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Abstract The non-commuting graph, denoted by I, is defined on a finite group G, with its vertices
are elements of G excluding those in the center Z(G) of G. In this graph, two distinct vertices are
adjacent whenever they do not commute in G. The graph I; can be associated with several matrices
including the most basic matrix, which is the adjacency matrix, A(I;), and a matrix called Sombor
matrix, denoted by S(I3). The entries of S(I};) are either the square root of the sum of the squares of
degrees of two distinct adjacent vertices, or zero otherwise. Consequently, the adjacency and Sombor
energies of I;; is the sum of the absolute eigenvalues of the adjacency and Sombor matrices of I,
respectively, whereas the spectral radius of I;; is the maximum absolute eigenvalues. Throughout this
paper, we find the spectral radius obtained from the spectrum of I; and the Sombor energy of I;; for
dihedral groups of order 2n, D,,, where n > 3. Moreover, there is an almost linear correlation between
the Sombor energy and the adjacency energy of I;; for D,, which is slightly different than reported
earlier in previous literature.
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Introduction

The concept of the non-commuting graph was first introduced in 1976 by Neumann [17]. However,
Abdollahi et al. [1] started extensive research in exploring more on the properties of the non-commuting
graph, which includes graph connectivity, regularity, and the relation of these graph properties with group
properties.

The non-commuting graph, denoted by I, is defined on a finite group G, with its vertices are elements
of G\Z(G), where Z(G) is the center of G. This graph has to satisfy a condition in which v, v, € G\Z(G),
and v, # v, are joined by an edge whenever v,v, # v,v,. If there is an edge between v, and v, in [,
then they are called adjacent. This adjacency property of I; can be represented in a matrix named
adjacency matrix, A(I;) = [ay,] of size n x n, in which a,, = 1, if v, and v, are adjacent, and a,, = 0
otherwise. Furthermore, the characteristic polynomial formula of A(I;), Par,)(A) = |AL, — A(I5)], where
I, is the identity matrix of size n x n. The eigenvalues of I;; are the roots of P,,y(4) = 0, labeled as
A, Ao, e, A

A non-commuting graph I; is a simple graph that implies the adjacency matrix of I}, A(Iy), to be
symmetric with its real eigenvalues that can be arrangedas 1, = 1, = ... > A,,. Thelistofall A;,1,, ..., 4,

denoted by Spec(I;) = {/1';1,1'2‘2, ...,/1’,‘1"} is called the spectrum of I; with k,, k,, ..., k, are their respective
multiplicities. The spectral radius of Iy is defined as p(I;) = max{|1|: 1 € Spec(I};)}. Clearly, p(Iy) is a
non-negative real number and is the smallest disc radius that includes all the eigenvalues of I; with the
center at the origin of the complex plane [11]. There are a number of papers focusing on the spectral
radius of other types of graphs, such as the spectral radius of power graphs on dihedral groups [5], the
spectral radius of directed graphs [6] and the spectral radius of the interval-valued fuzzy graph [25] with
regards to signless Laplacian matrix.

10.11113/mijfas.v20n1.3252

65


http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/

MJFAS

Romdhini et al. | Malaysian Journal of Fundamental and Applied Sciences, Vol. 20 (2024) 65-73

Moreover, the concept of the spectrum of the adjacency matrix associated with finite graphs can further
be extended to the study of graph energies. Gutman in 1978 is the first to discover the (ordinary) energy
of a finite graph in order to estimate the energy of the electrons in a chemical molecule which is regarded
as a graph. For I; with n vertices, the adjacency energy is denoted by E,(I;) and is defined in [9] as
E,(I;) = X=112;]. The graphs on n vertices with an energy of more than E,(K,,) can be classified as
hyperenergetic, or in other words, when E(I;) > 2(n— 1) [13]. It should be noted as well that the
(ordinary) adjacency energy is neither an odd number [3] nor the square root of an odd number [18].

