The next step for |A|, following Theorem 3.1 with s=s—t, t=2t, and m = %
consequently
[Al=(A=s+@B-nt)(A—s+3t)z . 2

Meanwhile D = (4 — s — t)I= and this is a diagonal matrix. Then
2
ID| = (A —s—1t)z. 3)

Now we substitute Equations (2) and (3) to Equation (1), therefore,
Py =A-s+@B-mt)A—-s+ 3t)z '(A—s — t)z.
m]

Theorem 3.3. If 5,t are real numbers, and odd number n then the characteristic polynomial of an (2n —
1) X (2n — 1) matrix
B

t “ee t —t —t e —t1
t s -t -t -t - =t
M= t t - s -t -t - —t]|_ (s =)h-1+t/ns —tJ(n-1)xn
-t -t - —t u -t - -t —t/nx(n-1) u+0OnL, -t
—t —t e —t —t wu e —t
Lt —t o —t —t —t - yl

can be simplified in an expression as
PN =A-s+ )" (A-u+(m—-DOA—-s—n—-2)t) —n(n—1t2)(A—t —w)* L

Proof.
The determinant below is the characteristic polynomial for M,
Py (1) = A=s+t)h_1 —t/n_q t](n—l)xn
M t]nx(n—l) A—u+, +t],|

To begin, we replace Ry,; by R{,; = Ri.1 —R; for 1 <i <n—2 and replace R,,; by R,,,; = Rysi — Ry,
for1 <i <n-—1. Then, Py(1) can be expressed as

A—s —tixm-2) t tixm-1)
P2 = —A=t=9)]m-23x1 A—5—0I_, 0n—2)x1 On-2)x(n-1)
t Hixn-2) A—u t/ixmn-1)
On—1)x1 On_y —A—t—Wpnyx1 A—t—wWlh

Consequently, we replace C; by C{ =C; +C, + -+ C,,_, and replace C, by C, = Cpyq + Cpyp + -+
Con—1- Then Py (1) can be written as

A—s—(m—-2)t —tixm-2) nt tixm-1)
Py (1) = 0(n—2)><1 A=s+,_, O(n—2)><1 O(n—z)x(n—l)
(n—-1t thixm-2) A-u+ (-1t tixn-1)
O(n-1)x1 0n-1 On-1yx1 A—t—wlh

(1-n)t

We replace R, by R; =R, + (l—s—(n—Z)t

; ’ (1-n)t
)R1 and foIIowmg by Rn = Rn + (m} R2 +
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(1-n)t (1-n)t
((A—s+:)(,1—s—(n—z)c)) Rz +-+ ((A—s+t)(/1—s—(n—2)t)) Rn_1, consequently, Py (4) can be expressed as
A=s—(m—-2)t —t/ix(n-2) nt tixmn-1)
0(n—2)x1 A=s+ 8 0(n-2)x1 0n—2)x(n-1)
Py(A) = 0 0 A-u+(n—-1)t) A-s—(n—-2)t)+n(1-n)t? (1-n)t )
1x(n-2) FR— (l—s+t)(/'l—s—(n—z)t)]lx(n_l)
Om-1)x1 On_q On-1)x1 A—-t—wlh4

It is obvious that Py, (1) is a diagonal matrix as follows:
P =A-s+ "2 (A—u+ (n—DOYA—-s—(n-2)t) —n(n—-Dt?))A-t—w)" .
m]

Theorem 3.4. If r, s, t are real numbers, and even number n, then the characteristic polynomial of an
(2n — 2) X (2n — 2) matrix
r ’r e

t  —t e —t —t e —t7
oo b T T [0 Dhe bt Yapa e ]
M=|: =~ &+ & -~ i . i]= —tJryn-2) G+ —tj]n  2tln—t]n
t t —t t t ’ T 50
- -t - s - —tJn 2tIn — tJn s+ t)n—t]n
-t -t t —t s - S 2oty SHDhb-ty
—t —t —t t -t s

can be simplified in an expression as
n n
Py =Q+t—r)" 3+t —5)2A=3t—5)2 "R = (s+1)A+rs—(n—3)T — )t — (2n% — 8n + 9)t2).

