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Abstract This work presents the steady mixed convection in Al20s-Cu/water hybrid nanofluids along
a vertically stretching/shrinking cylinder with the prescribed surface heat flux and the effects of heat
source/sink. The governing hybrid nanofluids model was simplified using a similarity transformation. The
bvp4c solver in MATLAB software is used to solve the hybrid nanofluids flow problem numerically. It is
observed that two outcomes are feasible for the assisting and opposing flow regions (+1) as well as

stretching and shrinking cases (+¢) . Besides that, the effects of the dimensionless parameters are

analyzed graphically and tabularly. In particular, the critical point is reduced by 3% when the curvature
parameter goes from 0 to 0.1 and from 0.1 to 0.2 when the cylinder is stretched. This means that the
higher curvature parameter could delay the process of separating the boundary layer. It is noted that the
positive heat source will decrease the fluid motions and reduce the shear stress on the surface.
Moreover, Al20s-Cul/water hybrid nanofluids have better performance in heat transfer and velocity of fluid
flow than AlzOs/water nanofluids.

Keywords: Heat Source/Sink, Stretching Cylinder, Hybrid Nanofluids, Heat Flux, Dual Solutions,
Stability Analysis.

Introduction

A flow of stagnation-point can be described as a point in the flow with an absence of fluid velocity located
at the surface of an object, which causes the fluid to come to a halt in the stagnation region. When there
is no fluid motion, the static pressure is greatest near the stagnation point. The study of stagnation-point
flow is an important topic in fluid mechanics, and it has attracted the interest of many researchers
because of its applications in industry and engineering fields such as flows over the tips of aircraft wings
and submarines, designing cooling systems, accelerators, and others. The pioneering work in this area
was done by Hiemenz in 1911, who discussed the two-dimensional (2-D) flow of a fluid near a stagnation
point and developed an exact solution to the governing Navier-Stokes equations. Many authors have
extended their work to different model problems. For example, Mahapatra and Gupta [2] explored the
steady 2-D stagnation-point flow over a stretching sheet. Later, Ishak et al. [3] continued the research
by adding mixed convection using a finite-different method. They discovered that the opposing flow had
two solutions, while the aiding flow region only had a single solution. Meanwhile, Wang [4] considered
both 2-D and axisymmetric stagnation flow over a shrinking sheet. In his research, he explored the effect
of non-alignment for the first time and found that the flow structure is complicated. A year later, Ishak [5]
extended the study of the flow with the prescribed wall heat flux. The study of the prescribed wall heat
flux plays an important role in many industrial applications, such as thermal management of electronic
devices, metal heat treatment, spray cooling, etc. [6]. Ishak [5] also diversifies this research for the
different cases and effects of parameters [7-9]. Besides that, Awaludin et al. [10] investigated a similar
problem as Ishak [5] with a horizontal cylinder and the effects of suction and injection. They discovered
that the reduced curvature parameter affects boundary layer separation and that dual solutions exist for
a certain range of curvature parameters. The problems related to the prescribed surface heat flux can
also be found in references [11-15].

Physically, nanofluids are generated by distributing the solid particles into a base liquid, which has low
thermal conductivity. For example, water, oils, and ethylene glycol. This is an innovative way to suspend
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small solid particles in the fluid, such as metallic, non-metallic, and polymeric particles, to be mixed into
the fluid. Nanofluids have become an interesting research topic for the past few years in convection heat
transfer and can be found in the references [16—21]. According to Khan et al. [22], nanofluids are
composed of nano-sized particles such as diamond and gold, as well as conventional base fluid. The
thermal conductivity of conventional heat transfer is known to be poor and has been recognized
experimentally. Therefore, many studies have been conducted to improve the mentioned issue.
However, hybrid nanofluids are introduced to replace nanofluids. One of the reasons is that hybrid
nanofluids have a wider absorption range, high thermal conductivity, low pressure drops, low friction
loss, and so on compared to nanofluids. According to Suresh et al. [23], scholars have used various
kinds of nanopatrticles in their studies, including carbon nanotubes, metallic particles, and non-metallic
particles. The thermal conductivity can be significantly improved if the nanoparticle materials, including
metal (i.e., Al203/Ni, MgO/Fe, Al.O3/Cu), ceramics (i.e., SiO2/Al203, Al203/TiO2, CNT/Fes04) and polymer
(i.e., Polymer/carbon nanotubes (CNT)) nanomaterials are properly selected. In addition, Suresh et al.
[24] explored the effects of Al203-Cu/H20 hybrid nanofluids on heat transfer and pressure drop features.
The result shows that 0.1% Al20s-Cu/H20 hybrid nanofluids have a slightly higher friction factor
compared to Al203/H20 nanofluids, and it proves that hybrid nanofluids perform better than nanofluids.
Furthermore, an investigation of natural convection in a sinusoidal corrugation of Al203-Cu/H20 hybrid
nanofluids in volume concentration (0 to 2%) is done by Takabi and Salehi [25]. From the analysis, hybrid
nanofluids improve the heat transfer rate (perform better cooling and lower the temperature of the heated
surface) compared to other fluids. The validation of the modeling and experimental data with Suresh et
al. (2011) for a volume concentration of 2% with their new mathematical correlations of hybrid nanofluids
exhibits a good agreement. Moreover, hybrid nanofluids are visibly effective in increasing thermal
conductivity performance and have been proven by several researchers [26-31].

