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Introduction 
 
Two stochastic processes, the process that causes the observation and the process that is the subject 
of the observation, make up the hidden Markov model (HMM) [1]. The probability of an observation's 
effect at a given time solely depends on the effect of an observation made several units of time earlier, 
which it is assumed that the stochastic processes influencing these observations are not observable and 
form a Markov chain. State is the common term used to describe this observation's effect [2]. HMM is 
frequently used to analyse time series data in a variety of problem domains, including stock price forecast 
[3][4][5][6][7], DNA sequence prediction [8][9], issues with air pollution [10][11], speech recognition 
[12][13][14], forecasts for the weather [15][16], and it is intended to be utilized for the diagnosis of 
insulation-related partial discharge acoustic [17][18][19][20][21], and among other applications. This is 
due to the fact that HMM provides calculation simplification (memoryless properties) to the difficulties 
raised while maintaining relevance [22]. Whereas regarding the utilization to longitudinal data, it is still 
quite limited despite offering efficiency. This is a result of the necessary analyses being more difficult 
than they would be with time series data. 
 
The multivariate normal hidden Markov model (MNHMM) for this subject study, requires multivariate 
assumptions to be applied to longitudinal data. The MNHMM is one of the HMM that assumes if the state 
is known, then the probability of observation is multivariate normal distribution [23][24][25] [26]. While 
parameter estimation and convergence analysis of MNHMM have been done in previous research 
[23][24][25], it does not discuss the covariance matrix because the covariance matrix has its complexity 
during the estimation and convergence of its parameter values (multivariate analysis). Numerous studies 
pertaining to covariance matrices [27][28][29][30][31][32] demonstrate this intricate. This research aims 
to complement previous research, namely covariance matrix estimation and its convergence for the 
MNHMM with the assumption that the covariance matrix is well-conditioned at each iteration. 

 
The construction of the MNHMM is refer to [25], then parameter estimation and convergence analysis of 
the parameter estimators (covariance matrix) are the novelty aspects of this study. Furthermore the 
likelihood function is maximized for the process of covariance matrix estimation. The method for 
estimating model parameters with main references [25][33][34] is obtained by recursively maximizing the 
likelihood function, which is computed using the forward-backwards algorithm [35][36]. This is done using 
the Expectation Maximization (EM) algorithm. As a result, the convergence of recursive covariance 
matrix estimation for the multivariate normal hidden Markov models will be covered in this study. 
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Multivariate Normal Hidden Markov Model 

 
The MNHMM is a discrete-time model made up of two stochastic processes {𝑋𝑡 , 𝑌𝑡}𝑡∈ℕ [1], with {𝑌𝑡}𝑡∈ℕ is 

the observation process that depends only on {𝑋𝑡}𝑡∈ℕ, and {𝑋𝑡}𝑡∈ℕ is the cause of observation process 
that assumed forms a Markov chain homogeneous and ergodic (aperiodic, positive recurrent, and 
irreducible) [2] with 𝑆𝑋 = {1,2,⋯ ,𝑚} is state space. For each 𝑡 ∈ ℕ, the random variable 𝑌𝑡 if 𝑋𝑡 is known 
assumed to have a multivariate normal distribution [23], [24], [37]. 
 
To simplify the next writing, symbolized the following 10 points: 

1. 𝑌 = {𝑌𝑡}𝑡=1
𝑇 , which is a process of observation, 

2. 𝑋 = {𝑋𝑡}𝑡=1
𝑇 , which is the Markov chain, 

3. 𝑍 = {𝑋𝑡 , 𝑌𝑡}𝑡=1
𝑇 , which is the HMM, 

4. 𝑦 = (𝑦1, 𝑦2, … , 𝑦𝑇) is longitudinal data of the process {𝑌𝑡}𝑡=1
𝑇   (commonly called incomplete data), 

5. 𝑥 = (𝑖1, 𝑖2, … , 𝑖𝑇) is effect observation y which unobserved and is the state of process {𝑋𝑡}𝑡=1
𝑇 , 

6. 𝑧 = (𝑖1, 𝑦1, … , 𝑖𝑇 , 𝑦𝑇) = (𝑥, 𝑦), data and state of the process {𝑋𝑡 , 𝑌𝑡}𝑡=1
𝑇   (commonly called complete 

data),  

7. 𝑃(𝑍 = 𝑧|𝜙) = 𝑝(𝑧; 𝜙) = 𝑝(𝑥, 𝑦|𝜙), which is the probability mass function of 𝑍, 

8. 𝑃(𝑌 = 𝑦|𝜙) = 𝑝(𝑦|𝜙), which is the probability function of 𝑌, 

9. 𝐿𝑇
𝑐 (𝜙) = 𝑝(𝑧|𝜙) = 𝑝(𝑥, 𝑦|𝜙), which is the likelihood function of the complete data, 

10. 𝑃(𝑋 = 𝑥|𝑌 = 𝑦, 𝜙) = 𝑝(𝑥|𝑦, 𝜙), which is the probability mass function of 𝑋 with the condition Y = y, 

i.e. 𝑝(𝑥|𝑦, 𝜙) =
𝑝(𝑧|𝜙)

𝑝(𝑦|𝜙)
=
𝑝(𝑥,𝑦|𝜙)

𝑝(𝑦|𝜙)
=
𝐿𝑇
𝑐 (𝜙)

𝐿𝑇(𝜙)
. 

 
The following is a brief explanation of MNHMM: 

1. 𝑦1 = (

𝑦11
𝑦21
⋮
𝑦𝑝1

) , 𝑦2 = (

𝑦12
𝑦22
⋮
𝑦𝑝2

) ,.  .  .  , 𝑦𝑇 = (

𝑦1𝑇
𝑦2𝑇
⋮
𝑦𝑝𝑇

) is the longitudinal data will be modeled, where T is the 

number of time series data and p is the number of cross data. Parameter Μ =

(

𝜇11 𝜇12
𝜇21 𝜇22

… 𝜇1𝑚
… 𝜇2𝑚

⋮ ⋮
𝜇𝑝1 𝜇𝑝2

⋱ ⋮
… 𝜇𝑝𝑚

), and ∑ = (Σ1, Σ2, … , Σm)  with Σi = (

𝜎𝑖11 𝜎𝑖12
𝜎𝑖21 𝜎𝑖22

… 𝜎𝑖1𝑝
… 𝜎𝑖2𝑝

⋮ ⋮
𝜎𝑖𝑝1 𝜎𝑖𝑝2

⋱ ⋮
… 𝜎𝑖𝑝𝑝

), for 𝑖 = 1,2,… ,𝑚 

[23]. 