Proof.
The determinant below is the characteristic polynomial for M,
A=1+ )2 =t/ t](n—z)xg t](n—z)x;
Py(D) = t];x(n_z) A-=s-— t)I; + t]; —2t1§ + tjg
1y n2) —2tIn + tJn A=s—t)n+tJn
2 2 2 2 2
To begin, we replace R,_,.,n,; by R . n . =R, ,.n —Ry oy for every 1<i< % following by
2 2 2

replacing Cp_,4; Wwith C,_,.; = n_2+i+Cn_2+§+i, replacing R,_14; With Ry,_1,; = Rp_14i — Rp_yq, for

every 1<i < % —1, and replacing Cp_; With Cj_y = Cy_q + Cy + Coyq + -+ C,_,,n. Then, Py(2) can
2
be expressed as

A—r1 —tJ1ixn-3) nt 2t]1x(§_1) t t]1x(§—1)
—tm-zx1 A—T+ O3 — s ntJn-3yx1 2t](n—3)x(§—1) Jm-3)x1 t](n—3)><(§—1)
i = t thix(n-3) A=s+ -3t 2,0, —t 1 (2-1)
M 0(2_1)Xl Oz, 0(3-1)x1 (A=3t=95)x_, 2t](§_1)xl —2thr,
0 O1xnos) 0 0pnzen) Att—s 0pz-1)
021} 0:, Oz 1) 0:, Opapa AHE=S)n,

Consequently, we replace C; by C; = C; — C,_, for every 1 <i <n-—3, and replace R,_, by R;_, =
R,_»+Ry{+R,+ 4+ R,_3. Then Py (1) can be written as
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A=r+ -3 —t/n-3)x1 ntfn-3)x1 Zt](n_3)><(§_1) t n-3)x1 t](n_3)x(g_1)
O1x(n-3) A—r—(m-=3)t n(n —2)t 2(n— Z)t]1x(§—1) n=-2)t nm- 2>t]1x(§—1)
O1x(n-3) t Ams+m=t 2y —t ) 1u(2-1)

Moy O O@apa G307, ey - 2
O1x(nes) 0 0 0p(zn) A+t—s 0y (zon)
o Oapa O@-1pa 051 fgapa GHEm9h

Based on Theorem 2.3, it implies that Py, (1) can be expressed as

Pu) = (A+t—1)" 3@+t —5)Z(A -3t — )2 ((A—r — (n—3)DA -5 + (n— 3)t) — n(n — 2)t2)

— QA+ t—) (A4 t—)Z(A =3t — )2 (A2 — (s + 1A+ 75 — (1 — 3)(r — $)t — (2n? — 8 + 9)¢2),
O

The following theorem is the result of Seidel Laplacian energy of the commuting graph Ij;, where G =
G, or G = G,.

Theorem 3.5. Let I; be the commuting graph for D,,, and Es; (I;) be the Seidel Laplacian energy of
I;.1fG=GyorG = G,, then

n—2)(n—1), ifnisodd
LG =Gy, then Eg, () = {En - 3§En - 2% ifn is even.
n(n—1), ifnisodd
2.11G = Gy, then Eg, (I) = {ngn - 33 ifn is even.

Proof.
1. For G = G, and n is odd, from Theorem 2.2 (1), we know that I; = K,,, where m = |G,| =n — 1, and
from Theorem 2.1 (1) clearly that every vertex of I; has degree n — 2. Then D(Iz)isan (n —1) X (n —
1) diagonal matrix whose diagonal entriesare n—1—1—-2(n—2) =2 —-nasdiag(2—-n2—n,:,2 —
n). The Seidel Laplacian matrix of I is

2—n

0 - 0 0 -1 « -1 [2-n 1 - 1
0 2-n - 0 |_|-1 0 = -1|_| 1 2-n -~ 1
0 0 -« 2-n] -1 -1 -« o0 1 1 - 2-n

Following Theorem 3.1 with s =2—n, t =1, and m =n — 1, then the characteristic polynomial of
SL(Iy)

SL(FG) = D(FG) _S(FG) =

PSL(['G)(A) = A(l +n— 1)71—2.

Hence, the roots of Pg (1) =0 are a single 4, =0 and A, =1-n with multiplicity n— 2.
Consequently, the spectrum of I is
Spec(Ig) = {(0)',(1 —n)"2}.

The Seidel Laplacian energy of I; will be
Es (I5) = (DI0l+ (n = 2)[1 —n| = (n—2)(n - 1).