Recently, several studies have been conducted involving hybrid nanofluids. For example, Jamaludin et
al. [32] analyzed the magnetohydrodynamics of Cu-Al20s/H20 hybrid nanofluids over a permeable
stretching/shrinking sheet in the presence of a heat source or sink. The presence of the heat source or
sink is also important in industrial processes such as cooling electronic devices. In addition, the quality
of the final product depends on the heat control factor. According to Jamaludin et al. [32] after considering
several aspects, few studies have been carried out to evaluate the influence of heat sources or sinks on
the flow and heat transfer in nanofluids. In particular, Gorla et al. [33] focused on the heat source or sink
effects on hybrid nanofluids flow in a square cavity. Then, Armaghani et al. [34] investigated similar cases
as the above-mentioned authors in an L-shaped cavity, and exploring the effect of its length on heat
transfer performance was also one of their objectives. The outcomes show that using the greatest
amount of sink power results in the best heat transfer performance. Other research on the effects of heat
source or sink on hybrid nanofluids flow can also be found in Yaseen et al. [35] and Farooq et al. [36].

There are few studies done about mixed convection hybrid nanofluids flow with heat source or sink.
Hence, the present work intends to explore the effects of the mixed convection Al203-Cu/H20 hybrid
nanofluids flow towards the vertical stretching/cylinder in the presence of the heat source/sink and the
prescribed surface heat flux. By using the bvp4c solver in MATLAB software, the reduced ODEs are
numerically solved. This hybrid nanofluids model is extended from Ishak [5], Waini et al. [15], and Sadighi
et al. [37]. The numerical findings obtained are shown in tables and figures, and they have been validated
by previous research. Besides that, the novelty of the study is attained by the finding of two solutions at
the stretching and shrinking surfaces and in both aiding and opposing fluid flow. Also, stability inquiry is
performed to prove the physical outcome in the long run.

Problem Formulation

A steady, two-dimensional, laminar, and hybrid nanofluids flow of incompressible mixed convection along
a vertically stretching or shrinking cylinder of radius R at an ambient temperature T, is considered, as
illustrated in Figure 1. The surface is assumed to be impermeable and the cylinder is being
stretched/shrunk in the axial direction with the linear velocity U, (x)=b(x/I) subjected to the prescribed
heat flux, q, (x)=T,(x/I)with constant b and reference temperature, T, . Besides, the velocity of the

freely flowing stream is u, (x)=a,(x/1), where [ is the cylinder's characteristic length, and a, is a

positive constant. Here, u and v are velocity components along the x and r directions, while xand r are
coordinates measured in the radial and axial direction of the cylinder, respectively, and g is the
acceleration due to gravity.
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Figure 1. Physical configuration. (a) Stretching cylinder. (b) Shrinking cylinder

The flow equations for the hybrid nanofluids model following (see [5,15,37]).

6(ur)+6(vr) o @)

OX or
ua_u+va_u_ue%:&l£(ra_uj+(pﬂ)hf (T_Too)g (2)

Ox or OX  pyror\ or o

oT oT 10( oT
(pCP)hf [u&+va_r]:khfra_r[ra_rj+Q0(T _Teo) 3
while the boundary conditions are
oT

=R(x): =U , =0, -k,—-= ,

r =R(x) u=U,(x) v "o a, (X) @
r—oo: u—u,(x)=a,(x/1), T-T, .

u and v are the velocity components along x and r directions, T is the temperature of the fluid, g, is the
prescribed wall heat flux, Q, is the dimensionless heat generation/absorption coefficient, and a_ >0 is
a positive constant, respectively. Additionally, « is the dynamic viscosity, o is the density, k is the

thermal conductivity, (p,B) represents the thermal expansion coefficient and (pC ) is the specific heat

