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Abstract The dynamics of unsteady flow of a ternary hybrid nanofluid on a stretching/shrinking
sheet with wall mass suction is numerically analysed. In this study, a mixture of Al2O3, Cu, and
TiOz is employed as additives in water, which serves as the base fluid. The equations governed
the problem are simplified into a collection of ODEs by adopting the similarity transformation.
Maintaining the flow on a shrinking sheet is reliant on the essential aspect of suction. Furthermore,
augmenting the strength of suction amplifies the thermal conductivity process of the flow.
Additionally, this study unveils dual solutions existing within a defined range of parameters. It has
been determined that one solution exhibits long-term stability, whereas the other solution is
deemed unstable through the stability analysis conducted.

Keywords: Nanofluid, heat transfer, dual solutions, stability analysis.

Introduction

Nowadays, a newly introduced fluid type referred to as nanofluids has replaced the usage of common
liquid like water, ethylene glycol or oil in many industrial applications such as heating or cooling
processes, power generation or chemical reactions. This new nanofluid was created by Choi et al. [1]
and this fluid exhibits better thermal properties and enhanced heat transfer rates [2-4]. Nanofluids consist
of one type of nanoparticle ranging in size from 1 to 100 nanometres that dispersed in the base fluid.
Later, researchers shifted their attention towards hybrid nanofluid, which is an extended version of the
nanofluids that comprised of a base fluid blended with two types of nanoparticles variants. These
nanofluids have demonstrated commendable thermal conductivity characteristics and their heat transfer
rate is boosted compared to single nanofluids. Hayat and Nadeem [5] conducted a heat transfer study
on single and hybrid nanofluid, and they discovered the heat transfer of hybrid nanofluid were superior
to those of CuO/water nanofluid.

However, the need for fluids with enhanced thermal conductivity and heat transmission rates has driven
scientists to create a new fluid concept. Due to this, a new extension of nanofluid where three different
types of nanoparticles are mixed in a stable manner within a base fluid has been introduced. This
particular nanofluid is referred to as ternary hybrid nanofluids are believed possible to enhance thermal
conductivity and can augment heat transfer rate. This new nanofluids recently has garnered the attention
of researchers who are actively investigating their application in practical heat transfer scenarios. For
example, Ramadhan et al. [6] observed ternary hybrid nanofluid that contains alumina (Al203), titania
(TiO2), and silica (SiO2) in ethylene glycol reached optimal thermal conductivity when the volume
concentration is 0.3% compared to 0.05%-0.2%. Moreover, Sundar et al. [7] synthesized a ternary hybrid
nanofluid by dispersing iron oxide (FeszOa4), graphene oxide (GO) and titania (TiO2) in ethylene glycol and
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reported 14.32% increase in thermal efficiency. Dezfulizadeh et al. [8] conducted an analysis on the
viscous dynamicity and thermal diffusivity of a ternary hybrid nanofluid Cu-SiO.-MWCNT/water. They
also developed practical correlations in this context. Ahmed et al. [9] reported on the impact of ZnO-
AlO3-TiO2/distilled water on the heat transfer in a square flow conduit. Following, the rates of heat
transfer for GO-TiO2-Ag/water and rGO-TiOz-Ag/water composites are significantly higher compared to
those of water, as demonstrated by Mohammed Zayan et al. [10]. Elnageeb et al. [11] examined ternary
hybrid nanofluid flow behaviour in a closed rectangular domain, where nanoparticles of different shapes
and lower densities are suspended in water. The study focused on understanding the dynamics of these
nanoparticles as they are carried by the water within the boundary layer. Flow of TiO2-CoFe20:-
MgO/water with magnetic effect over a moving cylinder was investigated by Alharbi et al. [12] using
computational parametric continuation approach. In the meantime, Madhukesh et al. [13] directed their
attention towards examining how the thermal performance of a flow of Al2O3-Cu-TiOz2/water within an
inclined cylinder/plate is influenced by factors such as inclined geometry, porosity, and the presence of
heat source/sink. Thermal performance of rotating flow of Al2O3-SiC-MWCNT/water with radiation and
fluid dissipation due to viscosity was examined by Sarangi et al. [14]. Animasaun et al. [15] explored the
effect of magnetic flux density and heat source/sink on the flow of Ag-Al2Os-Al/water at the stagnation
point over a sheet being convectively heated. The stagnation point flow of Cu-Al2Os-TiO2/water over a
heated stretching/shrinking sheet with heat generation/absorption and velocity slip effects was
investigated by Mahmood et al. [16]. Later, Mahmood et al. [17] investigated the flow of Cu-Fe20a-
SiOz/water at the stagnation point around a heated stretching/shrinking cylinder while being influenced
by both suction and a heat source.

