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GRAPHICAL ABSTRACT 
 

 
ABSTRACT 
 
Energy system in power plants is one of the most frequently mentioned areas in thermal energy. The 
aim of this study is to model the heat transfer of a furnace in order to minimize energy losses. The 
furnace system is simulated using fuzzy arithmetic, namely, the uncertain model inputs are represented 
by fuzzy numbers. The analysis of the model is presented in this paper. 
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1. INTRODUCTION 

 
Furnace is a thermal equipment in which water or 

air be heated to be circulated throughout a building in a 
heating system. Furnace is used in variety, for example 
household furnace is a major appliance that is installed 
to provide heat for house space. The most common fuel 
source for modern furnaces is natural gas others include 
coal, liquefied petroleum gas, wood or fuel oil.  

In order to increase the furnace system efficiency, 
it is important to understand the physical phenomena of 
the combustion process in a furnace system. For 
example a furnace operating at 2400 F with 25% excess 
air could experience 24% fuel savings by reducing 
excess combustion air to 10% [1]. Through improvement 
of process efficiency, it will produce the quality product 
of better furnaces system. To improve the heating 
system from furnace, the main characteristic of furnace 
need to be studied on the basis of simulations of an 
appropriate mathematical model. Therefore, the need for 
new approaches in modeling is much influenced by 
competition, energy efficiency and the demand for low 
cost operation. 

The parameters of the model are uncertain 
because they exhibit variability depending on the 
quantity of input. The model input that consist of the 
fuel flow, air flow and exhaust gas flow usually can be 
quantified with a high degree of imprecision. So, the 
best approach to solve this problem is by using fuzzy 
arithmetic in order to take into account the uncertainties 
in the furnace model. 

The characteristic of the advanced fuzzy 
arithmetic is the elimination of restrictions in its area of 
applications. That is, it can be used to evaluate fuzzy 
rational expressions and also can be applied to simulate 
static or dynamic systems with fuzzy valued parameters 
[2].  

In short, the uncertain model parameters and the 
model inputs are represented by fuzzy numbers where 
the membership function is characterized by Gaussian 
functions. As an abbreviated form, the notation is [2] 

 
෤݌ ൌ ݂݃݊ሺ̅ݔ, ,ଵߪ  ௥ሻ      (1)ߪ

 
To define a Quasi-Gaussian fuzzy 

number	݌෤	߳	 ෨ܲᇱሺܴሻ with the membership function 

ሻݔ௣෤ሺߤ ൌ 	ቐ
exp ቂെ

ሺ௫ି௫̅ሻ

ଶఙభ
మ ቃ ݔ	ݎ݋݂	 ൏ ݔ̅

݌ݔ݁ ቂെ
ሺ௫ି௫̅ሻ

ଶఙೝ
మ ቃ 	ݔ	ݎ݋݂	 ൒ 	 ݔ̅

 (2)  ܴ	߳	ݔ∀			

The modal value is denoted by the parameter	̅ݔ, 
and ߪଵ and ߪ௥ denote the left-hand and right-hand 
spreads, corresponding to the standard deviations of the 
Gaussian distribution in (see Fig. 1). 

Figure 1. (a) Triangular fuzzy number (b) Gaussian fuzzy 
number. 
 
 
2. THE FURNACE MODEL 

 
The parameters used in the development of the 

model for furnace system are the input and the state 
parameters [3] presenting in Table 1.  

Figure 2 shows the model of the boiler system. 
The effectiveness of this modelling approach is 
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illustrated by implementing it in a furnace system of a 
combined cycle power plant, which is regarded as an 
important constituent in the heat system of a boiler. 

 
Table 1. Parameters 

Identifier Unit  Definition 
Input :   
wF kg/s Fuel flow to the furnace 
wA kg/s Air flow to the furnace 
wG kg/s Exhaust gas flow from the gas turbine 
hG J/kg Enthalpy of exhaust gas from the gas 

turbine 
hA J/kg Inlet air enthalpy  
 rad Tilt angle coefficient ࣂ
Tst K Temperature of superheater metal tubes  
Trh K Temperature of reheater metal tubes 
Tet K Temperature of economizer metal tubes 
State:   
 EG Kg/m3 Density of exhaust gas from the boiler࣋

 

Figure 2. Model of Boiler System 

 

The following is the model for the inflow of fuel, 
gas and air into the Furnaces System adopted from [3]. 

