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Fuzzy Linguistic is an extension of fuzzy set theory was introduced by Zadeh. Normally fuzzy

linguistic is often associated with linguistic variables generated by a function modifier is also known as

GRAPHICAL ABSTRACT

a hedges. This paper discusses the theorems and definitions of fuzzy linguistic perspective geometric

modeling to produce Fuzzy Linguistic Control Point (FLCP). Fuzzy Linguistic Control Points have
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been blended in with the spline basic functions of the model to produce a few splines’s model are
characterized by fuzzy linguistics. At the end of this article will discuss some numerical examples of
Fuzzy Linguistic Bezier Model.
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1. INTRODUCTION

What is linguistics? Linguistics is the language
used in everyday speech to describe an instruction and
information. Moreover, linguistics also serves to
interpret and analyze any data or information, help in
decision making. Linguistics may exist in the form of
oral (verbal) and non-verbal. Linguistics is very
important in the lives of creatures in this world that all
things and daily activities run smoothly and
harmoniously according to its own understanding of
language and dialect. Each linguistic or language used a
different meaning depending on the individual's
perception of itself. This is because the use of linguistic
have a wvary interpretation and assumptions. For
example, the intonation of the words used in spoken
Mandarin different meanings according to the spoken
intonation. Likewise reading autobiographical verses in
the Quran to mean different in intonation and 'counts' is
read. Therefore linguistics is often associated with the
uncertainty inherent in the concept of fuzzy sets.

Fuzzy set theory is the conclusion of the classical
set theory was introduced by Lotfi A. Zadeh in 1965
[15]. Fuzzy set theory is a mathematical model
presenting ambiguity or uncertainty that occur in
everyday life. Through the fuzzy sets we can use fuzzy
data, fuzzy rules and fuzzy information to help us make
decisions about a situation or problem. Fuzzy set is
characterized by a function in the interval [0,1] that give
value and the definition of membership in each set. The
one in the set is an element of the set and the value 0 is
not an element of the set. While a value between 0 and 1
are the fuzzy membership degree of the element in the
set given. Each fuzzy value in the interval [0,1]
represents a particular purpose according to the degree
of membership in the function.

136 ]

Based on the definition above, this paper
discusses the fuzzy linguistic that use the fuzzy hedges
concept or modifier function in the fuzzy sets theory. In
this paper, we discuss a new concept of fuzzy linguistic
to be used in geometric modeling. We will define the
Fuzzy Linguistic Coordinates as a Fuzzy Linguistic
Control Point as a linguistic feature geometry
coefficient. At the end of this paper discusses the use of
Fuzzy Linguistic Control Point in modeling to produce a
model of Fuzzy Linguistics Bezier.

2. PRELIMINARIES

Definition 1: (Fuzzy Set) Assume that X is not the
empty set. A fuzzy setA in X is characterized by a
membership function py: X — [0,1] and p,(x) is called
the degree of membership of element x in fuzzy set A
for x € X. Fuzzy sets are also a set of ordered pairs and
can be written as A = {x, u,(x): x € X}[5].

If X = {x;,x,,...,x,1s a finite set and A € X, then the
fuzzy set A can be written as

(1)

A= {(x1rllA(x1))v (2, 14 (x2)), e (xnrllA(xn))} cX

If A and B are two fuzzy sets in X, then the operations of
intersection and union of fuzzy sets A and B in X is
defined as follows

(AnB)(x) = min (A(x),é(x))
(A U E’)(x) = maks (A(x), E(x))

2
3

If A and B are represented in linguistic form, then A N B
and A U B respectively translated as "A and B" and "4 or
B". Furthermore, the
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AcB e (vxeX)(Ax) < Bx)) 4)
Definition 2: (a-cut) Assume that the fuzzy set A
(denoted A4,) is a non-empty set. A, have the degrees of
membership  p,(x) is  defined as A, =
{x € Xlus(x) = a}.

Definition 3: (Fuzzy Number) A fuzzy set A is said to
be a fuzzy number A if A on the real line are normal,
convex, continuous, the membership function in the
closed interval and the support (4) = {x|us(x) > 0} is
limited [5].