Flow within boundary layer is a prevalent occurrence in engineering and industrial manufacturing
processes like polymer sheet manipulation, rolling at elevated temperatures, and manufacturing glass
fibre and paper [18]. These flow phenomena frequently occur on surfaces experiencing stretching or
shrinking. Sakiadis [19] introduced the concept of boundary layer flow on a moving surface, establishing
his pioneering role in this field. Later, Crane [20] utilized this concept to study two-dimensional steady
flow on a stretched surface in a viscous fluid. However, the investigation of shrinking surface has been
less emphasized compared to surface stretching. Goldstein [21] found that fluid flow on a shrinking
surface move in a rearward direction, distinguishing it from flow on a stretched surface. Meanwhile,
Miklav€i€ and Wang [22] revealed that suction effect is essential for the fluid flow sustainability across a
shrinking sheet. Halima et al. [23] noted that Ludwig Prandtl used injection/suction to delay boundary
layer separation. Several causes exist for delaying boundary layer separation, including flow instability.
Delaying separation improves flow stability and control and manoeuvrability. Heat transport is also
reduced in stationary zones caused by boundary layer separation. By delaying separation, the boundary
layer stays linked longer throughout the surface, improving heat transfer. As opposed to that, many
studies conducted are about scrutinizing the steady fluid flow past a shrinking sheet, but less attention
is paid to the time dependent flow. The comprehension of unsteady flow holds significant importance in
disciplines such as fluid mechanics and aerodynamics since it enables engineers and scientists to
anticipate and manipulate the dynamics of fluids inside various systems. The design and analysis of
various systems, including aircraft, autos, pipelines, and environmental processes, are heavily influenced
by its substantial function [24]. Unlike steady flows, unsteady flows behave differently. The boundary
layer separation is increased because of a time-dependent factor in the mathematical models [25-26].
Consequently, extensive research has been conducted on the phenomenon of unsteady flow over a
shrinking sheet with the presence of suction effect. A literature search on this particular flow revealed
only a limited number of publications, as it represents a relatively novel type of flow. Unsteady flow over
a shrinking sheet with mass transfer was pioneered by Fang et al. [27], who uncovered the presence of
several solutions in a defined interval of mass suction and unsteadiness parameters. Subsequently,
Rohni et al. [28] scrutinized the identical issue explored in [27], but in the context of nanofluids while
Reddy et al. [29] analysed a comparable issue as discussed in [27], but they focused on hybrid nanofluid
and took into account slip effects. The manufacturing processes of extrusion and rolling necessitate the
shrinking of materials, a phenomenon also prevalent in polymer engineering for shaping and processing
polymers to attain specific qualities. In metallurgy, shrinking operations are integral to metal heat
treatment and forming. As a result, researchers are increasingly emphasizing the practical importance
of exploring surfaces undergoing shrinking in fluid dynamics and heat transfer analyses, considering
various types of fluid, and investigating the effects of different parameters, as detailed in references [30-
31]. These findings offer valuable insights for understanding and optimizing operations across diverse
sectors.