In 2021, a new graph matrix definition was put forward by Gowtham & Swamy [8], named the Sombor
matrix of I, denoted by S(I3) = [spq] Whose (p, q) —th entry is equal to

’ 2 2 .
Spa = dy, + dy,, ifv, # vy and they are adjacent

0, otherwise,
where d,, as the degree of v;. This concept is the algebraic perspective of the Sombor index in
mathematical chemistry that was established by [10].

Recently, the study on Sombor indices and Sombor energy of a graph has become one of the topics of
interest for many researchers. There are many ways in which the Sombor index and its energy can be
related to, for instance, see [23]. Moreover, the bound of graph energy has been derived in terms of the
Sombor index, see [14,26]. Besides, Liu et al. [15] generalized the Sombor matrix definition and named
it as p —Sombor matrices. They discussed the spectral properties of the graphs corresponding to these
matrices. Rather & Imran [20] provided the Sombor energy updates for the extremal graph. Later they
corrected their previous result in [21], one of the upper bounds of Sombor's energy was invalid. In
correlation studies for molecules containing hetero atoms and their total electron energy with a
correlation, Gowtham & Swamy [8] stated that the Sombor energy values were highly correlated with
their total electron energy with a correlation coefficient of 0.952. However, a different result was shown
by [22] in which they presented a numerical approach for comparing the Sombor energy and the
adjacency energy of graphs, and it is still an open problem for Mathematical proof.

Throughout this paper, we focus on the Sombor matrix of I;; for the non-abelian dihedral groups of order
2n, n = 3, denoted by D,,.. The dihedral group has a presentation D,,, = {(a,b : a™ = b?> = e,bab = a™1)
and its elements can be written as a‘ and a‘b [2]. The center of D,,, Z(D,,,) is either equal to the set {e},
if nis odd or {e, a7} for even n. The centralizer of the element a! in Dy, is Cp, (a') ={a/:1<j<n} and

for the element a'b is either Cp, (a'b) = {e,a'b}, if nis odd or Cp, (a'b) = {e, az,a'b,az*'b}, if nis even.

Some recent results in the energy of commuting and non-commuting graphs for D,,,, forn > 3, denoted
by D,, have been reported in [16,24]. They worked on adjacency and degree exponent sum matrices.
To further extend this study, here we discuss on the spectral radius and Sombor energy of I; for dihedral
groups, D,,. The methodology consists of constructing the Sombor matrix of Iy, finding the eigenvalues
and the spectrum of the respective matrix, analyzing p(I;), computing the Sombor energy, and thus
observing the relationship between p(I;;) and the Sombor energy of the respected I;. We also investigate
the hyperenergetic property of I'; and we compare the Sombor energy, Es(I;) and the (ordinary) energy
E,(I;) as one of the cases to answer the claim in [22].

Preliminaries

We study the non-commuting graph for G, I;, being the subset of the dihedral groups of order 2n, D,,,
where G is either Gy, G, or Gy U G,. We define G; = {a’:1 < i < n]\Z(D,,) and G, = {a’b:1 < i <n}. The
Sombor energy of I is given by

Es(Ig) = ?:1Mi|l (1)
with the eigenvalues 14, 4,, ..., 4,, (not necessarily distinct) of S(I;). The Sombor spectral radius of I is
ps(I5) = max{|Al: 1 € Spec(I5)}. 2

Now since I;; has 2n — 1 (odd n) and 2n — 2 (even n) vertices, the I; associated with the Sombor matrix

can be classified as a hyperenergetic graph if the Sombor energy satisfies the following conditions:
E(I;) > {4(n —-1), for odd n

SVG 4(n—1)—2, forevenn.

Now we are moving to the properties for constructing the Sombor matrix. The following are some
underlying results focusing on the degree of vertices of I; and the isomorphism of I;; with some common
types of graphs for G = G, U G,.
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Theorem 2.1. [12] Let I; be the non-commuting graph for G, where G = G; U G,. Then
1. the degree of a‘ on I is d,i = n, and

; . 2(n—1), ifnis odd

L J—
2.the degree of a’b on I is d iy, = {Z(n —2), ifniseven.
Theorem 2.2. [12] Let I; be the non-commuting graph for G.
1.If G =Gy, then Iy = K, where m = |G,]|.
K, for odd n

2.1 G =Gy then I; = {Kn - EKZ, for even n,

for a complete graph K,, on n vertices with K,, is the complement of K,,, and ng denotes 2 copies of K,.