2. Transition probability matrix Γ = [𝛾𝑖𝑗], with size of Γ matrix is 𝑚 ×  𝑚 and 𝑗, 𝑖 ∈ 𝑆𝑋, satisfies: 

• 𝛾𝑖𝑗 = 𝑃(𝑋𝑡 = 𝑗|𝑋𝑡−1 = 𝑖) = 𝑃(𝑋2 = 𝑗|𝑋1 = 𝑖), 

• 𝛾𝑖𝑗 ≥ 0,  

• ∑ 𝛾𝑖𝑗
𝑚
𝑗=1 = 1, for every 𝑖 = 1,2,… ,𝑚. 

3. The conditional probability 𝑌𝑡 if it is known that 𝑋𝑡 = 𝑖 (𝑡 ∈ ℕ) is a multivariate random variable that is 

normal, with a covariance matrix 𝚺 and a mean 𝝁. The conditional probability of the observation 

process Π = [𝜋𝑦𝑖] (for each 𝑦 ∈ ℝ𝑝) is 

𝜋𝑦𝑖 = 𝑃(𝑌𝑡 = 𝑦|𝑋𝑡 = 𝑖) =
1

(2𝜋)
𝑝
2⁄  √|𝚺𝒊|

 𝑒
(−
(𝒚−𝝁𝒊)

′𝚺𝑖
−1 (𝒚−𝝁𝒊)
2

)
, 

∫ …∫ ∫
1

(2𝜋)
𝑝
2⁄  √|𝚺𝒊|

 𝑒
(−
(𝒚−𝝁𝒊)

′𝚺𝑖
−1 (𝒚−𝝁𝒊)
2

)∞

−∞

∞

−∞

∞

−∞

 𝑑𝑦1 𝑑𝑦2…  𝑑𝑦𝑝 = 1. [38] [39] 

4.  The stationary distribution is defined as the long-run proportion 𝛿, where 𝛿 = (
𝛿1
⋮
𝛿𝑚

) is the initials of 

the state distribution. Given [2] and the ergodic assumption made on the Markov chain {𝑋𝑡}𝑡∈ℕ, it is 

possible to uniquely acquire the stationary distribution 𝛿, i.e. fulfilling 

Γ𝛿 = 𝛿.                                                                                  (1) 
with 

𝛿𝑖 = 𝑃(𝑋1 = 𝑖), ∀ 𝑖 ∈ 𝑆𝑋 

∑𝛿𝑖

𝑚

𝑖=1

= 1. 

5. For every 𝑦 ∈ ℝ𝑝 and 𝑡 ∈ ℕ, the marginal distribution function of 𝑌𝑡 is 

𝑃(𝑌𝑡 = 𝑦) =∑𝑃(𝑌𝑡 = 𝑦|𝑋𝑡 = 𝑖)𝑃(𝑋𝑡 = 𝑖)

𝑚

𝑖=1

=∑𝛿𝑖𝜋𝑦𝑖

𝑚

𝑖=1

 . 
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Something which very important on MNHMM is estimating model parameters and its convergence. 
Based on the discussion above, the MNHMM {𝑋𝑡, 𝑌𝑡}𝑡∈ℕ is characterized by 𝛿, Γ, 𝜇, Σ, with 
 

𝛿 = [𝛿𝑖]    𝑖 ∈ 𝑆𝑋, 

Γ = [𝛾𝑖𝑗]     𝑖, 𝑗 ∈ 𝑆𝑋, 

𝜇 = (μ1, μ2, … , μm), with μi = (

𝜇1𝑖
𝜇2𝑖
⋮
𝜇𝑝𝑖

), for 𝑖 = 1,2,… ,𝑚. 

Σ = (Σ1, Σ2, … , Σm), with Σi = (

𝜎𝑖11 𝜎𝑖12
𝜎𝑖21 𝜎𝑖22

… 𝜎𝑖1𝑝
… 𝜎𝑖2𝑝

⋮ ⋮
𝜎𝑖𝑝1 𝜎𝑖𝑝2

⋱ ⋮
… 𝜎𝑖𝑝𝑝

), for 𝑖 = 1,2,… ,𝑚. 

 
Based on equation (1), 𝛿 will be obtained when Γ is obtained so that 𝛿 is not a parameter. Then in 

previous research [25], the parameters Γ and 𝜇 were estimated so that only the covariance matrix 

parameter Σ remained. Therefore, this research will estimate the parameter Σ, so the MNHMM parameter 

is 𝜙 = (Σ). The parameter space and the underlying assumptions must be made clear in order to estimate 
this parameter, which will be covered in the next chapter. 

 
Parameter Estimation 

 
Let 𝑇 be the amount of observation time, 𝑝 is the amount of cross-data at any time, 𝑚 is the amount of 

states and 𝑦 = (𝑦1, 𝑦2, … , 𝑦𝑇 ) is the sequence of observations. Given that 𝜀 > 0 is small enough to 

approach 0. 𝚽 = {𝜙 = (Σ) ∶   Σ ∈ [𝜀,
1

𝜀
]
𝑚×𝑝2

} is the parameter space for the MNHMM in this research. For 

every 𝜙 ∈ 𝚽, Σ(𝜙) = (σ𝑖𝑗𝑘(𝜙)) , Γ(𝜙) = (𝛾𝑖𝑗(𝜙)), 𝑀(𝜙) = (𝜇𝑖𝑗(𝜙)) , 𝛿(𝜙) = (𝛿𝑖(𝜙)) [23][37], is assumed 

to fulfil the following five points follows: 
 

1. 𝛾𝑖𝑗:𝚽 → ℝ is continuous function in 𝚽, where 𝛾𝑖𝑗(𝜙) = 𝛾𝑖𝑗 , ∀ 𝑖, 𝑗 ∈ 𝑆𝑋, 

2. 𝑀𝑖:𝚽 → ℝ is continuous function in 𝚽, where 𝑀𝑖(𝜙) = 𝑀𝑖, ∀ 𝑖 ∈ 𝑆𝑋,  

3. 𝛿𝑖:𝚽 → ℝ is continuous function in 𝚽, where 𝛿𝑖(𝜙) = 𝛿𝑖, ∀ 𝑖 ∈ 𝑆𝑋, 

4. Σ𝑖:𝚽 → ℝ is continuous function in 𝚽, where Σ𝑖(𝜙) = Σ𝑖, ∀ 𝑖 ∈ 𝑆𝑋, 

5. Σ𝑖 is assumed to be a well-conditioned matrix at each iteration, ∀ 𝑖 ∈ 𝑆𝑋. 
 