Most boundary value problems involve non-linear equations that allow multiple solutions, which can be
a valuable feature in scientific research and engineering design. Researchers frequently investigate
these multiple solutions in order to enhance their comprehension of the problem or to identify solutions
that align with particular criteria or constraints. They employ suitable methods, including stability analysis
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as performed by Merkin [32], to thoroughly examine and describe these solutions. In research led by
Merkin [32], an examination was carried out involving unsteady flow with mixed convection occurring
within a porous medium. The findings of this investigation reveal the stability of the first solution and the
instability of the second solution. Weidman et al. [33] led a similar analysis to assess the solution's
stability across several values of the transpiration parameter. The findings are the same as the previous
work done. Moreover, researchers have identified the existence of dual or multiple solutions arising from
flow problems across a shrinking sheet. They have subsequently executed an identical analysis to
validate the stability and physically realizable solution, such as Ishak [34], Lund et al. [35], Yahaya et al.
[36], Waini et al. [37], Khashi'ie et al. [38], and Rasool et al. [39].

The literature review above emphasizes the significance and practicality of unsteady flow across a
permeable shrinking sheet. Therefore, this study is conducted to scrutinize the boundary layer separation
and heat transmission properties of unsteady flow over a permeable shrinking sheet while accounting
for wall mass suction and concentrating on ternary hybrid nanofluid (Al2Os-Cu-TiO2/water). We believe
this work is new and has the potential to help other scientists learn a lot about how heat moves through
ternary hybrid nanofluid and find the control factors that can postpone the distancing of the boundary
layer and improve fluid dynamics and heat transfer. Ternary hybrid nanofluid formation involves
disseminating Al2O3 and Cu into water and after that TiO2 with different volume fractions. Xuan et al. [40]
experimentally demonstrated that this particular type of ternary hybrid nanofluid possesses favourable
thermal properties exhibiting effective heat transfer. Besides, it is predictable that in a defined interval,
dual solutions are present for the suction, the unsteadiness, the shrinking and the volume fractions
parameters. Accordingly, an assessment of solution steadiness is executed to verify the solutions’ ability
to remain unchanged or resist disturbances over time which has a practical and physical applications in
various real-world scenarios.

Problem Formulation

A two-dimensional unsteady flow with wall mass suction over a shrinking sheet of ternary hybrid nanofluid
is considered (see Figure 1).

y
boundary layer
4444 é [ x (sheet)
0 I ERE] vYvy
vy (%, 1) u= Auw(x, t) vy (%, 1)

Figure 1. The problem geometric configuration

The ternary hybrid nanofluid is formed through the dispersion of Al203, Cu, and TiO2 nanopatrticles within
a water medium and it is expected that fluid exhibits incompressibility and laminar flow. The wall mass
suction velocity is assumed to be v,,(x, t) and the shrinking velocity is u,, (x, t) = ¢cx/(1 — at), where c is
a positive constant, t is time, and « is the unsteadiness parameter of this problem. Consequently, the
equations modelled for this problem are as follows [27-28], [37]:
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subject to the conditions,

u=0,v=0,T =T forany x,y, when t < O;
u = Au,(x,t),v=v,(x,t), T =T, aty = 0,whent = 0;
u—0,T->Tyasy — .

The velocities are represented as u (x direction) and v (y directions). Additionally, the parameter 4 is
introduced to describe the stretching/shrinking behaviour on the surface. Specifically, when 1 <0, it
indicates a shrinking sheet; when A = 0, it represents a stationary surface; and when 4 > 0, it implies a

stretching surface.

The thermophysical properties of ternary hybrid nanofluid are provided in Tables 1 and 2. It is imperative
to note that the subscripts f, nf, hnf, and thnf correspond to the base fluid, nanofluid, hybrid nanofluid,
and ternary hybrid nanofluid, respectively. Furthermore, the nanoparticles utilized in this research study
are denoted as Al203 (subscript n,), Cu (subscript n,), and TiO2 (subscript n3). The respective volume

fractions of these nanoparticles are represented by ¢4, ¢,, and @;.