Same idea for G = G; and n is even, from Theorem 2.2 (1), we know that I; = K,,,, where m = |G| =
n — 2, and from Theorem 2.1 (1) clearly that every vertex of I;; has degreen — 3. Then D(I;)is an
(n—2) x (n—2) diagonal matrix whose diagonal entries are n—2—-1-2(n—3)=3—nas as
diag(3 —n,3 —n,---,3 —n). The Seidel Laplacian matrix of Iy is

3—n 1 1

SLUR) =Dy —SU =| © 370 7 L @ — )y + o).

1 1 3—n
Following Theorem 3.1 with s =3 —n, t =1, and m = n — 2, we get the characteristic polynomial of
SL(Ip)

Psiirpy(D) = A(A +n —2)"73.

The roots of Pg ,y(A) =0 are a single 4, =0 and 1, =2 —n with multiplicity n —3. Thus, the
spectrum of I is
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Spec(lg) = {1, 2 —n)"%}.

Therefore, the Seidel Laplacian energy of I;; will be
Eq (I) = (DI0l+ (n=3)I2—n| = (n—3)(n - 2).

2. When n is odd. Based on Theorem 2.2 (2), I; = K,,, for G = G, which clearly shows that all of the
vertices have degree zero. Then D(I;) is an n X n diagonal matrix whose diagonal entries are n — 1 —
2(0) =n—-1lasasdiag(n—1,n—1,--,n—1). Then an n x n Seidel Laplacian matrix of Iy is
n—-1 0 - 0 01 - 1 n—-1 -1 - -1

su=pw)-swy=| ¢ "Th T Y= = ot

0 0 won—1 11 0 -1 -1 - n-1
Following Theorem 3.1 with s =n — 1, t = —1, and m = n, then the characteristic polynomial of SL(I};)

PSL(F(;)(A) =A4- n)n_l-

Then the roots of Pgy,y(1) =0 are a single 4, =0 and A, = n with multiplicity n — 1. Thus, the
spectrum of I is
Spec(lz) = {(m)", (0)'}.

The Seidel Laplacian energy of I is
Es,(I) = (D10 + (n — Din| = n(n - 1).

When n is even. According to theorem 2.2 (2), for G = G,, I;; is a regular graph with degree one, or in
other words, the edges only connect between a‘b and az*'b. Then D(Iy) is an n x n diagonal matrix
whose diagonal entries are n — 1 —2(1) =n — 3 as diag(n —3,n—3,---,n— 3). Then an n x n Seidel
Laplacian matrix of I is

n-3 -1 - -1 ! 1 -1 - =17
-1 n-3 -1 ! -1 1 -1
sury=b=t .=l ooom-3, -1 -1 - 11 e R
G 1 -1 - -1 "n=-3 -1 - -1 2In — Jn (n—2)In—Jn|
-1 1 -1, -1 n-3 -1 :t zo
-1 -1 1 1 -1 -1 n—3

Following Theorem 3.2 with s = n — 3 and t = —1, therefore,
Pspirp) = A —n)z ' (A + 4 — n)2.

Then the roots of Pg;,,)(4) = 0 are a single 4; = 0, 4, = n with multiplicity %— 1, and A3 = n — 4 with
multiplicity 2 Thus, the spectrum of I is

Spec(ry) = {2, (n - 42, 0)1}

and the Seidel Laplacian energy of I; is
Esu(T5) = D101+ (5= 1) Inl + () In = 41 = n(n - 3).
m]

We now formulate Pg, (1) and calculate the Seidel Laplacian energy of I; for G = G; U G,. The
following Theorem gives the spectrum, SL-spectral radius, and SL-energy of I; for G = G; U G,. Then,
the relation between them is obtained at the end of this paper.

Theorem 3.6. Let I; be the commuting graph for D,,, where G = G; U G, < D,,,, then the SL-energy for
I; is

1. forodd n, E5 (Iz) = 2(n+ 1)(n — 1),

2. forevenn, Eg; (I;) = 2(n? — n — 3).

Proof.
1. For the case of odd n, we know that Z(D,,) = {e} which implies that there are 2n — 1 vertices for
I;. From Theorem 2.2, the degree of a‘ € G, d,i =n — 2 and the degree of alb € G, dgi, =0, foralll <
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i<n. Then D(I;)is a (2n —1) X (2n — 1) diagonal matrix whose diagonal entries are 2n—1—-1—
2(n—2) =2 for element a’, and are 2n — 1 —1 — 2(0) = 2(n — 1), for element a’b as
diag(2,2,-+,2,2(n—1),2(n—=1),-,2(n — 1)).