Definition 4: (Trapezoidal Fuzzy Number) A fuzzy
number 4 = (a, b, ¢, d) is said to be a trapezoidal fuzzy
number if its membership function is [1,10]

( 0, x<a
g, a<x<bh (5
(x) = -
wa) iu b<x<c )
d-c
0, x>d

Definition 5: If b = ¢, the trapezoidal fuzzy numbers
are defined as triangular fuzzy numbers, and can be
written as A = (a, b, d)By this point the triangular fuzzy
number is a special case of trapezoidal fuzzy numbers
[10.21].
3. LINGUISTIC VARIABLES
Linguistic variable was introduced by Zadeh in
1970. According to [17,18] linguistic variables can be
determined mathematically that linguistics variable is a
quintuple (x, T(x), U, G, M) where
x is a name of variable;
T (x) is the set of terms of the variables x (set of names
of linguistic values of x);
U is set the universe;
G is the syntactical rules for generating X for the x
(known as a term);
M is a semantic rule for associating meaning M (X)for
each X

In the concept of linguistic variables, each
variable has a specific set of terms variables generated
by the function modifier known as hedges [6,9,16,23].
Each term variable is also known as a fuzzy linguistic.
This fuzzy linguistic determined based on the strength
modifier for membership functions in a fuzzy set that
seeks to change the original terms of a value
corresponding to the fuzzy set of linguistic values
expressed in linguistic forms such as '"very",
"approximately", "too", "little" and so on.

Fuzzy linguistic terms consist of two parts,
namely:

1) Fuzzy predicate such as young, old, good,
deep, and so on.
2) Fuzzy modifier as 'very', 'more or less',
'very' and others.

[37]

Fuzzy modifier [11] is also known as hedges
obscure acts to change the purpose of generating a new
term for the predicate or key terms in a fuzzy set. Fuzzy
hedges have two main properties to reflect the values of
a fuzzy linguistic which is reinforcing and weakening.

4, REINFORCING

MODIFIER

AND WEAKENING

The reinforcing modifier gives new properties to
the primary terms that are stronger than the original
terms. Zadeh [8,16,22] have introduced the modifier
"very" as a mathematical interpretation to multiply two
values of the membership function in the interval [0,1]:
very(A)[x] = i (6)

The weakening modifier [8,16,22] should give
weak nature of the primary terms of the original terms as
"more or less, less, less" and so on. Zadeh introduced the
modifier "more or less" as a mathematical interpretation
of the square root of the membership function in the
interval [0,1] See Figure 1.

(7

more or less(A)[x] = #2’&)
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Figure 1. Examples of modifiers strong and weak modifiers in
fuzzy hedge

5. FUZZY LINGUISTIC

MODELING

IN GEOMETRIC

In geometric modeling, data points obtained is
defined as the control points [5.24]. The control points is
known as a control polygon that’s a geometric entities
for splines. The control points were blended with a
spline basis functions to produce spline models such as
Bezier, B-splines and NURBS. However, since the data
points are acquired is the uncertainty, a number of
studies related to the geometry of the fuzzy model have
been carried out [2,3,4,7,12,13,19,24].

However, this paper discusses the geometric
model of a fuzzy linguistic. We will introduce a new
definition of fuzzy control points based on the concept
of linguistic hedges which are found in the fuzzy sets
theory.



Hussain et al. / Malaysian Journal of Fundamental and Applied Sciences Vol. 11, No.1 (2015) 36-41

Proposition 1: Assume that L is a triangular fuzzy set on
the real line R, L can be given as a set of nested intervals
with a-cut:

[Ll. €L, @ €[01]
L =(l3,1,,1%) is a support of L

®)
)

where I, I, and I} are left fuzzy point, crisp point and
right fuzzy points respectively.

(10)
(11

(L], & [Llay,, © [Llay,, € [La, < [L]o
an < Any1 & [Z]ozn+1 c [Z]an

where a, € [0,1] andn =0,1,2,...,m

Proposition 2: Suppose that [L], = (I3, 15,3, 14),and
[R]ly = (11,75, 73,14) gare two trapezoidal fuzzy numbers
in any real space R and a is the membership function in
the interval [0,1]. If [L], < [R],, then [ < r.

Propositiont 3: Let [L],and [R], are two fuzzy sets
with fuzzy modifier with o is a a-cut in [0,1]. Then
[L]4and [R],called fuzzy linguistic variables.