Table 1. The thermophysical properties of ternary hybrid nanofluid [17]

Property Ternary hybrid nanofluid’s correlations
Dynamic i — Hnf
viscosity T (1-91)25(1-92)25 (1-93)%"
Density Penng = (1= @3){(1 = 0)[(1 = @1)ps + @10n1]
+ <P2.0n2} + @3Pn3
Thermal ktnng _ Kn3+2knnf—2¢3(knnf—kn3)
conductivity knng  Kkns+2knng+@3(Rnnf—Knz) '’
where
knng — kn2+2knf_2(l’2(knf_kn2)
kng kn2+2knf+¢2(knf_kn2) '
where
kng _ kn1+2kp—2¢1 (kf—knq)
kg kni+2kp+@q(kp—kn1)
Heat C)h =(1- 1-— 1-— C.
Pty (0Cp)henng = (1 = 93){(1 = 902)[(1 = 1) (pCy),

+@1(pCp)n1] + 92(pCy) L3
+@3(pCp)

Table 2. Thermophysical properties with respect to nanoparticles as well as

water [41]

Property AlzOs Cu TiO2 Water
Cp(]/kgl() 765 385 686.5 4179
p(kg/m3) 3970 8933 4250 997.1
k(W/mK) 40 400 8.9538 0.613

Prandtl Number, Pr

6.2

By using the following set of dimensionless variables that introduced by Fang et al. [27],
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_ o |eve _ c _ T-Ty
Y=x l—atf(n)'rl - y,’vfu—at)’e T Ty-Teo ®)

Here, ¥ represents the stream function that fulfils the condition stated in Eqg. (1) and v is the base fluid
kinematic viscosity. By utilizing the definition for the velocity components u = dy/dy and v = — dy/dx,
the velocities can be stated as

f'mandv = —

_

cv
u= f
1-at

1-at

f@). (6)

The wall mass transfer velocity takes the form
— _ | fvF
Uw(x; t) - 1—(xtS' (7)

where S is the wall mass transfer parameter. In this study, only the case S > 0 (suction) is considered.
By substituting (5) and (6) into Eq. (1)-(3), the following ODESs are obtained:

uthnf/”f " 17 2 r N o

tnnf /by —fr2 - 1£7) =0, 8
pthnf/pff +ff f B(f + Zf ) (8)
1 Kenng/kf " ’ nar

————0 0'—p-6 =0, 9
Pr (pCplennf/(PCp)f + f ‘8 2 ®)

bound to the boundary conditions

f(0)=S5,f'(0)=2060(0) =1;
f'm) - 0,6(n) > 0asn - oo. (10)

B = a/cin Eq. (8) and (9) represents the unsteadiness parameter. In the context of this study, we are
examining a decelerating shrinking sheet characterized by a parameter g that satisfies the condition g <
0.

The coefficient of skin friction Cr and the Nusselt number Nu,, are expressed as

XAdw

Cr=—"_ and Nu =—, 11

7 prug o kp(Tw—Too) (1)
with 1, is the surface shear stress and g,, is the surface heat flux,

ou or

Ty = (—) and =—k (—) . 12

w 'uthnf ay y=0 qw thnf ay y=0 (12)
By substituting (5) and (6) into (11) and using (12) yield

— k
CiRey* = % £"(0) and NuyRe;'/? = —=L6'(0), (13)
f f

where the local Reynolds number is Re, = u,,x/vy = cx?/vs(1 — at).

Stability Analysis

It is well-established that ordinary differential equations possess the property of admitting multiple
solutions, commonly referred to as dual solutions, which encompass both the first and second solutions.
These multiple solutions cannot be identified experimentally [42]. Therefore, mathematical analysis is
used in multiple solution identification. Once the multiple solutions are identified, it is imperative to
perform a stability test to ascertain the stability and instability of the respective solutions [32-33]. In
stability analysis, the unsteady flow is considered where the flow state depends on time. This method
aims to impose a perturbation on the time-independent flow and the stable solution is identified when it
is time-varying solution with the smallest error.
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The boundary value problem of Eq. (1)-(3) with the boundary conditions in (4) is considered to test the
features of stability analysis. The new dimensionless variables time variable 7 is introduced and use
together with the variables in (5) and (6) to model the stability problem as t — o, hence new similarity
variables in term of n and 7 are obtained:

cx 6f _ P T—To
iy W OVCD == [T f 00,00 = 5

n= y«’vf(l—at) T 1-at (14)