By those two theorems, we can construct the Sombor matrix of I; and thus determine its characteristic
polynomial. The following results are beneficial for simplifying the process of formulating the
characteristic polynomial of I;, Ps(r,y(4), for G = G; U G,.

Proposition 2.1. [19] If w, x, y and z are real numbers, and J, is an n X n matrix whose all elements are
equal to 1, then the determinant of the (n, + n,) X (n; + n,) matrix of the form
(l + W)1n1 - W]nl _y]nlxnz
_Z]nzxnl ()L + x)Inz - b]nz
can be simplified as the following expression
A+w) 1A+ 0" (A = (g = DW) (A = (ny — D)x) — nynpyz),
where 1 <ny,n, <nandn; +n, =n.

Theorem 2.3. [7] If a square matrix M = [’2 g] can be partitioned into four blocks, where |A| # 0, then
_14 B _ -1
M= ] ) _ c4mpl = 141D —cATBI.

In order to compute the Sombor energy of I; for G = G; U G,, we need the spectrum of K,, as shown
below.

Lemma 2.1. [4] If K,, is the complete graph on n vertices, then its adjacency matrix is (J — I),, and the
spectrum of K, is {(n — 1)!, (-1)*"1}.

In order to determine the roots of Pg(r,.y(4) = 0, elementary row and column operations on Pg(,.(4) need
to be performed. Now suppose that R; is the i-th row and R; is the new i-th row obtained from a row
operation of Pg(;,.y(1). Also, let the i-th column as C; and C; is the new i-th column obtained from a column
operation of Pg(;)(4).

Moreover, to compare the Sombor energy and the adjacency energy of I;; for D,,, we mention the
previous result from [16] on the adjacency energy as follows:

Theorem 2.4. [16] Let I; be the non-commuting graph on G = G; U G,. Then the adjacency energy of I,
E,(I5), is
1.forodd n, E4(I;) = (n — 1) +V5n2 —6n+ 1, and

2. for even E(I‘)—{g' ifn =4
' ™ 2alle) = (n—2)++vV5n?2—12n+4, ifn> 4.

Main Results
The following theorem gives the Sombor energy of I; for both ¢ = G; and G = G,.

Theorem 3.1. Let I; be the non-commuting graph on G = D,,, and Es(I;) be the Sombor energy of I}.
1.1f G = Gy, then E;(I) = 0.
2v2(n—1)?%, ifnisodd

2.1f G = G,, then Ec(I;) =
? () {Zx/i(n —2)?, ifniseven.

Proof.
1. Let G = G, then from Theorem 2.2 (1), I; = K, implies every vertex of I; has a degree zero. For odd

n, we the obtain m = |G;| = n — 1, while for even n, m =n — 2 as the result of removing e and a2 in
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0],,—, for odd and even n,

Z(D3,). So, the Sombor matrix of I; is S(I;) = [0],-, and S(I;) =
)=0.

respectively. Clearly, the only eigenvalue of S(I;) is zero. Thus, Es(I

2. When G = G, and n is odd, Theorem 2.2 (2) gives I; = K,,, which means the degree of each vertex in
n — 1. Consequently, S(I;) is a matrix of size n x n whose (p, q)-th entry is \/(n —1)24+(n-1)2=
V2(n —1) for v, # v, and they are adjacent, and zero otherwise, where the index of rows and columns
are labeled by the vertices {b, ab, a®b,---,a™ b}, as follows

b ab . a'lp
b f 0 V2(n—-1) - \/_(n—1)1
SUg) = | n—1) 0 \/_(n—1)|
l\/—(n—l) \/_(n—l) o |

=ﬁ<n—1>? ‘? ?

=\V2(n-1)-A(K,).

Meanwhile, from Lemma 2.1, it follows that Spec(K,) = {(n — 1)!,(—1)""1}. Then considering the
adjacency energy of K, that given by 2(n — 1), we get the Sombor energy of I,

Es(Ip) =vV2(n—1)-2(n—1) = 2v2(n — 1)2.