Equation (2) defines the observation process 𝑌 as likelihood function: 

𝐿𝑇(𝜙) = 𝑃(𝑌1 = 𝑦1, 𝑌2 = 𝑦2, … , 𝑌𝑇 = 𝑦𝑇|𝜙) 
= 𝑝(𝑦1, 𝑦2, … , 𝑦𝑇|𝜙) 
= 𝑝(𝑦|𝜙) 

= ∑ …∑(𝜋𝑦1𝑖1𝜋𝑦2𝑖2 …𝜋𝑦𝑇𝑖𝑇) × (𝛿𝑖1𝛾𝑖1𝑖2𝛾𝑖2𝑖3 …𝛾𝑖𝑇−1𝑖𝑇)

𝑚

𝑖𝑇=1

𝑚

𝑖1=1

 

= ∑ …∑ 𝛿𝑖1𝜋𝑦1𝑖1∏𝛾𝑖𝑡−1𝑖𝑡𝜋𝑦𝑡𝑖𝑡

𝑇

𝑡=2

𝑚

𝑖𝑇=1

𝑚

𝑖1=1

.                                                                                                 (2) 

 
As was mentioned in the previous discussion, the primary challenge with MNHMM is figuring out which 
parameter 𝜙∗ ∈ 𝚽 maximizes the likelihood function 𝐿𝑇(𝜙). Calculating the 𝐿𝑇(𝜙) function requires 
significant time for sufficiently large  observation data T. The forward-backward algorithm is employed to 
solve this issue. Recursive calculation is the forward-backward algorithm's basic method of operation, 
which reduces computing time. There are two parts this algorithm: the forward algorithm and the 
backward algorithm. The following is previous study define forward probability [40]: 
 

𝛼𝑡(𝑖|𝜙) = 𝑃(𝑌1 = 𝑦1, 𝑌2 = 𝑦2, … , 𝑌𝑡 = 𝑦𝑡 , 𝑋𝑡 = 𝑖|𝜙), 
and probability of backward: 

𝛽𝑡(𝑖|𝜙) = 𝑃(𝑌𝑡+1 = 𝑦𝑡+1, … , 𝑌𝑇 = 𝑦𝑇|𝑋𝑡 = 𝑖, 𝜙), 
for 𝑖 ∈ 𝑆𝑋, and 𝑡 = 1,2, …𝑇. 
 
The forward and backward algorithms, often known as the recursive formulation for forward probability 
and backward probability [35][36]. Forward algorithm as follows: 
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𝛼1(𝑖|𝜙) = 𝜋𝑦1𝑖𝛿𝑖 , 

𝛼𝑡+1(𝑗|𝜙) = (∑ 𝛼𝑡(𝑖|𝜙)𝛾𝑖𝑗
𝑖∈𝑆𝑋

)𝜋𝑦𝑡+1𝑗 , 

and backward algorithm 
𝛽𝑇(𝑗|𝜙) = 1, 

𝛽𝑡(𝑗|𝜙) = ∑ 𝛽𝑡+1(𝑖|𝜙)𝜋𝑦𝑡+1𝑖
𝑖∈𝑆𝑋

𝛾𝑗𝑖 , 

for 𝑡 = 1,… , 𝑇 − 1, and 𝑖, 𝑗 ∈ 𝑆𝑋. 
 
Next, [35][36] computes the likelihood function 𝐿𝑇(𝜙) using forward and backward methods; this process 
is known as the forward-backward algorithm, and the following results are obtained: 
 

𝐿𝑇(𝜙) = ∑ 𝛼𝑡(𝑖|𝜙)𝛽𝑡(𝑖|𝜙)

𝑖∈𝑆𝑋

, 

for any 𝑡 = 1,2,.  .  . , 𝑇, and 𝑖 ∈ 𝑆𝑋. 
 

Equation (3) shows the likelihood function of the complete data. 

𝐿𝑇
𝑐 (𝜙) = 𝛿𝑖1𝜋𝑦1𝑖1∏𝛾𝑖𝑡−1𝑖𝑡𝜋𝑦𝑡𝑖𝑡

𝑇

𝑡=2

.                                                         (3) 

 
The following is the probability function relationship between complete data and incomplete data, based 
on equations (2) and (3): 
 

𝐿𝑇(𝜙) = 𝑝(𝑦|𝜙) = ∑ …∑ 𝛿𝑖1𝜋𝑦1𝑖1∏𝛾𝑖𝑡−1𝑖𝑡𝜋𝑦𝑡𝑖𝑡

𝑇

𝑡=2

𝑚

𝑖𝑇=1

𝑚

𝑖1=1

=∑𝑝(𝑦, 𝑥|𝜙)

𝑥

=∑𝐿𝑇
𝑐 (𝜙)

𝑥

. 

 
Finding 𝜙∗ ∈ 𝚽 that maximizes 𝐿𝑇(𝜙) is a difficult problem. 𝐿𝑇(𝜙) will automatically be maximized by 

𝜙∗ ∈ 𝚽 when maximizes ln 𝐿𝑇(𝜙). For 𝜙 ∈ 𝚽, holds 
 

ln 𝑝(𝑥|𝑦, 𝜙) = ln
𝐿𝑇
𝑐 (𝜙)

𝐿𝑇(𝜙)
   ⟹ ln 𝐿𝑇(𝜙) = ln 𝐿𝑇

𝑐 (𝜙) − ln 𝑝(𝑥|𝑦, 𝜙). 