Using (14), Eq. (2) and (3) become

u(x,t) =

Hehng/ s O3 2f  (af\% _ , (md*f f _
Ptanf/Pf 013 +f on? (an) p (2 on? ) (1 +hr )67761' =0, (15)
1 kenng/ky 270 n 06

__thnfITf 19 _ (1 % -y, 16
PT (0Cpenns/ (Co)y O f 2oq (1 TP 2k 16)

and Eq. (4) become

£(0,7) = 5,3—2(0, 7) = 1,000,7) = 1;
Z—;(n, 7) = 0,6(n,7) > 0asn — oo. a7

Afterward, a slight perturbation in the growth rate is introduced, denoted as f = f,(n) and 8 = 6,(n). This
approach aims to assess the stability of the obtained solution by utilizing the following relations

f@m.1) = fom) +e "*E(, 1),
0, 1) =0o(n) + e Y"H(n,1). (18)

y is the unknown eigenvalue, and function E(n,7) and H(n,t) are relatively small towards f,(n) and
8o (1)-

By using (18) and assumed that time approaching infinity (t = =), then et - 0. Therefore, Egs. (15)
and (16) and boundary conditions (17) become

Uenng/ug O3E 0%E ) no*E OE

P it foa HUE~2f5 5~ B35 + 5
Penns/ Py ON an an 20n*  on

dE _ 0’E

+(1 + BT) ( ana‘r) =0, (19)
1 Kinng/kf *H n aH A
pr (pCp)ennyr/(PCp)f an? fo an + OoF — ‘8 + (1+87) (YH 1') 0, (20)
subjected to:
E(0) =0,E'(0) =0,H(0) = 0;
E'(n) > 0,H(n) » 0asn — . (21)

As proposed by Weidman et al. [33], when t is set to zero in boundary value problem (19)-(21), leading
to E = Ey(n) and H = Hy(n). Based on the given information, the following linear eigenvalue problem is
obtained:

/v‘thnf/“f 12 " " I N = ! !
———Ey" + foEy + fo Eo — 2foEg — B (- Ey +Ey) +YEy; =0, 22
penns/Pf foEo + fo' Eo — 2foEq .3(2 0 0) YEo (22)
1 Ktnng/kf " ’ I Ny
—_—— + fyHy + 0'Ey— B—H) +yvH, =0, 23
Pr (0Cp)enns/ (0Cp)y O foHo o— B > 1o T YHo (23)
subject to
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Eo(O) = O,E(’) = 0, HO = 0;
Eq(n) = 0,Ho(m) > 0asn — oo. (29)

By relaxing Ey(n) — 0 and instead, setting with E;'(0) = 1, the eigenvalue problem is tackled. Therefore,
new boundary conditions for (22) and (23) are

Eo(0) = 0,E, = 0,EY(0) = 1,H, = 0;
Hy(n) = 0asn — oo. (25)

Upon solving the eigenvalue problem, an infinite number of eigenvalues will be obtained. A negative
eigenvalue indicates the initial growth of disturbance, illustrating an unstable flow over time. On the other
hand, a stable flow represented by a positive eigenvalue signifies the initial decay of disturbance as time
progresses.