Proposition 4: Suppose [L],x is a fuzzy linguistic

variables on the real line R. If yz; , = @, then akca
a

with k > 0.

Lemma 1: If k = 1, then the membership function
M[L] ,Is linear and no hedge changes.
a

Lemma 2: Based on the equation (6), if k = 2, the
membership function y ) , is reinforcing modifier, then
4

very[L] = a?

Lemma 3: Based on the equation (7), if k = 1/2, the
membership function yz) ,is weakening modifier, then
a

more or less[L] = a'/?

Corollary 1: Based on the Proposition 4 and Lemma
(2)-(3). If [L], are fuzzy linguistic variables for "left",
then [L],2 = very left and [L],12 =
more or less left.

Corollary 2: Similarly, if [R], are fuzzy linguistic
variables for the "right", based on the Proposition 4 and
Lemma (2) - (3). Then [R],2 = veryright and
[R],1/2 = more or less right.

Theorem 1: Suppose that [L], and [R], are two fuzzy
linguistic variables for "left" and "right" in real space x-
axis and has a new linguistic terms. [L], and [R],be
marked as

[L]a = 5Wa D 16D} (12)

and

[38 ]

[Rla = {s(M e (M ID(r)a} (13)
Equation (12) and (13) can be rewritten as

[left], = {very left,, left,, more or les left} (14)

[right], = {very right,, right,, more or les right} (15)

Since [L],and [R], are two fuzzy linguistic variables on
the same plane of the x -axis. The operations of
intersection and union of fuzzy linguistic variables can
occur as equation (2) and (3).

Example 1: Assume that [L], = {s(Dg (Dg 1b(Dg}
and [R]y = {s(") e (e Ib(1) 4} are left and right fuzzy
linguistic variables on the same plane. The union and
intersection operations are as follows:

a) Union operation of fuzzy linguistic variables

[L]q U [R]y = Max{[L],, [R]}

(16)

Proof:
[Llq U [R], = [left]q OR [right],
(Associative Law)
= (very left,left,more or less left),

OR(very right,right, Imore or less right),
= ((very left, OR very right,),

(very left, OR right,),

(very left, OR more or less right,),

(left, OR very right,),

(left, OR right,),

(left, OR more or less right,),

(more or less left, OR very right,),

(more or less left, OR right,),

(more or less left, OR more or less right,))
& Max{(very left,, very right,),

(very left,, right,),

(very left,, more or less right,),

(left,, very right,),

(leftq, righty),

(left,, more or less right,),

(more or less left,, very right,),

(more or less left,, right,),

(more or less left,, more or less right,)}

= Max{[L],, [R]}

an

(18)

(19)
(20)

b) Intersection operation of fuzzy linguistic variables

[L1a N [R]q = Min{[L14, [R]:} (21)
Proof:
[L]e N [R]q = [left], AND [right],
(Associative Law)
= (very left,left,more or less left),
AND(very right,right, lmore or less right),
= ((very left, AND very right,),
(very left, AND right,),
(very left, AND more or less right,),
(left, AND very right,),
(left, AND right,),
(left, AND more or less right,),
(more or less left, AND very right,),
(more or less left, AND right,),
(more or less left, AND more or less right,))

(22)
(23)

(24)
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o Min{(very left,, very right,),
(very left,, more or less right,),
(lefty, very right,),

(left,, right,),

(left,, more or less right,),
(more or less left,, very right,),
(more or less left,, right,),
(more or less left,, more or less right,)} (25)

= Min{[L] [R].} (26)

(very left,, righty),

But in linguistic fuzzy geometric modeling discussed
only take into account the operation of intersection only.

Proposition 5: Suppose [L], and [R], are two fuzzy
linguistic variables left and right on the x -axis.
Operation of intersection [L], and [R],, will produce
three possible cases that may occur and involve
linguistic distance.

Definition 6: (Linguistics Distance) Suppose [L], and
[R], are fuzzy linguistic variables on the same plane
and have the terms of linguistics. Metric distance
between two linguistic terms [, (x) and r, (x) which has
a certain value in the form of linguistic j(x) €] is
defined as

Linguistics Distance, |J| = [l,(x) — 74 (x| 27)

Case 1: In this case, there are nine possible intersection
points of fuzzy linguistic. However, the intersection
point does not produce linguistic distance because the
intersection l,(x) and 7,(x) occur at the same a-cut
(See Figure 2).