 

Pay attention for any 𝜙̂ ∈ 𝚽 also fulfilled 
 

𝐸𝜙̂(ln 𝐿𝑇(𝜙) |𝑦) = 𝐸𝜙̂(ln 𝐿𝑇
𝑐 (𝜙) |𝑦) − 𝐸𝜙̂(ln 𝑝(𝑥|𝑦, 𝜙)|𝑦),                                 (4) 

and 

𝐸𝜙̂(ln 𝐿𝑇(𝜙) |𝑦) =∑ln𝐿𝑇(𝜙) 𝑝(𝑥|𝑦, 𝜙̂)

𝑥

=∑ln 𝑝(𝑦|𝜙) 𝑝(𝑥|𝑦, 𝜙̂)

𝑥

=∑ln𝑝(𝑦|𝜙)
𝑝(𝑥, 𝑦|𝜙̂)

𝑝(𝑦|𝜙̂)
𝑥

 

=
ln 𝑝(𝑦|𝜙)

𝑝(𝑦|𝜙̂)
∑𝑝(𝑥, 𝑦|𝜙̂)

𝑥

=
ln𝑝(𝑦|𝜙)

𝑝(𝑦|𝜙̂)
𝑝(𝑦|𝜙̂) = ln 𝑝(𝑦|𝜙) = ln 𝐿𝑇(𝜙),                (5) 

 
so that based on equations (4) and (5) is obtained 
 

ln 𝐿𝑇(𝜙) = 𝑄(𝜙|𝜙̂) − 𝐻(𝜙|𝜙̂),                                                            (6) 

 

with 𝑄(𝜙|𝜙̂) = 𝐸𝜙̂(ln 𝐿𝑇
𝑐 (𝜙)|𝑦) dan 𝐻(𝜙|𝜙̂) = 𝐸𝜙̂(ln 𝑝(𝑥|𝑦, 𝜙) |𝑦). 

The first step in obtaining 𝜙∗, which maximizes ln 𝐿𝑇(𝜙), is to solve the equation 𝜕𝜙(ln 𝐿𝑇(𝜙)) equal to 

zero for obtain a stationary point. Following equation (4) steps, will result in its direct acquisition: 

𝜕𝜙(ln 𝐿𝑇(𝜙)) = 𝐸𝜙̂(𝜕𝜙(ln 𝐿𝑇(𝜙))|𝑦)                                                  (7) 

 
Consequent of equations (6) and (7), 
 

𝜕𝜙(ln 𝐿𝑇(𝜙)) = 𝐸𝜙̂(𝜕𝜙(ln 𝐿𝑇(𝜙))|𝑦) = 𝐸𝜙̂(𝜕𝜙 ln 𝐿𝑇
𝑐 (𝜙) |𝑦) − 𝐸𝜙̂(𝜕𝜙 ln 𝑝(𝑥|𝑦, 𝜙)|𝑦).           (8) 

Define[41] 

𝐷10𝑄(𝜙|𝜙̂) = 𝐸𝜙̂ (
𝜕

𝜕𝜙
ln 𝐿𝑇

𝑐 (𝜙)|𝑦),                                                 (9) 



 

e-ISSN 2289-599X | DOI: https://doi.org/10.11113/mjfas.v21n3.3458 1991 

Fikri et al. | Malaysian Journal of Fundamental and Applied Sciences, Vol. 21 (2025) 1987-1997 

and 

𝐷10𝐻(𝜙|𝜙̂) = 𝐸𝜙̂ (
𝜕

𝜕𝜙
ln 𝑝(𝑥|𝑦, 𝜙) |𝑦),                                             (10) 

Consequently, substituting equations (9) and (10) into equation (8) would be: 
 

𝜕𝜙(ln 𝐿𝑇(𝜙)) = 𝐷
10𝑄(𝜙|𝜙̂) − 𝐷10𝐻(𝜙|𝜙̂).                                           (11) 

 
Lemma 1 [41] 

Suppose 𝐷10𝐻(𝜙|𝜙̂) = 𝐸𝜙̂ (
𝜕

𝜕𝜙
ln 𝑝(𝑥|𝑦, 𝜙) |𝑦), then 𝐷10𝐻(𝜙̂|𝜙̂) = 0, for each 𝜙̂ ∈ 𝚽. 

Proof, refer to Appendix 1. 
 
Lemma 2 [41] 

Suppose 𝐻(𝜙|𝜙̂) = 𝐸𝜙̂(ln 𝑝(𝑥|𝑦, 𝜙) |𝑦), then 𝐻(𝜙|𝜙̂) ≤ 𝐻(𝜙̂|𝜙̂), for every 𝜙, 𝜙̂ ∈ 𝚽. 

Proof, refer to Appendix 2. 
 

Based on Lemma 1-2 and equation (14), the stationary point from 𝑄(𝜙|𝜙̂) to 𝜙 ∈ 𝚽 is sufficient to get it 

for ln 𝐿𝑇(𝜙). A non-linear function 𝐷10𝑄(𝜙|𝜙̂) is intricate to solve analytically concerning the covariance 

matrix parameter 𝜙 ∈ 𝚽. Corollary, finding a stationary point from 𝑄(𝜙|𝜙̂) to 𝜙 ∈ 𝚽 is a problematic 

intricate problem. The Expectation Maximization approach is used to solve this problem. 
 
Step E and Step M are the two steps that make up each iteration of the recursive Expectation 

Maximization (EM) algorithm. Taking 𝜙(𝑘) as covariance matrix estimator of MNHMM obtained at the 𝑘th 

iteration, which is the first step in the EM algorithm. The definition of steps E and M in the (𝑘 + 1)th 
iteration are: 

1. Determine: error tolerance value, the initial value of the covariance matrix estimator 𝜙(𝑘) for 𝑘 = 0, 
and the maximum iteration value, 

2. E Step: Given 𝜙(𝑘), compute 

𝑄(𝜙;𝜙(𝑘)) = 𝐸𝜙(𝑘)(ln 𝐿𝑇
𝑐 (𝜙)|𝑌 = 𝑦) 

= ∑
𝛼1(𝑖|𝜙

(𝑘))𝛽1(𝑖|𝜙
(𝑘))

∑ 𝛼𝑡(𝑙|𝜙
(𝑘))𝛽𝑡(𝑙|𝜙

(𝑘))𝑙∈𝑆𝑋

ln 𝛿𝑖(𝜙)

i∈SX

 

+∑
∑ 𝛼𝑡(𝑖|𝜙

(𝑘))𝛽𝑡(𝑖|𝜙
(𝑘))𝑇

𝑡=1

∑ 𝛼𝑡(𝑙|𝜙
(𝑘))𝛽𝑡(𝑙|𝜙

(𝑘))𝑙∈𝑆𝑋i∈SX

ln (
1

(2π)
p
2 |Σ|

1
2

 e−
vti

′Σ−1vti
2 ) 

+∑∑
∑ 𝛾𝑖𝑗(𝜙

(𝑘))𝛼𝑡(𝑖|𝜙
(𝑘))𝑃(𝑌𝑡+1 = 𝑦𝑡+1|𝑋𝑡+1 = 𝑗,𝜙

(𝑘))𝛽𝑡+1(𝑗|𝜙
(𝑘))𝑇−1

𝑡=1

∑ 𝛼𝑡(𝑙|𝜙
(𝑘))𝛽𝑡(𝑙|𝜙

(𝑘))𝑙∈𝑆𝑋j∈SXi∈SX

ln 𝛾𝑖𝑗(𝜙). 