Results and Discussion

Utilizing the boundary value problem solver (bvp4c) in MATLAB software, we actively solved the
governing equations Egs. (8) and (9) with the specified boundary conditions (10). The bvp4c solver is a
numerical solver commonly used in mathematics and engineering to solve boundary value problems
(BVPs) connected to ordinary differential equations. This numerical solver was programmed with a finite
difference that employs Lobatto Illa scheme (three-stage) with fourth order accuracy. In this work,
obtaining dual solutions, denoted as upper solutions and lower solutions, requires the provision of distinct
initial guesses. The selection of these initial guesses follows a trial-and-error approach, with iterative
refinement in cases where solver convergence is not achieved. To achieve both upper and lower
solutions, a boundary layer thickness 1, is set to 15. Meanwhile, the tolerance limit in the bvp4c refers
to the maximum allowable error between the computational and the actual solutions of the BVPs. This
tolerance is applied to manage the precision of the solver and to ascertain when the solver has reached
a satisfactory convergence to a solution. The tolerance limit used in this work is 1071°, Furthermore, this
study briefly examines the impact of various parameters, including suction, unsteadiness parameters,
and the volumetric concentration of nanoparticles, on reduced skin friction coefficient, local Nusselt
number, and fluid flow profiles. The analysis also encompasses the stability of the solutions. Careful
consideration is given to selecting suitable values for these parameters to maintain adherence to far-field
boundary conditions. This choice is determined by essential references and involves a trial-and-error
method, considering the presence of dual solutions.

A comparison with the findings from previous research under various fluid models is used to verify the
numerical solutions obtained, as presented in Table 3-6. Table 3 presents a comparative analysis of
—0(0) for regular fluid, as reported by Wang [43], Gorla and Sidawi [44], Waini et al. [37], Priyadharshini
et al. [45] and the current study. The table includes values obtained for different Prandtl numbers. The
current findings demonstrate a strong occurrence with the aforementioned studies. In the meantime,
Table 4 depicts f(0) and —6(0) values for Al2Oz/water nanofluid where several values of ¢, are
considered, the present results show a close alignment with the findings from Waini et al. [46].
Meanwhile, for A = —1, f"'(0) and —6(0) values when Cu/water situation is considered for several values
of B when § = 2.1 are shown in Table 5. These values are examined alongside the results from Waini et
al. [37] and Roy et al. [47], demonstrating a strong concurrence. Variation of skin friction coefficients
values for Cu-Al2Oz/water when ¢; = 0.1,S =8 = 0,1 =1 and Pr = 6.135 are given in Table 6 are align
with the findings with those of Devi and Devi [48] and Rasool et al. [39]. As a consequence of Table 3-6,
it is demonstrated the results attained in this study are reliable.

Table 3. —6'(0) values for regular fluid (¢; = ¢, = @3 =0)whenS=0,=0,1=1

Pr Wang [43] Gorla and Waini et al. [37] Priyadharshini et al. Present
Sidawi [44] [45] Results
2 0.9114 0.9114 0.911353 0.9113 0.91135
6.13 - - 1.759682 - 1.75968
7 1.8954 1.8954 1.895400 1.8954 1.89540
20 3.3539 3.3539 3.353902 3.3539 3.35390
10.11113/mijfas.v20n3.3334 534
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Table 4. f"(0) and —6'(0) values for Al2Os/water when Pr = 6.2,S = ¢, = B = 0,4 = 1 (stretching sheet
case)

01 Waini et al. [46] Present Results

f"(0) —6'(0) f"(0) —0'(0)
0.05 -1.00538 1.62246 -1.00538 1.62246
0.10 -0.99877 1.49170 -0.99877 1.49170
0.15 -0.98184 1.37543 -0.98185 1.37542
0.20 -0.95592 1.27118 -0.95593 1.27117

Table 5. f''(0) and —6'(0) values for Cu/water when ¢, = 0.2, Pr = 6.2,S = 2.1, and A = —1 (shrinking
sheet case)

Roy et al. [47] Present Results
f"(0) —6(0) f"'(0) —6(0)

B First Second First Second First Second First Second
Solution Solution Solution  Solution  Solution Solution Solution  Solution

0 2.52897 0.586653 6.822302 6.693027 2.52897 0.584729  6.822453 6.693105
-0.4 2395885 -0.482181  6.927484 6.754874 2.395251 -0.473473 6.927417 6.75547

-1 2.196043  -1.51016 7.074014 6.883723 2.194247 -1.491281 7.07368  6.884548
-5 0.858074 -6.516724  7.859843 7.656443 0.844435 -6.431507 7.858446 7.657801
-9 -0.487461 -10.743148 8.475325 8.276127 -0.517287 -10.58983 8.473316 8.277676