Menbership  Grade
10 -

2

Min 1 xLr jX= stationary

Figure 2. Examples of linguistic variables in case 1

Example 2: left,s AND right,s < Min{5,5} =
Min{left,s,right,s} = stationary

Linguistic Distance,
[/| = |leftos -Tightes| = 15=5/ =0 (28)

Case 2: Suppose that [L], and [R], on the different
functions of a-cut, I (x) and 7,,(x). If Lo, (x) #
Ta (x)which a; # @; € [0,1], (See Figure 3) then

lop( ) i i< j
Minte (9.7, 0) = 15 1 S 09)

Linguistic Distance, |f| = |lai(x) - ral.(x)| = |x| (30)

Ty X Lf L i
Ty g 0

Min 1y x v jx=

Figure 3. Examples of linguistic variables in case 2

Example 3:

leftys AND very right,, < Min{5,3} =
Min{left,s,very right,,} = very right

Linguistic Distance, |]| = |leftys — veryright,,| =
|5 = 3| = 12| = very right

Case 3: Let [L], and [R], on the same a-cut, a; = a; €
[0,1], but at different functions [, (x) and raj(x). If
Lo, (x) # raj(x), which a; = a; € [0,1] then
Min{l,, (x),raj (x)} depending on the linguistic distance
(See Figure 4):

o [0 =1 @] <151~ 1)
H=ﬂ | GD

|t () =7 ()] 2 151 = 7 ()

Menbership  Grade
10

. . . ,
EALAS T 18 0. 10. 1 2B
L xr jx- ST xL

Min 1y X v XL

) Ay XLy XL 5 D X

Figure 4. Examples of linguistic variables in case 3

Example 4: left, s AND very right,s © Min{5,7}
= Min{left,,very right,s}

Linguistic Distance, |/|
= |leftys - veryrightys| =|5— 7| = 2| <5 = left

In geometric modeling, usually a control point, T
is regarded as the coordinates of point T'(x,y) for two
dimensions. By this point, based on Theorem 1, [A]a

and [B], can be regarded as fuzzy linguistic variables
"up" and "down" on the y-axis and intersection
operations involving fuzzy linguistic variables, such as
equations (21) - (26).
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Based on Proposition 5, operation of fuzzy
linguistic variables [A]a and [B], on the y-axis will
produce three possible cases such as:

Case 4: Intersection operation of fuzzy linguistic point
of a,(y) and b, (y) did not produce linguistic distance
because the intersection occurs at the same functions and
cut-o.

Let [A]a and [B], at the same function of a-cut a,,, ()
and by, (y). If a,, (y)=bs,(y), then the
Min{a,, (¥),bs,(¥)} = statinary (not moving) and
the

I = laa, @) = be, )| =0 (32)
Example 5:

downgy s AND upys © Min{7,7} =
Min{down,s,up, s} = stationary

Linguistic ~ Distance, | J | = |bawah0_5 —ataso_5| =
7-7]=0

Case 5: Suppose [A]a and [B], at different a-cut
function a,,(¥) and bg,(y). If ag,(y) # be,(y)
where a,,, # a, € [0,1] then

Q; i m < n
Minfaq, )b, ) = {0 S
Linguistic Distance, |J| = |a,,, ) — ba,(@)| = |¥]

(33)
(34

Example 6:

downg s AND very upg s < Min{7,4}

= Min{down, s, very up,s} = very up

Linguistic ~ Distance, |J| = |[downys — very up,s| =
|7 — 4| =1|3| = very up

Case 6: Suppose [A]a and [B], on the same a-cut

function a,, = a, € [0,1], but at different functions
Q) and by, (). IF g, (V) # b, (¥) Where cty,
an €[0,1], then Min{a,, (¥),bq,(y)} depending on
the linguistic distance:

7] = {Iaam(y) :ban(y)l <15l = g, (v (35)
|ag,, (") = ba, ] = I5] = b, ()
Example 7:
downg s AND very upys © Min{7,10} =
Min{down, s, very upg s}
Linguistic Distance, /|
= |downgs - very upgs| =17 —-10| =|3| <5
~ down

6. FUZZY LINGUISTIC BEZIER MODEL

In geometric modeling, a control points as a
geometry coefficient to change the shape of spline curve
and surface without affecting the overall shape of the
model. However, in this model, the control points are

[40 |

considered as fuzzy linguistic variables corresponding to
the coordinates of T'(x,y). Obtained control points are
represented by specific linguistic terms that fit in real
space of x-axis and y-axis. By this point, the
conventional control points is given the new definition
using fuzzy linguistic approach.