3. M Step: Finding the 𝜙(𝑘+1) that maximizes 𝑄(𝜙; 𝜙(𝑘)), that is 

𝑄(𝜙(𝑘+1)|𝜙(𝑘)) ≥ 𝑄(𝜙|𝜙(𝑘)), 

 for each 𝜙 ∈ 𝚽, 
4. Steps 2 through 4 are repeated after substituting 𝑘 for 𝑘 + 1. This process continues until either the 

maximum iteration is reached or |ln 𝐿𝑇(𝜙
(𝑘+1)) − ln 𝐿𝑇(𝜙

(𝑘))| is smaller than the given error, 

indicating that {ln 𝐿𝑇(𝜙
(𝑘))} converges. 

 

Estimation of covariance matrix parameters in M step is obtained by 
𝜕𝑄(𝜙|𝜙(𝑘))

𝜕𝜎𝑢𝑣𝑤(𝜙)
=0 (for 𝑢 =

1,2, … ,𝑚 𝑎𝑛𝑑 𝑣, 𝑤 = 1,2, … , 𝑝), so it will be obtained 

σuvw   =
𝑎 − 𝑏

−(Σ𝑢𝑣𝑤)
2∑ 𝛼𝑡(𝑢|𝜙

(𝑘))𝛽𝑡(𝑢|𝜙
(𝑘))𝑇

𝑡=1

, 

with 

𝑎 =

(

 
 
∑(−1)𝑣+𝑗𝜎𝑢𝑣𝑗Σ𝑢𝑣𝑗

𝑝

𝑗=1
𝑗≠𝑤 )

 
 
∑𝛼𝑡(𝑢|𝜙

(𝑘))𝛽𝑡(𝑢|𝜙
(𝑘))(((−1)𝑣+𝑤Σ𝑢𝑣𝑤) + (yt − μu)

′ 𝐴 (yt − μu))

𝑇

𝑡=1

, 

𝑏 =∑𝛼𝑡(𝑢|𝜙
(𝑘))𝛽𝑡(𝑢|𝜙

(𝑘))((yt − μu)
′ 𝐵 (−1)𝑣+𝑤Σ𝑢𝑣𝑤 (yt − μu))

𝑇

𝑡=1

, 
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𝐴 =

(

 
 
 
 

(−1)1+1(−1)v
∗+w∗Σu11v∗w∗ (−1)2+1(−1)v

∗+w∗Σu21v∗w∗

(−1)1+2(−1)v
∗+w∗Σu12v∗w∗ (−1)2+2(−1)v

∗+w∗Σu22v∗w∗
… 0
… 0

… (−1)p+1(−1)v
∗+w∗Σup1v∗w∗

… (−1)p+2(−1)v
∗+w∗Σup2v∗w∗

                        ⋮                                                ⋮                       
0 0

⋱ ⋮
… 0

⋱                         ⋮                       
… 0

                        ⋮                                               ⋮                       
(−1)1+p(−1)v

∗+w∗Σu1pv∗w∗ (−1)2+p(−1)v
∗+w∗Σu2pv∗w∗

⋱ ⋮
… 0

⋱                         ⋮                       
… (−1)p+p(−1)v

∗+w∗Σuppv∗w∗)

 
 
 
 

, 

𝑣∗ = {

𝑣 − 1,   𝑗 < 𝑣
0,            𝑗 = 𝑣
𝑣,            𝑗 > 𝑣

,   

𝑤∗ = {
𝑤 − 1,   𝑖 < 𝑤
0,            𝑖 = 𝑤
𝑤,         𝑖 > 𝑤

. 

Σijklm: The Determinant of a matrix form by manner (removing row 𝑗 and column 𝑘 from the matrix Σi), 

then deleting row 𝑙 and column 𝑚. 

 
Covariance Matrix Estimator Sequence Convergence 
 

Additionally, it will prove that the EM method converges to ln 𝐿𝑇(𝜙
∗) for the sequence {ln 𝐿𝑇(𝜙

(𝑘))}, with 

𝜙∗ is a stationary point of the function ln 𝐿𝑇(𝜙) and 𝜙(𝑘) is covariance matrix estimator of the MNHMM 

in iteration 𝑘th. Wu's Theorem (Theorem 2) will address this. To make writing easier, the following 
symbols are explained before talking about Wu's Theorem: 
1. Let 𝑘 represent the EM algorithm iteration, which is 𝑘 ∈ {0,1,2,3,… }, 

2. Let 𝚽𝜙(0) = {𝜙 ∈ 𝚽: ln 𝐿𝑇(𝜙) ≥ ln 𝐿𝑇(𝜙
(0))}, 

3. Let 𝑇 be the set-valued function defined in 𝚽 and the range 𝚽 ∋ for any 𝜙̂ ∈ 𝚽 fulfill 

𝑇(𝜙̂) = {𝜑′ ∈ 𝚽 ∶ 𝑄(𝜑′|𝜙̂) ≥ 𝑄(𝜑|𝜙̂) for every 𝜑 ∈ 𝚽}. 

Corollary, the EM algorithm applies 𝜙(𝑘+1) ∈ 𝑇(𝜙(𝑘)), 

4. Let 𝚿 = {𝜙 ∈ int 𝚽 ∶  𝜙 𝑖𝑠 stationary point of ln 𝐿𝑇(𝜙)}. 
 
Theorem 1 [25][42][37] (WU Conditional on MNHMM) 
If 𝚽 is the covariance matrix parameter space of MNHMM, then the following four conditions are 
provable: 

1. 𝚽 is a finite subset of ℝ𝑚×𝑝
2
, 

2. ln 𝐿𝑇(𝜙) is differentiable in interior 𝚽, and continuous in 𝚽, 

3. For any 𝜙(0) ∈ 𝚽, will obtain 𝚽𝜙(0) is a compact set, where ln 𝐿𝑇(𝜙
(0)) >  −∞, 

4. The function 𝑄(𝜑|𝜙) is continuous in 𝜑,𝜙 ∈ 𝚽 ×𝚽. 
Proof, refer to Appendix 3. 

 
Prior to introducing Wu's Theorem, the following lemmas will be proved: 
 
Lemma 3 [25][41][42] 

If 𝜙(𝑘)  ∈  𝚿, then ln 𝐿𝑇(𝜙
(𝑘+1)) ≥ ln 𝐿𝑇(𝜙

(𝑘)) for every 𝜙(𝑘+1)  ∈ 𝑇(𝜙(𝑘)). 