From the fact that the centralizer of a' in D,, is {e,a,a?,---,a™ '}, then the vertex a!, for 1 <i <n-—1,
is adjacent to all vertices of G;, however, it is not adjacent to all vertices of G,. While the centralizer of
alb in D, is {e,a’b} implies that for 1 < i < n, vertex a'b is not connected with all other elements of
G; U G,. Thena (2n — 1) x (2n — 1) Seidel Laplacian matrix of I; is

a az . an_l: b ab ee an_lb
a2 1 - 1 ! -1 -1 =1
ab |1 2 1 1 -1 -1 e =1
SL(UIg) =D(g) —=SUp)=a |1 1 = 2 1 =1 St S
-1 =1 =1 20=1) -1 O |
ab |-1 -1 - -1, -1 2m—-1) - =1
avipl-1 -1 -1, -1 -1 - 2(n—1) |

Then by using Theorem 3.3, with s =2, u =2(n—1),t =1,n, =n—1 and n, = n, we obtain
Psirpy(D) = A(A — D21 —2n+ 1™

This result is the four eigenvalues obtained from Pg,,)(4). They are as single 1; =0, 4, =1 of
multiplicity n — 2 and 1; = 2n — 1 of multiplicity n. Hence, the SL —spectrum for I is as follows
Spec(lg) = {(2n — D™, (1)"72,(0)'}.

Now for i = 1,2,3, the maximum of absolute eigenvalues |4;| is the SL-spectral radius of I,
psiIg) =2n—1.

By computing the eigenvalues from Spec(Iy;), then the SL-energy for I is
Eq (Iz) = M2n =11+ (n = 2)|1] + (DI0] = 2(n + 1)(n — 1).

2. Suppose now n is even. Since Z(D,,) = {e, ag}, I;, where G = G; U G, has 2n — 2 vertices with n —
2 vertices from af, for 1 < i < % §< i <n, and n vertices from a'b, for 1 < i < n. Using Theorem 2.2,
we know that d;; =n—3 and d,i;, =1, for all1 <i <n, then D(I;)is a (2n — 2) X (2n — 2) diagonal
matrix whose diagonal entries are 2n—2—1—2(n—3) =3 for element a!, and are 2n—2—1—
2(1) = 2n -5, for element a'b as

diag[3,3,-:-,3,2n—5,2n—5,-+,2n — 5].

Again, considering the centralizer of a’ in D,,, then all the members of G, are only connected with the
elements of G,. Since the centralizer of a’b is {e, az,a'b, az*'b }, then two vertices a‘b and az*b are
always connected in I;, which implies a (2n —2) x (2n — 2) Seidel Laplacian matrix of I; is SL(I) =
D(Iy) — S(I) as follows:

g g2 ai b ab azb; azb az*b o g™ 1p
ar3 1 - 1) -1 -1 -1 ! -1 -1 -
a 11 3 1! -1 -1 =1 -1 -1 -

: : : i : : .. : ! : : :
11 e St s SO, it S s SO e S -1
I 5 Rt vl PR SR s E H -1 -1

SLIgp)= ab |1 -1 .. -1 -1 2n-5 - -1 | -1 1 -1

N S P : :

a bl =1 —1 - =15 =1 __ -1 - 2n=5. -1 - -1 - S L
abh|-1 -1 - -1 1 -1 -1 | 2n-5 -1 -1
aapl-1 -1 -1 -1 1 - -1 -1 2n—-5 -1

T TR P :

aipt—1 =1 - =11 -1 S 1 ' -1 -1 2n—>5

By using the block matrix, the Seidel Laplacian matrix of I;; can be derived as
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2l 3 +Jn _](n—z)xg _](n—z)xg ]
SL(IE) =| Jixm-ny  @n—Hl—n @I=Dz
[ ~Jixm-2) (21 —J)g (2n— 4)13 —]gJ

According to Theorem 3.4 withr =3,s =2n—5,and t = 1, we get

Psiiry (D) = AL — 2)"3(4 — 2n + 2)2 (A — 2n + 6)2.