Table 6. Comparison values of Rel/ZCf for Cu-Al203/water
when Pr = 6.135,S=8=0,A=1and ¢; =0.1

P2 Rel/z Cr

Devi and Devi [48] Rasool et al. [39] Present Results
0.005 -1.327310 -1.325862 -1.327086
0.02  -1.409683 -1.404648 -1.409471
0.04  -1.520894 -1.511257 -1.520693
0.06  -1.634279 -1.620177 -1.634082

Effects of Physical Parameters on Physical Quantities of Interest
As stated previously, this paper assumes a decelerating shrinking sheet with g < 0. From Figures 2-7,
the dual solutions happen when g > ., B. is the bifurcation point where transition occurs between the
first and second solutions. The results are aligned with the findings reported by Fang et al. [27], which
indicate that there is no anticipated solution for § — —oo. Figure 2 demonstrates the variations of Re;/2 Cr
when 1 = —1and ¢; = ¢, = @3 = 0.1 for various values of S. The critical values g, for S = 2.0,2.10,2.15
and 2.2 are —0.3494, —3.1802,—7.0368 and —15.4126, respectively. Itis evident that as S increases, the
points of B. shift to the left and become smaller. Hence, it can be deduced that the boundary layer
separation can be delayed by increasing the value of S. The increase in S also led to a rise in Re;/ZCf
because suction on the shrinking sheet causes the fluid to approach the sheet more closely. As a result,
the momentum boundary layer decreases in thickness (refer to Figure 8). Theoretically, the thinning of
the boundary layer results in higher surface shear stress, thereby increasing the skin friction coefficient.
In addition, increasing S also lead to the increasing value of Re;I/ZNux for both solutions as
demonstrated in Figure 3. Suction draws fluid towards the shrinking plate, reducing thermal boundary
layer thickness. The augmented heat transfer from the sheet to the fluid, facilitated by the thinner thermal
boundary layer, is reflected in Figure 9.

Meanwhile, in Figure 4, as ¢, decreases, the critical values . also decrease where the critical values
for ¢; = 0.05 and 0.1 are —13.5924 and —3.1802, respectively. Based on Figure 4, it can be assumed
that B, for @3 = 0.005 will go further to the bottom left. It follows that a decrease in the value of ¢5 will
result in a postponement of the boundary layer's separation. Additionally, the skin friction coefficient for
the first solution decreases while for the second solution increases because of g5 increasing. An increase
in the volume fraction results in an elevation of the fluid's viscosity. The heightened viscosity leads to
more resistance to the movement of fluid, resulting in a decrease in fluid velocity (refer to Figure 16). In
practical terms, a reduction in fluid velocity indicates lower surface shear stress and a subsequently
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decreased skin friction coefficient. Meanwhile, with the rise of @5, Figure 5 shows the decreases in

Re;I/zNux for both solutions. On account of the rising nanoparticle volume fraction, the fluid will become
more viscous and cause resistance to the fluid flow. Consequently, the fluid's ability to transfer heat
through convection decreases, leading to a direct decrease in the local Nusselt number.

The variations of Rey/C; and Re; */*Nu, with 8 for different type of nanofluids: single nanofiuid, hybrid
nanofluid, and ternary hybrid nanofluid are presented in Figures 6 and 7. These variations are shown
when the parameters 1 = —1,S = 2.1, and Pr = 6.2. According to the graph presented in Fig. 6, critical
value B, for ternary hybrid nanofluid is smaller than critical value S, for single nanofluid, which are
—3.1802 and —1.5785, respectively. In contrast, the critical value . for the hybrid nanofluid case is
anticipated to exhibit a downward shift towards the lower left region of the graph. Additionally, it also can
be noted from Figures 6 and 7 that ternary hybrid nanofluid possesses moderate values of Re;/ZCf and