For the second case, when n is even, as it is known from Theorem 2.2 (2), I; = K,, — %Kz, which implies
d,i, is n — 2. Following the definition of the Sombor matrix of I, S(I;), we can construct S(I;) of size
n x n whose (p, q)-th entry is v2(n — 2) for v, # v, and they are adjacent and zero otherwise. In the
same manner indexing rows and columns as in the odd n case, we obtain S(I;) as the following

b ab ag_lb E agb agﬂb L)
b1 o0 V2(n—-2) - ﬁ(n—z)i 0 V2(n—=2) - V2(n-2)]
ab \/_(n—Z) 0 v NZ(n=2) ' VZ(n—-2) 0 e V2(n-2)

SUp) = @bV —2) VEw-2) -0 |\In-2) VEm-2) - 0
azb 0 V2(n—=2) - ﬁ(n—z)i 0 V2(n-2) V2(n-2)
az*'b \/_(n—Z) 0 e A2n-2)! \/_(n—Z) 0 V2(n —2)
a";lb \/_(n 2) \/_(n 2) 0 :\/_(n 2) x/i(r{—z) 0

In other words,

Jg=Dn (J—1Dn
5(1};)=\/7(n—2)[ 2 2]

U=D: G-Dr

2
Here J —1 is a matrix with zero diagonal entries and non-diagonal entries being one. Then we get
Psrp(A) = |Al, — S(I5)], and it is equal to

A+V2(n - 2D —V2(n —2)Jn —V2(n—2)(J - Dn

2 2 2

—V2(n—2)(J = Dr A+V2(m = 2D —V2(n - 2)Jx|
2 2 2
Now, for 1 < sg by the row operation Réﬂ. = R%H. — R;, followed by column operation by replacing C;
with C{ = C; + Cn, on Equation (4), yield
A+2vV2(n— 2))In = 2V2(n-2)J» —V2(n-2)(J -
2

O" lln |

According to Theorem 2.3, since C = 0, we then obtain PS(FG)(A) given |n Equation (5)
Ps(rpy@) = 14IID| = (2 + 2v2(n — 2)) (2= VZ(n — 2)?) .

Therefore, the Sombor energy of I; can be obtained as the summation of absolute roots of Equation (5),

Es(p) = (5 - 1) |-2v2(n - 2)| + (D2 - 22| + (3) l0] = 2v2(n - 2)2.

P S(rg) (A) = (4)

P S(Ig) (/1) =
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We now formulate the characteristic polynomial of S(I;) and calculate the Sombor energy of I; for G =

Theorem 3.2. Let I; be the non-commuting graph on G, where G = G, U G,, then the characteristic
polynomial of S(I3;) is
1. for odd n,

Psrpy(D) = An—2 (/1 +2v2(n - 1))n_1 (/12 —2V2Z(n -1 —n(n—- 1% + 4(n — 1)2).
2. Forevenn,

PS(F(;)(A) =1

S (2+ 42 -2)) ' (A2 = 2v2(n — 2)?2 — n(n — 2)(n? + 4(n — 2)?).

Proof.

1. For the case of odd n, we know that Z(D,,,) = {e} which implies that there are 2n — 1 vertices for I,
where G = G; U G,. We label the set G, as {a,a?,---,a™ '} and G, as {b, ab, a®b,---,a™ *b}. From the fact
that the centralizer of a® in D,,, is {e,a,a?,-+-,a™ 1}, then the vertex a, for 1 < i < n — 1, is not adjacent
to all vertices of G;, however, it always has an edge with all members of G,. While the centralizer of alb
in Dy, is {e,a'b} implies that for 1 < i < n, vertex a‘b is connected with all other elements of G; U G,.
Considering Theorem 2.1 we get d;: = n and d, i, = 2(n — 1), for all for 1 <i <n. Now the Sombor
matrix for I, S(I;), is a (2n — 1) X (2n — 1) matrix