Proof  

Take any 𝜙(𝑘) ∈  𝚿 for 𝑘 ∈ {0,1,2,… }, and. Note that 

ln 𝐿𝑇(𝜙
(𝑘+1)) − ln 𝐿𝑇(𝜙

(𝑘)) = (𝑄(𝜙(𝑘+1)|𝜙(𝑘)) − 𝐻(𝜙(𝑘+1)|𝜙(𝑘))) − (𝑄(𝜙(𝑘)|𝜙(𝑘)) − 𝐻(𝜙(𝑘)|𝜙(𝑘))) 

= (𝑄(𝜙(𝑘+1)|𝜙(𝑘)) − 𝑄(𝜙(𝑘)|𝜙(𝑘))) − (𝐻(𝜙(𝑘+1)|𝜙(𝑘)) − 𝐻(𝜙(𝑘)|𝜙(𝑘))).  (12) 

 
Using the EM algorithm's definition of the M Step, 

𝑄(𝜙(𝑘+1)|𝜙(𝑘)) ≥ 𝑄(𝜙(𝑘)|𝜙(𝑘)). 

Corollary, 

𝑄(𝜙(𝑘+1)|𝜙(𝑘)) − 𝑄(𝜙(𝑘)|𝜙(𝑘)) ≥ 0.                                                      (13) 

Based on Lemma 2 

𝐻(𝜙(𝑘+1)|𝜙(𝑘)) ≤ 𝐻(𝜙(𝑘)|𝜙(𝑘)), 

as a result 

𝐻(𝜙(𝑘+1)|𝜙(𝑘)) − 𝐻(𝜙(𝑘)|𝜙(𝑘)) ≤ 0.                                                      (14) 

From (12), (13), dan (14) are obtained 

ln 𝐿𝑇(𝜙
(𝑘+1)) − ln 𝐿𝑇(𝜙

(𝑘)) ≥ 0. 

So 

ln 𝐿𝑇(𝜙
(𝑘+1)) ≥ ln 𝐿𝑇(𝜙

(𝑘)). 
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Lemma 4 [25][41][42][43] 

If 𝜙(𝑘)  ∉  𝚿, then ln 𝐿𝑇(𝜙
(𝑘+1)) > ln 𝐿𝑇(𝜙

(𝑘)) for all 𝜙(𝑘+1)  ∈ 𝑇(𝜙(𝑘)). 

Proof 

Take any 𝜙(𝑘) ∉  𝚿 for 𝑘 ∈ {0,1,2,… }. Based on equation (11), will obtained 

𝜕𝜙(𝑘)(ln 𝐿𝑇(𝜙
(𝑘))) = 𝐷10𝑄(𝜙(𝑘)|𝜙(𝑘)) − 𝐷10𝐻(𝜙(𝑘)|𝜙(𝑘)).                     (15) 

Furthermore, based on Lemma 1, 𝐷10𝐻(𝜙(𝑘)|𝜙(𝑘)) = 0. Then equation (15) becomes 

𝜕𝜙(𝑘)(ln 𝐿𝑇(𝜙
(𝑘))) = 𝐷10𝑄(𝜙(𝑘)|𝜙(𝑘)).                                            (16) 

However 𝜙(𝑘)  ∉  𝚿, so  𝜕𝜙(𝑘)(ln 𝐿𝑇(𝜙
(𝑘))) ≠ 0. As a result, 

𝐷10𝑄(𝜙(𝑘)|𝜙(𝑘)) ≠ 0. 

Consequently, 𝜙(𝑘) is not a local maximum of 𝑄(𝜙|𝜙(𝑘)) toward 𝜙 ∈ 𝚽, that is ∀ Θ ⊂ 𝚽 which contains 

𝜙(𝑘), ∃ 𝜙̅ ∈ Θ ∋ 

𝑄(𝜙(𝑘)|𝜙(𝑘)) < 𝑄(𝜙̅|𝜙(𝑘)).                                                                  (17) 

However the EM algorithm's definition of the M Step, 

𝑄(𝜙(𝑘+1)|𝜙(𝑘)) ≥ 𝑄(𝜙|𝜙(𝑘)), 

for each 𝜙 ∈ 𝚽. Corollary this is also true for 𝜙 = 𝜙̅, i.e. 

𝑄(𝜙(𝑘+1)|𝜙(𝑘)) ≥ 𝑄(𝜙̅|𝜙(𝑘)).                                                              (18) 

From (17) and (18), obtained 

𝑄(𝜙(𝑘)|𝜙(𝑘)) < 𝑄(𝜙(𝑘+1)|𝜙(𝑘)).                                                            (19) 

From (12), (19), and Lemma 2 (𝐻(𝜙(𝑘+1)|𝜙(𝑘)) ≤ 𝐻(𝜙(𝑘)|𝜙(𝑘))), obtained 

ln 𝐿𝑇(𝜙
(𝑘+1)) > ln 𝐿𝑇(𝜙

(𝑘)). 

 
Lemma 5 [25][43] 
In 𝚽\𝚿, the function 𝑇 is closed.  
Proof, refer to Appendix 4. 

 
Theorem 2 [25][41][42][43] (Wu Theorem on MNHMM) 
Assume that 𝑄(𝜑|𝜙) is a continuous function for 𝜑,𝜙 ∈ 𝚽 ×𝚽. Using the EM algorithm, we will obtain 

the parameter estimators' sequence of MNHMM {𝜙(𝑘)}. If lim
𝑘→∞

𝜙(𝑘) = 𝜙∗ then, 

1. The stationary point of the function ln 𝐿𝑇(𝜙) is denoted by 𝜙∗. 

2. lim
𝑘→∞

ln 𝐿𝑇(𝜙
(𝑘)) = ln 𝐿𝑇(𝜙

∗), with the convergence increases monotone. 