Re,;l/zNux for both solutions, in contradistinction to the hybrid nanofluid and single nanofluid. As
indicated by Mahmood et al. [17] and Manjunatha et al. [41], ternary hybrid nanofluid exhibits enhanced
heat transfer compared to both nanofluid and hybrid nanofluid. However, the inclusion of suction,

unsteady conditions, and shrinking parameters in this study may yield contrary results.
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Effects of Physical Parameters on Fluid Profiles

As suction intensifies, Figure 8 illustrates a declining trend in the thickness of the momentum boundary
layer and consequently the velocity gradients exhibit an upward trend on the shrinking sheet, thus the
skin friction coefficient in Figure 2 increases. Furthermore, Figure 8 exhibits dimensionless velocity
profiles for different values of S, indicating the presence of two distinct velocity profiles. As depicted in
the diagram, the initial solution exhibits a direct correlation with the growth in S values. Similarly, when
the suction value is increased, the thermal boundary layer is thinning cause the temperature gradient
increases, hence the fluid temperature experiences a slight decrease for both solutions in Figure 9.
Physically, the increased temperature gradients lead to the boosted convective heat transport, and
consequently increased rate of heat transfer as seen in Figure 3.

Figures 10 and 11 illustrates the volume fraction impact (¢; = ¢, = 0.1, 93 = 0.005,0.05, and 0.1) on
f'(m) and 6(n) when B =—-1,1—1,5 =2.1 and Pr = 6.2. The finding in Figure 10 suggests that an
increase in the volume fraction result in the thickening of the momentum boundary layer. Hence, the
velocity gradients decrease correspond to the reduced flow velocity and diminishing rate of skin friction
coefficient as depicted in Figure 4. Meanwhile, Figure 11 illustrates when the volume fraction is raised,
it leads to the increment of thermal boundary layer thickness, consequently the temperature gradients
decrease. When temperature gradients decrease, lower convective transport lead to the low rate of fluid
heat transfer as depicted in Figure 5. Moreover, Figures 8-11 clearly demonstrate the asymptotic
fulfilment of the far-field boundary criteria outlined in Eq. (10). As highlighted by Anuar [49], it is crucial
for velocity and temperature profiles to conform to the designated boundary conditions, guaranteeing the
precision and reliability of the numerical results.

Figure 12 illustrates the eigenvalues variations for values of f when A = —-1,5 = 2.1,¢; = ¢, = 0.1, 5 =
0.05 and Pr = 6.2. Notably, the critical point ., = —13.5924 is the point that separates the first and
second solution. The first solution is considered stable, as its smallest eigenvalue is positive, indicating
that disturbances initiated at this point decay over time. On the other hand, the second solution can be
characterized as unstable since its smallest eigenvalue is negative, suggesting the growth of
disturbances starting from this point. Moreover, it is evident that the smallest eigenvalues for both
solutions tend to approach zero as S approaches the critical point 8, = —13.5924. This observation
indicates the occurrence of a flow transition from the stable to unstable phase at the critical point.
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Conclusions

The characteristics of an unsteady ternary hybrid nanofluid flow (composed of Al2Os-Cu-TiO2
nanoparticles dispersed in water) across a shrinking sheet, considering the influence of mass suction is
scrutinized. These findings’ validity is established through a comparative analysis with prior research,
which demonstrates a consistent alignment between the obtained results and those reported in previous
studies. The impact of suction S, unsteadiness g, and volume fraction ¢ parameters on the fluid motion
and heat transmission are inspected. The result indicated that manipulating the suction parameter leads
to an augmentation in fluid velocity for both solutions. It also noted that fluid temperature decreases for
both solutions as the suction parameter increases. By increasing the strength of the suction parameter,
it is observed that the boundary layer separation can be delayed. Conversely, a smaller value of ¢5
contributes to the postponement of boundary layer separation. For the increasing volume fraction ¢4, it

is observed that Re,}/ch decreases and Re; /2 Nu, increases, as § decreases. In addition to this, the
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stability of the first solution has been verified, whereas the second solution has been determined to be
unstable by implementing the stability analysis.
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