Exhaust gas flow through the boiler: 
 
ாܹீ ൌ ிܲீܭ	 ;  (3) 

Furnace gas pressure: 

௚ܲ ൌ 	ܴாீߩாீ ௚ܶ;	     (4) 

Differential equation: 

ௗఘಶಸ
ௗ௧

ൌ
ଵ

௏ಷ
ሺ	 ிܹ ൅ ஺ܹ ൅ ீܹ െ ாܹீሻ        (5) 

State equation: 

ௗఘಶಸ
ௗ௧

ൌ െ
௄ಷோಶಸ ೒்

௏ಷ
ாீߩ ൅	

ௐಷ

௏ಷ
൅

ௐಲ

௏ಷ
൅

ௐಸ

௏ಷ
                      (6) 

 
3. IMPLEMENTATION OF FUZZY 

ARITHMETIC 

 
Given in general a problem with a number of n 

independent parameters which are assumed to be 
uncertain, the parameters can be represented by fuzzy 
numbers ݌෤௜	with i = 1, 2, …,n. As illustrated in Fig. 3, 
each of the fuzzy numbers can be decomposed into a set 

Pi of m + 1 intervals	 ௜ܺ
ሺ௝ሻ, j = 0, 1,  …, m, of the form 

[4]. 

௜ܲ ൌ 	 ቄ ௜ܺ
ሺ଴ሻ, ௜ܺ

ሺଵሻ, … , ௜ܺ
ሺ௠ሻቅ                                            (7) 

 

௜ܺ
ሺ௝ሻ ൌ ቂܽ௜

ሺ௝ሻ, ܾ௜
ሺ௝ሻቃ , ܽ௜

ሺ௝ሻ ൑ ܾ௜
ሺ௝ሻ,	 	                                 (8) 

 
i = 1 , 2 , …, n,     j = 0 , 1, ..., m. 

 
A fuzzy parameterized model is expected to show 

non-monotonic behavior with respect to n, for	݊ ൐ 1 
fuzzy value parameter  ݌෤௜ with i = 1,2,. . . , n.  Thus, the 
model is used general transformation method. The 

intervals	 ௜ܺ
ሺ௝ሻ, i = 1, 2, ..., n, j = 0, 1, ..., m-2, are 

considered for the transformation scheme. The intervals 

are now transformed into arrays ෠ܺ௜
ሺ௝ሻof the form 

 

௜ܺ
ሺ௝ሻ ൌ ቀ൫ߛଵ,௜

ሺ௝ሻ, ଶ,௜ߛ
ሺ௝ሻ, … , ሺ௠ାଵି௝ሻ,௜ߛ

ሺ௝ሻ ൯, … , ൫ߛଵ,௜
ሺ௝ሻߛଶ,௜

ሺ௝ሻ, … , ሺ௠ାଵି௝ሻ,௜ߛ
ሺ௝ሻ ൯ቁᇣᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇥ

ሺ௠ାଵି௝ሻ೔షೕሺ௠ାଵି௝ሻష೟ೠ೛೗೐ೞ

 

   (9) 

 
Figure 3. Implementation of a fuzzy number ݌෤௜	by 

decomposition into intervals. 
 
 

௟,௜ߛ
ሺ௝ሻ ൌ ቀܿ௟,௜

ሺ௝ሻ, … , ܿ௟,௜
ሺ௝ሻቁᇣᇧᇧᇧᇤᇧᇧᇧᇥ

ሺ௠ାଵି௝ሻ೙ష೔		௘௟௘௠௘௡௧௦

                                          (10) 

 