a a? a™ ! i b ab a™ b
- 0 W2 +an—12 Jn2+4m—-1)2 - YnZ+4(n-1)?
W2+ an—-12 n2+4am—-1)2 - Jn2+4amn-1)2
Sy = a7t (3_ _____________ 0 v 0 _______is/_n_z_‘t fl':(f_l_—_l)_z__s/ll_z_t A‘Ln_—_llz__:;_;/_n_z_tfl;(n_—_ 1)?|.
b |yn2+4(n—-1)2 Yn2+4(n-1)2 - Jn2+4(n—-1)2 | 0 2V2(n—-1) 2V2(n—-1)
ab | Jn2+4n—-12? yn2+4(n-12 - yn2+4(mn-12 ' 2V2(n-1) 0 o 22(n—-1)
ari—lb,\/nz + 4'(n -2 Jn2+ 4.(n -1z - m z\/E({z -1) 2\/5(7'1 -1 - 0

Here the Sombor matrix of I; can be obtained as the block matrix

On—l mj(‘n—l)xn
2+ 4= Dpxueny 2V2(—1DJ — Do |

and the determinant below is the characteristic polynomial for S(Iy),
Al 4 — n? +4(n - 1)2](n—1)xn
— % ¥ 4 — D2 pneny (/1 +2VZ(n - 1)) I, — 2V2(n — D,

Repeated application of Proposition 2.1, withw = 0, x = 2v2(n — 1),y =z=yn2 +4(n - 1)%, n; =n —
1, and n, = n, we get the required result.

S(FG) =

P NS) (A) =

2. Suppose now n is even. Since Z(D,,) = {e, ag}, I;, where G = G, U G, has 2n — 2 vertices with n — 2
vertices from af, for 1 < i < % g < i < n, and n vertices from a’b, for 1 < i < n. We write the set G, as

n n .
{a, a?-,az L aztt, ., a"‘l} and G, {b, ab,a®b,---,a™ 1b}. Again, considering the centralizer of a‘ in D,,,,
then all the members of G, are only connected with the elements of G,. Since the centralizer of a'b is

{e, ag, a'b, az*b }, then two vertices a‘b and az*b are always disconnected in I;. From Theorem 2.1, the
factthat d,i = n and d i, = 2(n — 2), which implies S(I3;) being the matrix of size (2n — 2) x (2n — 2) as
follows,
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a a? ! b az'b E azb a"1p
a 0 0 Wn2+4m -2 o nP+4m-2)? [ Yn2+4n-1)2 - Jn? 44— 1D
| 0o 0 PTAG=2Y - (PTAG 7Y WA AG 1 - W Aa 1)
b |J/nZ+a(m=2)? JnZ+ 4 —2)? | 0 2V2(n-2) | 0 2v2(n - 2)
S PTAG =P - PAAG2P | 22 - 0| 2Em-2 - 0
aib |2+ 4 —2)2 -~ JnZta(n—2)2 ! 0 v 22(n-2) 0 w22 -2)
| [T AR 2 - R FARD | 2Em-2) - 0 L 2Im-2) - 0

The Sombor matrix of I; can be obtained as the block matrix:
l[ 0,—2 JnZ+4(n— 2)2](n—2)x§ JnZ+4(n— 2)2]("_2”‘%]'
SUR) =V + 40 = Dnuyy  220-D0 =Dz 220-2D0 =Dz |,
JnZ + 4 —2)n 2V2(n—2)(J — Dn 2V2(n—2)(J — Dn J