It is obvious that A, = 2 of multiplicity n — 3, a single 1, = 0, A; = 2n — 2 of multiplicity % Ay =2n—6 of
multiplicity % So that the spectrum of I is

Spec(l) = {(@n - 2)%,(2n - 6)2,(2)", (0)1}.

Taking the maximum absolute eigenvalues, then we derive the SL-spectral radius of I},
pstz) =2(n—1).

Using Spec(I;) we obtain the SL-energy for I; as given below
Eq () = (2) 12n— 21 + (3) 12n - 6] + (n — 3)12] + (D)]0] = 2(n* —n — 3).
m]

Theorem 3.7. Let I; be the commuting graph for D,,, and Esg; (I;) be the Seidel signless Laplacian
energy of I;. If G = G; or G = G,, then
(n—2)(n—1), ifnisodd
LG =Gy, then Egs, () = {(n -3)(n—2), ifniseven.
n(n—1), ifnisodd
2.1fG = Gz, then ESSL(FG) = {8, ifn=4
n(n—3), ifniseven

Proof.
1. By the same argument of Theorem 3.5 (1), the Seidel signless Laplacian matrix of I; is an (n — 1) X
(n — 1) matrix as follows:

2-n -1 - -1

-1 2-n - -1

SSL(Ig) = D(Ig) + S(Ig) = =[(1 -y — Jnal

-1 -1 -« 2-n
Following Theorem 3.1 with s =2 —n, t = -1, and m = n — 1, then the characteristic polynomial of

SSL(I;)
’ PSSL(['G)(A) = (A + Z(n - 2))(). +n-— 3)71—2.

Then the roots of Pggr,y(A) =0 are a single 4, = —2(n —2) and A, = 3 —n with multiplicity n — 2.
Then the spectrum of I; is
_(3—n =-2(n-2)
o(lg) = (n )

-2 1

The Seidel signless Laplacian energy of I; will be
Essi(Ig) = (n=2)13—n|+ (W)|-2(n—-2)| = (n - 2)(n - 1).

Same idea for G = G, and n is even, from Theorem 3.5 (1), the Seidel signless Laplacian matrix of Iy is
is an (n — 2) x (n — 2) matrix as follows:
3-n -1 - -1

SSL(I;) = D(I) + S(Iy) = —:1 3 jn _:1

. = [(2 - n)ln—z _]n—Z]-
-1 -1 - 3-n
Following Theorem 3.1 with s =3 —n, t = -1, and m = n — 2, then the characteristic polynomial of
SSL(I)
PssrarpyD = (A +2(n—-3)A+n-— 4)n-3,

Then the roots of Pgg r,y(4) =0 are a single 4, = —2(n —3) and 1, = 4 —n with multiplicity n — 3.
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Then the spectrum of [}; is
_(4—n -2(n-3)
o =(_% V)
The Seidel signless Laplacian energy of I;; will be
Ess(Ig) = (m=3)|4—n|l+D)|-2(n-3)| = (n - 3)(n - 2).

2. When n is odd. By the same argument of proofing part of Theorem 3.5 (2), then an n x n Seidel
signless Laplacian matrix of I; is
n—1 1 1
SSLUp) = DU + S =| - 7t ]
1 1 n—1
Following Theorem 3.1 with s =n — 1, t = 1, and m = n, then the characteristic polynomial of SSL(I;)
PssiryD) = (A =2(n—1))A—n+2)" 1.

Then the roots of Pggyr,y(1) = 0 are a single 1; = 2(n — 1) and 4, = n — 2 with multiplicity n — 1. Thus,
the spectrum of I is
Spec(lp) = {2 — 1) (n - 2)" 1}

The Seidel signless Laplacian energy of I; will be
Ess,(I) = WI2(n = D]+ (n— Din - 2| =n(n - 1).

When n is even. According to Theorem 3.5 (2), for G = G,,then an n x n Seidel signless Laplacian
matrix of I is

n—3 1 1 -1 1 1
1 n—3 1 1 -1 1
3 |1 1 n-3 1 1 -1
SSL(Ig) = D) +S(Tg) = _1 1 1 n-3 1 1
1 -1 1 1 n—3 1
L 1 1 -1 1 1 n—3
m—4lh+jn  —2In+]n
_ 2 2 2 2

=2ln+Jn (n—4)n+]nf
Following Theorem 3.2 with s =n — 3, t = 1, then
Pssiapy(D) = (A—=2(n—-3)A—-n+ 6)71& +2 —n)z.