ܿ௟,௜
ሺ௝ሻ ൌ 	

ە
ۖ
۔

ۖ
ۓ ܽ௜

ሺ௝ሻ																		݂ݎ݋	݈ ൌ 1	and	݆ ൌ 0,			1,… ,݉,
1
2
ቀܿ௟ିଵ,௜

ሺ௝ାଵሻ ൅ ܿ௟,௜
ሺ௝ାଵሻቁ ݈	ݎ݋݂	 ൌ 2, 3,… ,݉ െ ݆	and	݆ ൌ 0,			1,… ,݉ െ 2,

ܾ௜
ሺ௝ሻ																						݂ݎ݋	݈ ൌ ݉ െ ݆ ൅ 1	and	݆ ൌ 0,			1,… ,݉,

 

 

                                                (11) 
 

Assuming the problem to be given by the 
arithmetical expression F in the form 

 
෤ݍ ൌ ,෤ଵ݌ሺܨ ,෤ଶ݌ … ,  ෤௡ሻ               (12)݌
 

Then, the evaluation is then carried out by 
evaluating the expression separately at each of the 2n 
positions of the fields using the conventional arithmetic 
for crisp numbers. The result of the problem can be 
expressed in its decomposed and transformed form by 
the fields	 መܼ ሺ௝ሻ, j = 0, 1, …,m, the k-th element k መܼ ሺ௝ሻ	of 
the array መܼ ሺ௝ሻ given by 
 
k መܼ ሺ௝ሻ= F (kݔොଵ

ሺ௝ሻ,	kݔොଶ
ሺ௝ሻ , …, kݔො௡

ሺ௝ሻሻ																											        (13) 
 

k = 1 , 2 , …, 2n , 
 

Finally, the fuzzy-valued result ݍ෤ of the problem 
can be achieved in its decomposed form 
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ܼሺ௝ሻ= [aሺ୨ሻ, bሺ୨ሻ], j = 0, 1 , … ,m        (14) 
 

By retransforming the fields	 መܼ ሺ௝ሻ	including a 
certain correction procedure according to the recursive 
formulas 

 
ܽሺ௝ሻ ൌ 	min

௞
ሺ ܽሺ௝ାଵሻ,		k̂ݖሺ௝ሻ),                                         (15) 

 
ܾሺ௝ሻ ൌ 	max

௞
ሺ ܾሺ௝ାଵሻ,		k̂ݖሺ௝ሻ), j=0, 1, …,m-1,              (16) 

 
and 
 
ܽሺ௠ሻ ൌ 	min

௞
ሺk̂ݖሺ௠ሻ) = max

௞
ሺk̂ݖሺ௠ሻ) = ܾሺ௠ሻ   (17) 

 
 
4. ANALYSIS  
 

 The problem with uncertainties can be achieved 
with the implementation of fuzzy arithmetic. The fuzzy 
valued result of the problem only shows the overall 
influence of all the uncertain parameters. Therefore, the 
degrees of influence of the different uncertain model 
parameters of a system on its output are certainly not 
equal in general. In this regard, one can determine the 
percentages to which the n uncertain parameters of the 
system contribute to the overall uncertainty of the 
system output. Instead of reducing the array መܼ ሺ௝ሻ to the 
interval	ܼሺ௝ሻ, as in the retransformation step of the 
transformation method, the supplementary information 
given by the values and the arrangement of the elements 
in መܼ ሺ௝ሻ can be used [5]. The coefficients for general 
transformation method are as follows [4]. 

The coefficients		ߟ௜
ሺ௝ሻ, i = 1, 2, ...,n, j = 0, 

1,….,m−1, are to be determined for the general 
transformation method: 

 
௜ߟ
ሺ௝ሻ

ൌ 	
1

ሺ݉ െ ݆ ൅ 1ሻ௡ିଵሺܾ௜
ሺ௝ሻ െ ܽ௜

ሺ௝ሻሻ
෍ ෍ ሺ௦మ̂ݖሺ௝ሻ

ሺ௠ି௝ାଵሻ೔షభ

௟ୀଵ

ሺ௠ି௝ାଵሻ೙ష೔

௞ୀଵ

െ௦భ̂ݖሺ௝ሻሻ 

                  (18) 
with 
 
,ଵሺ݇ݏ ݈ሻ ൌ ݇ ൅ ሺ݈ െ 1ሻሺ݉ െ ݆ ൅ 1ሻ௡ି௜ାଵ             (19) 
 
and 
 
,ଶሺ݇ݏ ݈ሻ ൌ ݇ ൅ ሾሺ݉ െ ݆ ൅ 1ሻ݈ െ 1ሿሺ݉ െ ݆ ൅ 1ሻ௡ି௜   (20) 