Definition 8: Let % = (Min {lai(x),raj(x)}) is a
the y=
(Min {bai(y), aaj(y)}) is a linguistic point on the y-
axis. If ¥ and ¥ are plotted on a real space X X Y, then
(%, ¥) called Fuzzy Linguistics Coordinates.

linguistic ~ point  on x-axis  and

Definition 9: Let T = {T;}i, is a set of control points in
space S where S € (x,y). [T;] € Tissaid Fuzzy
Linguistic Control Point (FLCP) where [T;] has a fuzzy
modifier on o-cut, a € [0,1]. [T;] = T(%;,¥;) where
(%;,¥;) is the Fuzzy Linguistics Coordinates at i =
0,1,2,..,n

Fuzzy Linguistic Control Points can be rewritten as

T@ ) = (Min{le (0,7, (0}, Min{b, ), a0, 0}) (36
If FLCP blended with spline basis functions, the number
of Fuzzy Linguistic Spline model can be produced.
However, this paper only discusses FLCP that blended
with Bezier basis functions.

Definition 10: Assume that Fuzzy Linguistic Control
Points T were blended with the Bezier basis functions; a
model of Fuzzy Linguistic Bezier curves can be
generated:

Br(6) =3, T,BRM¢) with 0 <t <1 (37)

where T; is FLCP and B'(t) = (})t'(1 — )" is a
Bernstein polynomial with degree n.

7. DISCUSSION
EXAMPLE

AND NUMERICAL

In this section we will discuss some numerical
examples of Fuzzy Linguistics Bezier model (FLB).
Bezier curves are generated through linguistic command
appearing on Fuzzy Linguistic Control Points. For
example, Figure 5 shows three curves of Fuzzy
Linguistics Bezier and a conventional Bezier curve
(dashed) generated by four control points. Fuzzy
Linguistic Bezier curves in the figure are very left and
very down with different degrees of membership. The
second control points of T, is the control points of a
fuzzy membership degree in linguistics with varying the
role change the shape of the curve by using linguistic.
Bezier curve in the upper layers produced by Fuzzy
Linguistic Control Points very left and very down with
the membership degree at o = 0.2. The next curve of
Fuzzy Linguistic Bezier curve with membership degree
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at o = 0.5, followed by the curve at a = 0.8 degrees of
membership. Linguistic Fuzzy control points can be
rewritten as

T28 = T, (very leftyg, very downgyg),
:10.5 — 7:~1 (very leftys, very dOWTlo_s),
T2? = T, (very left,,, very down, )

Figure 5. Fuzzy Linguistic Bezier curves model with very left
and the very down with the different degree of membership

Figure 6 shows the Bezier curve generated
through seven control points T;
{To, Ty, T, T3, Ty, Ts, Tg}. Based on the figure, clearly
seen that the third control point, T, and the fifth, T, is
Fuzzy Linguistic Control Point. Curve (dashed) is the
conventional Bezier curve and otherwise is Fuzzy
Linguistics Bezier with very left at the membership
degree o = 0.2, a = 0.3 and a = 0.5. Fuzzy Linguistic
Control Points T, and T, respectively can be written as

22 = T,(very lefty,),....TY?% = T,(very left,,)
T23 = T,(very leftys),....T0% = T,(very left, )
05 =T, (very leftys),.... T35 = Ty(very lefty )

Figure 6. Fuzzy Linguistic Bezier curves model with very lefi
at the degree of membership a =0.2, a = 0.3 and a = 0.5

8. CONCLUSION

This paper discusses a new concept of fuzzy
geometric modeling by introducing Fuzzy Linguistic
Control Point (FLCP). The control points is a geometric
coefficient linguistically and capable of producing fuzzy
spline curve model that is characterized by linguistic.
The model presented can be used in other spline models

[41 ]

such as B-spline and NURBS. Moreover, this model can
also be developed in the design of log-aesthetic curve
[14, 20].
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