Then the roots of Pgg; (1) = 0 are a single 1; = 2(n — 3), 4, = n — 6 with multiplicity 2 —1,and A; =
n — 2 with multiplicity g Thus, the spectrum of I; is

Spec(ry) = {(2(n —3)", (n = 2%, (n — 6):7'},

and the Seidel signless Laplacian energy of I is
n n 8, ifn=4
Bssi(lp) = D20 =)+ () =20+ (G- 1) n—6l= {1 5 nsy

m]

Theorem 3.8. Let I; be the commuting graph for D,,, where G = G, U G, c D,,, then the SSL-energy
for Iy is

1. for odd n, Ess,(I5) = 2n? —2n—3 +/(2n+ 1)2 + 16(n — 1)(n — 3),

2. for even n, Egg (Ig) = 2(n? — 2n — 2 +V/5n% — 30n + 49).

Proof.
1. For G, U G, and odd n, from Theorem 3.6, the (2n — 1) x (2n — 1) Seidel signless Laplacian matrix
of I; is
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----- a a* - a¥' b ab < a™1p
a 2 -1 - -1 1 1 1
af |-1 2 - -1 1 1 1
SSL(Ip) = DUp) + SUp)=ali -1 —1 - 2 1 1 1
b |1 1 1 2(n-1) 1 1
ab |1 1 1 1 2(n—1) - 1
at1pl 1 1 1 1 1 2(n—1) |

By Theorem 3.3 with s = 2, u = 2(n— 1), dan t = —1, then
PSSL(FG)()') = (). - 3)71—2(12 - (Zn + 1)). - 4(n - 1)(n - 3))(). —-2n+ 3)71—1.

Here we have four eigenvalues obtained from Pgg;,y(1). They are 4, = 3 with multiplicity n — 2, 4, =
2n+1 + J(@n+1)2+16(n-1)(n-3)
— =

2n — 3 of multiplicity n—1 and A3, =
SSL —spectrum for Iy is as follows

Spec(ly) = {(2n+1 n J(2n+1)2+16(n—1)(n—3)>1 (2n — 3)"-1, (3)n-2 (2n+1 _ J(2n+1)2+16(n—1)(n—3))1}
2 2 4 ’ ) .

of each multiplicity 1. Hence, the

2 2

Now for i = 1,2,3,4, the maximum of absolute eigenvalues |1;| is the SSL-spectral radius of I,

2n+1 2n+1)2+16(n—1)(n-3
pSSL(FG):—nZ +\/(n ) z(n ) )-

By computing the eigenvalues from Spec(I;), then the SSL-energy for I is
2n+1 J@2n+ 12 +16(n—1)(n-3)
- 2

Ess (Ig) = (n— DI2n -3+ (n - 2)I13| +

=2n?-2n-3+./@2n+1)2+16(n— 1)(n - 3).
Suppose now n is even. Then a (2n — 1) x (2n — 1) Seidel signless Laplacian matrix of I is

SSL(I) = D(Iy) + S(Iy)

g g2 a® b ab . az'b azbh az*'b a*1p
4 r3 -1 - -1 1 1 1 1 1 1
a -1 3 - -1 1 1 1 1 1 1
a* (-1 -1 .. 3 1 1 1 1 1 1
b 11 1 . 1 2n-5 1 1 -1 1 1
=ab 9 1 .. 1 1 2n-5 1 1 -1 1
b1 1 1 1 1 2n->5 1 1 -1
azbl1 1 - 1 -1 1 . 1 2n—>5 1 1
ariptl 1 e 1 1 S | 1 1 2n-5

By using the block matrix, the Seidel signless Laplacian matrix of I;; can be derived as

[4111—2 _]n—z ](n—Z)xg ](n—Z)xg ‘l
SSL(Ig) = Jrxn-2) (2n—6)In +Jn g-2n |
2 2 2 2
Jixn-2) Jg- 21); (2n - 6)12 +Jn