 

The values ܽ௜
ሺ௝ሻ and ܾ௜

ሺ௝ሻdenote the lower and 

upper bound of the interval		 ௜ܺ
ሺ௝ሻ, and k̂ݖሺ௝ሻ is the kth 

elements of the array	 መܼ ሺ௝ሻ. The coefficients ߟ௜
ሺ௝ሻ can be 

interpreted as gain factors which express the effect of the 
uncertainty of the ith parameter on the uncertainty of the 
output z of the problem at the membership level	ߤ௝. To 
become independent of a specific level of membership, 

some mean gain factors ߟ௜
ሺ௝ሻare computed such that 

௜ߟ̅ ൌ 	
∑ ఓೕఎ೔

ሺೕሻ೘షభ
ೕసభ

∑ ఓೕ
೘షభ
ೕసభ

               (21) 

 
Finally, the degree of influence, the normalized 

values ߩ௜ can be determined for i=1, 2, …,n, using 
 

௜ߩ ൌ 	
∑ ఓೕቚఎ೔

ሺೕሻሺ௔೔
ሺೕሻା	௕೔

ሺೕሻሻቚ೘షభ
ೕసభ

∑ ∑ ఓೕ
೘షభ
ೕసభ

೙
೜సభ ቚఎ೜

ሺೕሻሺ௔೜
ሺೕሻା	௕೜

ሺೕሻሻቚ
            (22) 

 
which satisfies the condition 
 
∑ ݅ߩ
௡
௜ୀଵ ൌ 1                             (23) 

 
Thus, the values ߩ௜ quantify the influence of the 

ith varying parameter ߩ෤௜	on the overall variation ݍ෤ of the 
problem output z, assuming that every parameter to be 
varied relatively to the same extent.  
 
 
5. IMPLEMENTATION 

 
For the simulation of the model, the parameter 

wF, wA, wG, hG, hA, ࣂ, Tst, Trh, and Tet are considered as 
independent parameters, represented by quasi Gaussian 
fuzzy numbers ݌෤௜ of the form 

 
෤݌ ൌ ݂݃݊	ሺ̅ݔ, ,ଵߪ ,௥ሻߪ ݅ ൌ 1, 2, … , ݊, 

 
The value ̅ݔ௜ of the fuzzy parameters is listed in 

Table 2, and the standard deviation ߪ௜	is defined as 
 

௜ߪ ൌ ,	௜ݔ̅	2% ݅ ൌ 1, 2, … , ݊,	 
 

for each parameter, corresponding to a worst-case 
deviation of  ±30%.  

The non-monotonic behaviour is likely to appear 
as a consequence of linear elements in the model 
equations (6). The uncertain furnace model is simulated 
and analysed using an appropriate form of the general 
transformation method. 

In contrast to the universally valid general form 
[2], the transformation method can be applied in its 
extended form to reduce the computational costs of the 
simulation.  The analysis of the furnace model shows 
that upon evaluating the classification criterion, only 
eight out of nine modal parameters can be regarded as 
type-g-parameters and others are type-r-parameters. 
Hence the extended transformation method can be 
applied by setting		 ത݊ ൌ 8. 