and the characteristic polynomial of S(I;) as follows

| My, —2Jn% +4(n — 2)2](n_2)xg —yn2 +4(n— 2)2](n_2)xg |
Ps(ry(A) = |—/n? + 4(n - 2)? Tne2) A+2v2(n - 2))1; - 2\2(n - 2)]; —232(n—-2)(J - 1); . (6)
—n? +4(n = 2)?n —2V2(n —2)(J = Dn A+ 2V2(n = 2))In — 282 (n — 2)Jn
2 2 2 2
By applying the row operation R;z—2+7—1+i =R, ,.n.;— Ry o4 following by C;_5,; = Cy_p4; +C,_,,n,; ON
2 2 2
Equation (6) for 1 < i < 7, we obtain
| My —2n% + 4(n — 2)2](n_2)xg —yn2+4(n- 2)2](n_2)xgl
Psirp@) = [0 +4(n =2 n, 0y A+ 42— 2) 0 —4V2(n—2)Jn  —22(n—2)J —Dn |. )
2 2 2 2
ng(n—z) Og /Ug
Consequently, Equation (7) can be written as
ey = ®)
S = ’
) C;x(n—2+§) b 2
A, —2yn?+4(n - 2)2](n—2)x§

Where A =

2+ 4 = DY,y (At 42— 2)n — 4V2(n— 2)Jn

—Jyn?+4(n— 2)2](n—2)><§
~2V2(n—2)(J — Dr

0, we then obtain Equation (28) as Pg(r,)(4) = |A||D|. By applying Proposition 2.1 to |A], withw =0, x =

W2Zm—2), y=2yn2+4n-2)2, z=n?+4m—-2)2, ny=n—2, n, = g and considering D is a

diagonal matrix, we then get

= |Onx(n-242)

,and D = |/113
2

. According to Theorem 2.3, since C =

3(n—.

2 2)(/1 +4V2(n—2)): (,12 —2V2(n—2)?A —n(n—2)(n® + 4(n — 2)2)).

P s(rG)(/l) = (/1)
m]

The following Theorems 3.3 and 3.4 give the spectrum, Sombor spectral radius, and Sombor energy of
I; for G = G; U G,. Then at the end of this paper, the relation between them is obtained.

Theorem 3.3. Let I; be the non-commuting graph for G, where G = G; U G,, then the Sombor spectral
radius for I is

1. ps(Ip) =V2(m— 12 +2(n — D* + n(n — 1)(n? + 4(n — 1)2), for odd n, and
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2. ps(I) =V2(n—2)? +2(n = 2)* + n(n — 2)(n% + 4(n — 2)2), for even n.

Proof.
1. The result according to Theorem 3.2 (1) for odd n is the four eigenvalues obtained from Pgr,y(1).

They are A, =0 of multiplicity n—2 and A, = —2v2(n—1) of multiplicity n—1. The other two
eigenvalues are A3, = V2(n — 1)? £ /2(n — D* + n(n — 1)(n + 4(n — 1)?) as the roots of the quadratic
formula. Hence, the Sombor spectrum for I} is as follows

Spec(ly) = {(ﬁ(n — 1242 = D* + n(n— 1)(n? + 4(n — 1)2))1 ,0m2, (vVZ(n — 1)? —
JZ— D) + (- D2 + 4 — 1)), (~2vZ(n - 1))n_1}-

Now for i = 1,2,3,4, as mentioned in Equation (2), the maximum of |4;| is the Sombor spectral radius of
FG!

ps(lg) =V2(m— 1?2+ 2(n— D* + n(n — 1)(n% + 4(n — 1)2).
2. The eigenvalues of Iy for even n are given by the roots of Pg(y(4) = 0, which is obtained from
3(n2_2), the second is 1, = —4v2(n — 2) of
multiplicity 2— 1, and the other two eigenvalues are Asa=V2(n—2)2 %
J2(n —2)* + n(n — 2)(n2 + 4(n — 2)2). So that the spectrum of I3 is

Spec(Iy) = {(\/f(n —-2)%+ \/Z(n —2)*+nn—-2)(n%+4(n— 2)2))1 ,0

Theorem 3.2 (2). The first eigenvalue is 1; = 0 of multiplicity

3(n-2)

=, (V2(n-2)% -

V2= DR 26 A= D) (22 - 2) )

Taking the maximum absolute eigenvalues as stated in Equation (2), then we get the Sombor spectral
radius of I,

psTe) =V2(m—2)2 +2(n — 2)* + n(n — 2)(n? + 4(n — 2)2).
m]