 
Proof, 

1. Suppose lim
𝑘→∞

𝜙(𝑘) = 𝜙∗. Let 𝜙∗ is not a stationary point for 𝜙∗ ∉ 𝚿. The sequence {𝜙(𝑘+1)}
𝑘=1

∞
 is 

determined, which is 𝜙(𝑘+1) ∈ 𝑇(𝜙(𝑘)) for every 𝑘. Under the 3rd Wu Condition in Theorem 1, the 

compact set 𝚽𝜙(0) contains the sequence {𝜙(𝑘+1)}
𝑘=1

∞
. Corollary there is a subsequence {𝜙(𝑘+1)𝑚}

𝑚=1

∞
 

such that 𝜙(𝑘+1)𝑚 → 𝜙̂  if 𝑚 → ∞. A sequence converges to a point if and only if its subsequence 
converge to that point, corollary, 

 

𝜙(𝑘+1) → 𝜙̂   if   𝑘 → ∞.                                                         (20) 
 

𝑇 is closed in 𝚽\𝚿 based on Lemma 5, and from the condition 𝜙∗ ∉ 𝚿, meaning that 𝜙̂ ∈ 𝑇(𝜙∗). 
Thus, in light of Lemma 4, then 
 

ln 𝐿𝑇(𝜙̂) > ln 𝐿𝑇(𝜙
∗).                                                                (21) 

 
With reference to the continuity function ln 𝐿𝑇(𝜙) in 𝚽 and equation (20), corollary 
 

lim
𝑘→∞

ln 𝐿𝑇(𝜙
(𝑘+1)) = lim

𝑘→∞
ln 𝐿𝑇(𝜙̂),                                               (22) 

 

In addition, since the assumption is lim
𝑘→∞

𝜙(𝑘) = 𝜙∗ and the function ln 𝐿𝑇(𝜙) is continuous, corollary 

lim
𝑘→∞

ln 𝐿𝑇(𝜙
(𝑘)) = ln 𝐿𝑇(𝜙

∗)                                                       (23) 

and 

lim
𝑘→∞

ln 𝐿𝑇(𝜙
(𝑘)) = lim

𝑘→∞
ln 𝐿𝑇(𝜙

(𝑘+1)).                                             (24) 

From (22), (23) and (24) to be 

ln 𝐿𝑇(𝜙̂) = ln 𝐿𝑇(𝜙
∗).                                                                  (25) 
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On the other hand, since (21) and (25) contradict, 𝜙∗ is a stationary point. 
 

2. The stationary point of the function ln 𝐿𝑇(𝜙) is 𝜙∗, obtained by the first Wu Theorem. Therefore, it 

remains only to prove that {ln 𝐿𝑇(𝜙
(𝑘))} converges monotonically increasing. Based on Lemma 3 and 

Lemma 4 above, {ln 𝐿𝑇(𝜙
(𝑘))} is a monotone increasing sequence. So, this theorem is proven. 

 
Conclusions 
 
The MNHMM which assumed ergodic, fulfills the assumption of continuity of parameters, and covariance 
matrix is well-condition then 
1. The likelihood function is maximized by the covariance matrix estimation of MNHMM using the EM 

algorithm. 
2. The covariance matrix estimator sequence algorithm that is obtained converges to the stationary point 

of the likelihood function that is monotonically increasing. 
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Appendix 1 (Lemma 1's proof)  
 

Take any 𝜙̂ ∈ 𝚽, 

𝐷10𝐻(𝜙̂|𝜙̂) =∑𝜕𝜙̂(ln 𝑝(𝑥|𝑦, 𝜙̂)) 𝑝(𝑥|𝑦, 𝜙̂)

𝑥

=∑
𝜕𝜙̂𝑝(𝑥|𝑦, 𝜙̂)

𝑝(𝑥|𝑦, 𝜙̂)
𝑝(𝑥|𝑦, 𝜙̂)

𝑥

= 𝜕𝜙̂ (∑𝑝(𝑥|𝑦, 𝜙̂)

𝑥

) = 𝜕𝜙̂(1)

= 0. 
 
 
 
Appendix 2 (Lemma 2’s proof) 
 

Take any 𝜙, 𝜙̂ ∈ 𝚽. Given 𝑓(𝑥) = ln
1

𝑥
, Jensen's inequality yields the following: 

ln

(

 
 1

𝐸𝜙̂ (
𝑝(𝑥|𝑦, 𝜙)

𝑝(𝑥|𝑦, 𝜙̂)
|𝑦)
)

 
 
≤ 𝐸𝜙̂

(

 
 
ln

(

 
 1

𝑝(𝑥|𝑦, 𝜙)

𝑝(𝑥|𝑦, 𝜙̂)
)

 
 
|𝑦

)

 
 

 

⟺−ln(𝐸𝜙̂ (
𝑝(𝑥|𝑦,𝜙)

𝑝(𝑥|𝑦, 𝜙̂)
|𝑦)) ≤ −𝐸𝜙̂ (ln (

𝑝(𝑥|𝑦, 𝜙)

𝑝(𝑥|𝑦, 𝜙̂)
) |𝑦) ⟺𝐸𝜙̂ (ln(

𝑝(𝑥|𝑦,𝜙)

𝑝(𝑥|𝑦, 𝜙̂)
) |𝑦) ≤ ln(𝐸𝜙̂ (

𝑝(𝑥|𝑦, 𝜙)

𝑝(𝑥|𝑦, 𝜙̂)
|𝑦)) 

⟺ 𝐸𝜙̂ (ln (
𝑝(𝑥|𝑦, 𝜙)

𝑝(𝑥|𝑦, 𝜙̂)
) |𝑦) ≤ ln(∑

 𝑝(𝑥|𝑦,𝜙)

𝑝(𝑥|𝑦, 𝜙̂)
 𝑝(𝑥|𝑦, 𝜙̂)

𝑥

) ⟺𝐸𝜙̂ (ln(
𝑝(𝑥|𝑦,𝜙)

𝑝(𝑥|𝑦, 𝜙̂)
) |𝑦) ≤ ln(1) 

 

⟺𝐸𝜙̂ (ln(
𝑝(𝑥|𝑦,𝜙)

𝑝(𝑥|𝑦, 𝜙̂)
) |𝑦) ≤ 0 

⟺𝐸𝜙̂(ln 𝑝(𝑥|𝑦, 𝜙)|𝑦) − 𝐸𝜙̂(ln 𝑝(𝑥|𝑦, 𝜙̂)|𝑦) ≤ 0 

⟺𝐸𝜙̂(ln 𝑝(𝑥|𝑦, 𝜙)|𝑦) ≤ 𝐸𝜙̂(ln 𝑝(𝑥|𝑦, 𝜙̂)|𝑦) ⟺𝐻(𝜙|𝜙̂) ≤ 𝐻(𝜙̂|𝜙̂). 