 
Table 2. Modal values and standard deviation of the 

uncertain model parameters. 
Parameter ࢞ഥ 	࣌ Dimension  
෥૚࢖ ൌ ࡲ࢝ 14.1 0.1 kg/s 
෥૛࢖ ൌ ࡭࢝ 64.09 0.02 kg/s 
෥૜࢖ ൌ ࡳ࢝ 23.18 0.06 kg/s 
෥૝࢖ ൌ ࡳࢎ 6.9 x 105 0.05 J/kg 
෥૞࢖ ൌ ࡭ࢎ 2.5 x 105 0.07 J/kg 
෥૟࢖ ൌ ࣂ 0.88 0.3 rad 
෥ૠ࢖ ൌ ࢚࢙ࢀ 736.97 0.04 K 
෥ૡ࢖ ൌ ࢎ࢘ࢀ 743.71 0.07 K 
෥ૢ࢖ ൌ ࢚ࢋࢀ 412.54 0.05 K 
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As a result of the simulation of the model with a 

decomposition number m = 5, the uncertain furnace 
model   ݍ෤ ൌ  ෤ாீ can be obtained as the fuzzy-valuedߩ	
output of the model. It is plotted against time in Fig. 4, 
featuring contour lines for the membership levels ߤ ൌ
0.0 to ߤ ൌ 1.0 in steps of ∆ߤ ൌ 0.2. 

 

 
Figure 4. Contour plot of the uncertain furnace model ߩ෤ாீሺݐሻ 
with the membership grade ߤ as contour parameter in steps 
of	∆ߤ ൌ 0.2. 
 
 

The value of ߩ෤ாீሺݐሻ	is increased at the beginning 
and relatively constant over a long period of time. The 
two points at time,	ݐଵ ൌ ଶݐ		and ݏ20 ൌ  .are taken ݏ80	
The worst case range of the uncertainty amount is 0.1 
kg/m3 at ݐଵ and 0.105 kg/m3 at	ݐଶ. 

 

 
Figure 5. Membership functions of a) the uncertain furnace 
model ߩ෤ாீሺݐଵሻ at ݐଵ ൌ  and b) the uncertain furnace model	ݏ20
ଶݐ at	ଶሻݐ෤ாீሺߩ ൌ  .ݏ80

 
 
Fuzzy-valued ߩ෤ாீሺݐଵሻ and ߩ෤ாீሺݐଶሻ show 

significantly strong variation in shape to the original 
symmetric quasi-Gaussian shape of the uncertain model 
parameters	݌෤ଵ, ݌෤ଶ, …,݌෤ଽ in Fig.5. One can conclude that 
the linear elements in the model only have a slightly 
effect on the furnace system under the given operating 
condition. 

From the evaluation of the degree of influence 
 ௜(t), i= 1, 2, …,9, only three out of nine uncertainߩ
model parameters show an observable influence on the 

outflow of furnaces. Additionally, only the degrees of 
influence ߩ௜(t) for the parameters wF, wA and wG exhibit 
non-zero values. The influence of the remaining 
parameter hG, hA,ߠ, Tst, Trh, and Tet can be neglected. The 
following are the degree of influence ߩଵ,  .ଷߩ	 and	ଶ,ߩ

 % ଵ = 7.55ߩ
 % ଶ= 68.61ߩ
 
 % ଷ = 23.84ߩ
 

The model parameter of ߩଶ	show high degree of 
influence, while the parameter of ߩଵ and ߩଶ	have only a 
moderate impact on the model (see Fig. 6).  

Based on Fig. 6 (b) the density of exhaust gas is 
decrease when the air is excessive [1]. This effect is due 
to increasing of heat and reducing the exhaust gas at the 
same time. Additionally, the parameter	݌෤ଶ= wA shows 
significant impact to ߩ෤ாீሺݐሻ compare to the others. 

 

 
Figure 6. Density of exhaust gas	ߩ෤ாீሺݐሻ, and Estimated density 
of exhaust gas ߩ෤ாீ

∗ ሺݐሻ with the value of (a) ߩଵ = 7.55 % (b) 
 .% ଷ = 23.84ߩ ଶ= 68.61 % (c)ߩ
 
 
6.  CONCLUSIONS  
 

The application of fuzzy arithmetic to simulate 
the furnace model proves a very successful approach. 
The evolution of the air flow to the furnace is 
significantly affected by uncertainties in the parameter 
compare to the fuel flow of the furnace by those related 
to the combustion process. Hence, to improve the 
furnace efficiency, efforts should focus on the 
quantification of the air flow parameters than the exact 
quantification of the fuel flow of the combustion 
process. 
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