By Theorem 3.4 with r = 3, s = 2n — 5, and t = —1, we derive
Pssuiry() = (A — 4)"3(1 — 2n + 8)2 (A — 2n + 4)2(A2 — 2(n — 1)A — 4(n? — 7n + 12).
It is obvious that 4; = 4 of multiplicity n — 3, 1, = 2n — 8 of multiplicity 7 — 1, 2; = 2n — 4 of multiplicity >

and the other two eigenvalues are 1,5 = n — 1+ v5n% — 30n + 49. So that the spectrum of I is
1 n n 1
Spec(lz) = {(n— 1+ V52 =30n + 49) , (2n — 4)z,(2n — 8) 2", (4) "3, (n — 1 — V5nZ — 30n + 49) |.
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Taking the maximum absolute eigenvalues, then we derive the SSL-spectral radius of I,

pSSL(FG) =n—1+ V5n2 — 30n + 49.
Using Spec(I;) we obtain the SSL-energy for I; as given below
Ego,(Ip) = (g - 1) |2n — 8] + (g) 12n — 4] + (n — 3)|4] + |n — 1 + V5nZ — 30n + 49|
=2(n?—2n—2+V5n% — 30n + 49).

Discussion

As a result of Theorem 3.6 and 3.8, we obtain the classification of the Seidel Laplacian and Seidel
signless Laplacian energies of I; for Dy,,.

Corollary 4.1. Let G = G, U G, c D,,, I; is hyperenergetic corresponding to Seidel Laplacian and
Seidel signless Laplacian matrices.

Corollary 4.2. Let I[;; be the commuting graph for D,,, where G = G, U G, c D,,, then the Seidel
Laplacian energy for I is always an even integer.

Corollary 4.3. Let [;; be the commuting graph for D,,, where G = G, U G, c D,,, then the Seidel
signless Laplacian energy for I; is never an odd integer.

These facts comply with the well-known results from Bapat & Pati (2004) and Pirzada & Gutman (2008).
Furthermore, the relationship between SL and SSL-energies are presented in the next two corollaries.

Corollary 4.4. Let I;; be the commuting graph for D,,, where G = G, or G = G,, then
< ESSL(FG)' ifn= 4
ESL(FG) {= ESSL (rg), OtherWiSe.

Corollary 4.5. Let I; be the commuting graph for D,,,, where G = G, U G, < D,,, then
= ESSL(FG)' ifn=3o0r4
Es1 (I5) {S Egs (I;), otherwise.

The following example is an illustration of Theorem 3.6 and 3.8 for n = 8.

Example 1. The Seidel Laplacian matrix of I is as in Figure 1, where G = G; U G, c Dg, G, = {a, a®}
and G, = { b, ab, a?b, a®b}.

"3 1 -1 -1 -1 -1
a 3 1 3 -1 -1 -1 -1
' *a -1 -1 3 -1 1 -1
SLUg) = -1 -1 -1 3 -1 1
1 -1 1 -1 3 -1
b ab 1 -1 -1 1 -1 31
-3 -1 1 1 1 11
-1 3 1 1 1 1
ssLiy=|1 1 3 1 -1 1
. 1 1 1 3 1 -1
a’b a3hb
1 1 -1 1 3 1
1 1 1 -1 1 3

Figure 1. [Commuting graph for G = G, U G, C Dg]

In this case, Pg;r,)(4) = A(A —2)3(A — 6)% implies the eigenvalues of SL(I;) are A = 2 with multiplicity
(3), 1 =6 with multiplicity (2), and a single 2 =0. Hence, Es; (I;) = (3)I2] + (2)|6] + (1)]|0| = 18,
conforming Theorem 3.6 for even n. Meanwhile, Pggy(1) = A(A—4)3(A> —64) implies the
eigenvalues of SSL(I;) are 1 = 4 with multiplicity (3), 4 = 0 with multiplicity (2), a single 1 = 6, Hence,
Egs1 (I) = (3)[4] + (2)]0] + (1)|6] = 18, conforming Theorem 3.8 for even n. We conclude in this
example that Eg; (I;) = Ess. (I).
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Conclusion

We presented the spectrum and spectral radius of I; for dihedral groups, D,,, where n > 3, which are
linked to the Seidel Laplacian and Seidel signless Laplacian matrices. Then, the Seidel Laplacian and
Seidel signless Laplacian energies of I is presented for each of the following cases: G, G, or G; U G,.
Our research has demonstrated that the Seidel Laplacian and Seidel signless Laplacian energies of Iy,
in line with previous publications, never takes the form of an odd integer. Those energies are equal
whenever n = 3 or 4 and otherwise, the Seidel signless Laplacian energy is never less than the Seidel
Laplacian energy of I;. Moreover, we emphasize that I'; possesses hyperenergy.
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