Theorem 3.4. Let I; be the non-commuting graph for G, where G = G; U G,, then the Sombor energy for
I; is
1. Es(Ig) = 2V2(n — 1)? + 2/2(n — D* + n(n — 1)(n2 + 4(n — 1)2), for odd n, and
2. Es(Iz) = 2V2(n—2)? + 2\/2(n — 2)* + n(n — 2)(n? + 4(n — 2)2), for even n.
Proof.
1. By Equation (1), calculating the eigenvalues from Spec(Iy) in the proving part of Theorem 3.3 (1),
then the Sombor energy for I is given by
Es(Ig) = (n = 2)I0] + (n = D|-2v2(n - D| + |[V2(n = 1)? £ V2(n = D* + n(n — D(? + 4(n — D?)|

=2V2n—-1)2+2\2(n— D* + n(n— D2 + 4(n — 1)2).

2. Using Spec(I) given in Theorem 3.3 (2) for even n, we get the Sombor energy for I; as follows

@) o] + (g— 1) |-4v2(n - 2)| + |[V2(n - 2)? £ 2(n = 2)* + n(n — 2) (% + 4(n — 2)7)|

=2V2(n—2)2+22(n—2)* + n(n — 2)(n? + 4(n — 2)2).

m]

Discussion

In comparing the results of Theorem 3.3 and 3.4, we get the statement as follows.
Corollary 4.1. Let I; be the non-commuting graph on G = G; U G,, then Es(I;) = 2 - ps(I).
As a result of Theorem 3.4, we obtain the classification of Sombor energy of Ij; for D,,,.
Corollary 4.2. Let G = G; U G, c D,,, I; is hyperenergetic corresponding to Sombor matrix.

Moreover, according to the results presented in this paper, the energies in Theorem 3.4 deduce the
following corollaries.

Corollary 4.3. Let I; be the non-commuting graph on G = G; U G,, then Sombor energy for I;; is never
an odd integer.
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The statement in Corollary 4.3 complies with well-known facts from (8) and (9) that the graph energy is
neither an odd integer nor the square root of an odd integer. Moreover, as a comparison of the results
from Theorem 2.4 and 3.4, we immediately have the following result.

Corollary 4.3. Let I; be the non-commuting graph on G = G, U G,, then Eg(I;) > E4(I3).
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Figure 1. Correlation of Es(I;) with E,(I;) for odd n
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Figure 2. Correlation of Es(I;) with E,(I;) for even n

In Figures 1 and 2, the Sombor energy of Iy, for D,,,, where n = 3 is always greater than the adjacency
energy. Moreover, it can be seen that Eg(I;;) has a significant correlation with E,(I7;), with a correlation
coefficient of 0.9471 for odd n, and 0.9478 for even n. It is also clear that the Sombor energy of the non-
commuting graph of dihedral group D,,, is minimum when n = 3 for odd n, or n = 4 for even n.
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Conclusion

In this work, we provide the spectrum and spectral radius of I';. We then presented the Sombor energy
of I; either for G = G4, the set of rotation elements of D,,, removing members of Z(D,,) or G = G,, the
set of reflection elements of D,,, or G = G; U G5, the union of G; and G,. We have shown that the Sombor
energy of I; is the multiple of two spectral radius of I; and is always greater than its adjacency energy.
Moreover, it is also observed that the correlation between E¢(I;) and E,(I;) is almost linear.

Conflicts of Interest

The authors declare that there is no conflict of interest regarding the publication of this paper.

Acknowledgment

We wish to express our gratitude to Universitas Mataram, Indonesia, for providing partial funding
assistance.

References

(1]

(2]
(3]

(4]
(5]

(6]

(7]
(8]

[9]
[10]

[11]
[12]

[13]
[14]

[15]
[16]
[17]
[18]
[19]
[20]
[21]
[22]
[23]
[24]
[25]

[26]

Abdollahi, A., Akbari, S. & Maimani, H. R. (2006). Non-commuting graph of a group. Journal of Algebra, 298(2),
468-492.

Aschbacher, M. (2000). Finite group theory. Cambridge, UK: University Press.

Bapat, R. B. & Pati, S. (2004). Energy of a Graph Is Never an Odd Integer. Bulletin of Kerala. Mathematics
Association, 1, 129-132.