 
 
 
Appendix 3 (Theorem 1’s proof) 
 

1. Assume that 𝑇, 𝑝,𝑚, and 𝜀 > 0 are small enough to yield values that are almost equal to zero. 
Specify the desired diameter: 

diam 𝚽 = √ (
1

𝜀
− 𝜀)

2

+ (
1

𝜀
− 𝜀)

2

+⋯+ (
1

𝜀
− 𝜀)

2

 

 
 
 

= √𝑚𝑝2 (
1

𝜀
− 𝜀)

2
< √𝑚𝑝2 (

1

𝜀
)
2
<
𝑝√𝑚

𝜀
< ∞. 

Corollary, 𝚽 is a finite subset of ℝ𝑚×𝑝
2
. 

2. When the sum of continuous functions in 𝚽 is multiplied by a function that is differentiable in 𝚽, we 

obtain ln 𝐿𝑇(𝜙), which is differentiable in interior 𝚽 and continuous in 𝚽. 

3. Consider any 𝜙(0) ∈ 𝚽. The compactness of 𝚽𝜙(0) will be proved, meaning that it is closed and 

finite. 
𝚽𝜙(0) ⊂ 𝚽 and 𝚽 is finite (refer to the first Wu condition). As a result, 𝚽𝜙(0) is finite. It suffices to 

demonstrate that 𝚽𝜙(0) is closed by showing that 𝚽𝜙(0)̅̅ ̅̅ ̅̅ ̅ ⊂ 𝚽𝜙(0). Consider arbitrary 𝜙∗ ∈ 𝚽𝜙(0)̅̅ ̅̅ ̅̅ ̅. The 

limit point of 𝚽𝜙(0) is hence 𝜙∗. The sequence {𝜙(𝑘)} in 𝚽𝜙(0) is such that lim
𝑘→∞

𝜙(𝑘) → 𝜙∗, with 𝜙(𝑘) ≠

𝜙∗ for every 𝑘. This is because the point 𝜙∗ is the limit point of the set 𝚽𝜙(0) if and only if there is a 

distinct sequence in 𝚽𝜙(0) that converges to 𝜙∗. 

Assume that 𝜙∗ ∉ 𝚽𝜙(0), then ln 𝐿𝑇(𝜙
∗) < ln 𝐿𝑇(𝜙

(0)). Determine 𝜀 = ln 𝐿𝑇(𝜙
(0)) − ln 𝐿𝑇(𝜙

∗) > 0. 

lim
𝑘→∞

𝜙(𝑘) → 𝜙∗ and ln 𝐿𝑇(𝜙) are continuous in 𝚽, as a result lim
𝑘→∞

ln 𝐿𝑇(𝜙
(𝑘)) = ln 𝐿𝑇(𝜙

∗).  For 𝜀 > 0 

above, then ∃ 𝑘∗ ∈ ℕ such that for ≥ 𝑘∗ it satisfies 

|ln 𝐿𝑇(𝜙
(𝑘)) − ln 𝐿𝑇(𝜙

∗)| < 𝜀 

⟹ ln𝐿𝑇(𝜙
(𝑘)) − ln 𝐿𝑇(𝜙

∗) < 𝜀 ⟹ ln𝐿𝑇(𝜙
(𝑘)) − ln 𝐿𝑇(𝜙

∗) < ln 𝐿𝑇(𝜙
(0)) − ln 𝐿𝑇(𝜙

∗) 

⟹ ln𝐿𝑇(𝜙
(𝑘)) < ln 𝐿𝑇(𝜙

(0)). 

This is contradicting with 𝜙(𝑘) ∈ 𝚽𝜙(0). So 𝚽𝜙(0) is a closed set. 

𝑚 × 𝑝2 
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4. Since 𝑄(𝜑|𝜙) is the product (multiplication and addition) of the continuous functions 

𝛼𝑡(𝑖|𝜙), 𝛽𝑡(𝑖|𝜙), 𝛾𝑖𝑗(𝜙), 𝜇𝑖𝑗(𝜙), 𝜎𝑖𝑗𝑘(𝜙), ln 𝛿𝑖 (𝜑), ln 𝜇𝑖𝑗(𝜑) , ln 𝜎𝑖𝑗𝑘(𝜑) , ln 𝛾𝑖𝑗(𝜑) in 𝚽×𝚽, for 𝑡 =

1,2, … , 𝑇, and 𝑖, 𝑗 ∈ {1,2,3,… ,𝑚}. Consequently, 𝑄(𝜑|𝜙) is a continuous function for 𝜑,𝜙 in 𝚽 ×  𝚽. 
 
 
 
Appendix 4 (Lemma 4’s proof) 
 
Based on the definition of the set-value function 𝑇, and information of the function 𝑄(𝜑′|𝜙′) will obtained 

𝜑′ ∈ 𝑇(𝜙′), with 𝜑′, 𝜙′ ∈ 𝚽. Take any 𝜙̅ ∈ 𝚽\𝚿, based on the 4th Wu condition 𝑄(𝜑|𝜙) is a continuous 

function with respect to 𝜑,𝜙 in 𝚽 × 𝚽, that is 
 

if 𝜙(𝑘) → 𝜙̅ and 𝜑(𝑘) → 𝜑̅, then 𝑄(𝜑(𝑘)|𝜙(𝑘)) → 𝑄(𝜑̅|𝜙̅), 

when 𝑘 → ∞. 
 

Consequently, obtained 𝜑(𝑘) ∈ 𝑇(𝜙(𝑘)) for 𝑘 = 0,1,2,…, and fulfil 

 

if 𝜙(𝑘) → 𝜙̅ and 𝜑(𝑘) → 𝜑̅, then 𝜑̅ ∈ 𝑇(𝜙̅), 
when 𝑘 → ∞. 
 

Corollary, the 𝑇 function is closed. The EM algorithm, which changes 𝜑(𝑘) to 𝜙(𝑘+1), is a special case. 
 

 