Brouwer, A. E. & Haemers W. H. (2011). Spectra of graphs. New York: Springer-Verlag.

Chattopadhyay, S., Panigrahi, P. & Atik, F. (2018). Spectral radius of power graphs on certain finite groups.
Indagationes Mathematicae. 29, 730-737.

Ganie, H. A. & Shang, Y. (2022). On the spectral radius and energy of signless laplacian matrix of digraphs.
Heliyon, 8, 1-6.

Gantmacher, F. R. (1959). The theory of matrices. New York: Chelsea Publishing Company.

Gowtham, K. J. & Swamy, N. N. (2021). On sombor energy of graphs. Nanosystems: Physics, Chemistry,
Mathematics 12(4), 411-417.

Gutman, I. (1978). The energy of graph. Ber. Math. Statist. Sekt. Forschungszenturm Graz, 103, 1-22.
Gutman, |. (2021). Geometric approach to degree-based topological indices: Sombor indices. MATCH
Communications in Mathematical and in Computer Chemistry, 86, 11-16.

Horn, R. A. & Johnson, C. A. (1985). Matrix analysis. Cambridge, UK: Cambridge University Press.

Khasraw, S. M. S, Ali, I. D. & Haji, R. R. (2020). On the non-commuting graph for dihedral group. Electronic
Journal of Graph Theory and Applications, 8(2), 233-239.

Li, X. Shi, Y. & Gutman, |. (2012). Graph energy. New York: Springer.

Lin, Z., Zhou, T. & Miao, L. (2023). On the spectral radius, energy and estrada index of the sombor matrix of
graphs. Transactions on Combinatorics, 12(4), 191-205.

Liu, H., You, L., Huang, Y. & Fang, X. (2022). Spectral properties of p-sombor matrices and beyond. MATCH
Communications in Mathematical and in Computer Chemistry, 87, 59-87.

Mahmoud, R., Sarmin, N. H. & Erfanian, A. (2017). On the energy of non-commuting graph of dihedral groups.
AIP Conference Proceedings, 1830, 1-5.

Neumann, B. H. (1976). A groblem of paul erdos on groups. Journal of the Australian Mathematical Society,
21(4), 467-472.

Pirzada, S. & Gutman, |. (2008). Energy of a graph is never the square root of an odd integer.
Applicable Analysis and Discrete Mathematics, 2, 118-121.

Ramane, H. S. & Shinde, S. S. (2017). Degree Exponent polynomial of graphs obtained by some graph
operations. Electronic Notes in Discrete Mathematics, 63, 161-168.

Rather, B.A. & Imran, M. (2022). Sharp Bounds on the Sombor Energy of Graphs. MATCH
Communications in Mathematical and in Computer Chemistry, 88, 605-624.

Rather, B. A. & Imran, M. (2023). A note on energy and sombor energy of graphs. MATCH
Communications in Mathematical and in Computer Chemistry, 89, 467-477.

Redzepovic, I. & Gutman, |. (2022). Comparing energy and sombor energy — An empirical study. MATCH
Communications in Mathematical and in Computer Chemistry, 88, 133-140.

Reja, M. S. & Nayeema, S. M. A. (2023). On sombor index and graph energy. MATCH
Communications in Mathematical and in Computer Chemistry, 89, 451-466.

Romdhini, M. U., Nawawi, A. & Chen, C. Y. (2022). Degree exponent sum energy of commuting graph for
dihedral groups. Malaysian Journal of Science, 41(spl), 40-46.

Romdhini, M. U., Al-Sharqi, F. G., Nawawi, A., Al-Quran, A. & Rashmanlou, H. (2023). Signless Laplacian
energy of interval-valued fuzzy graph and its applications. Sains Malaysiana, 52(7), 2127-2137.

Ulker, A., Gursoy, A. & Gursoy, N. K. (2022). The energy and sombor index of graphs. MATCH
Communications in Mathematical and in Computer Chemistry, 87, 51-58.

10.11113/mijfas.v20n1.3252

73