P
capacity. Note that, ¢, = ¢, +¢, is the hybrid nanoparticles volume fraction, where ¢, and ¢, are

alumina (Al203) and copper (Cu) nanoparticles volume fraction. Furthermore, the subscripts n1 and n2
indicate the nanoparticles Alz0s and Cu, while hf and f stand for the hybrid nanofluids and base fluid,
respectively. In this study, the Al203-Cu/H20 hybrid nanofluids are considered because both alumina
and copper nanoparticles individually have high thermal conductivity. The combination of these two
nanoparticles can synergistically enhance the overall thermal conductivity of the nanofluids. Besides
that, the enhanced thermal conductivity of the hybrid nanofluids contributes to improved heat transfer
efficiency.

Table 1 provides the properties of the nanoparticles (Al20z and Cu) and water, following Oztop and Abu-
Nada [38], Waini et al. [39], and Khashi'ie et al. [40] for the references. In addition, the thermophysical
correlations of hybrid nanofluids following Takabi and Salehi [25] are shown in Table 2.

Table 1. Thermophysical properties

Physical Properties Alz03 Cu Water
Prandtl number, Pr 6.2
k(W/mK) 40 400 0.613
C, (J/KgK) 765 385 4179
p(kg/mg) 3970 8933 997.1
ﬂXlO_S (]/K) 0.85 1.67 21
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Table 2. Thermophysical properties of Al203 — Cu/H20

Properties Hybrid Nanofluids

Density, p Pri = PPt Pofn, + (1_ Dr )pf

Dynamic viscosity, u sy = 11 (1- 0~ 0, )72.5

Thermal conductivity, k K _ {7‘/’1k"1+‘”2k"2 +2K, +2(pk, + 0K, ) - 2(0 + 0, )k }x
kf ¢1+¢2 f 1 n1 2"'n2 1 2 f
-1
@Koy + 9Kop
202 4 2k — (K, oK, )+ (o + o k}
{2t (o, k) 5 )
Heat capacity, (pC,) (pCp )hf = gol(,on)nlﬂp2 (pCp )n2 +(1- g )(,oCp )f

Thermal expansion, (pf) (B), = 2 (pB) .+ 02 (PB),, + (1= ) (PB),

To get similarity solutions, we adopt the transformation variables following (Ishak [5];Waini et al. [15]):

y2 r’-R? [u q, vl
- Rf - f e T-T +: Yy 5
w =(ux) " Rf(n), 1= m o ot a (7) (5)

f

where prime denotes differentiation w.r.t. to n, f and 6 are the dimensionless stream function and
temperature, and 7 is the similarity variable, respectively. Besides, y is the stream function defined as

u=r*(oy/or) and v=-r"(dy/ox), which identically satisfies Equation (1) and v, is the fluid
kinematic viscosity.

The similarity variables (6) are substituted into equations (2) to (4). The transformed ODEs are as follows:

%T[(ZUK *1)”(’7)*2'(“"(’7)]*(&’;))“:/1‘9('7)—/;':(—1”'2 (7)=f (m)f" () =0 ©)
%hfkf[(“ 27K ) 6" (17)+2K&' (17) |+ 60 (1) + ((chpp))“: (=F'(n)0(n) +f (n)&' () =0 @
subject to

f(0)=0, f(0)=& and ar(o):_kml/kf, at =0 o
f'(n)>1 6(n)—0, as n—ow

where 1, K, Pr, §,and ¢ are the constant mixed convection, curvature, Prandtl number, constant heat
source/sink, and constant stretching/shrinking parameters, respectively. Besides that, Grx is the Grashof
number due to temperature and Re, is the Reynolds number.

Pr :Lfl K:i Lfl , A= erz (: const.), Re, = uex,
o RYa, Re, Vi
9B (T, -T,)x° IQ b ©)
Gr =" = 5 =——2—(=const.), £=—
Vi & (pcp)f a

where A <0 represents the assisting flow and 4 >0 represents the aiding flow, respectively.
Meanwhile, 6 >0, and 6 <0 imply the heat source and heat sink, correspondingly. It is noteworthy to
mention that £ >0 and ¢ <0 are referred to the stretching and shrinking cylinder.

The local skin friction coefficient and local Nusselt number are given by:

L ou XK, aT j
c=— | = | Nu, = -——8_— 10
' pfue2 (X)(ar jr:R ux kf (Tw _Tw)[ or r=R ( )

Substitute (5) into (10), we get

10.11113/mijfas.v20n2.3249

363



MJFAS

Sohut et al. | Malaysian Journal of Fundamental and Applied Sciences, Vol. 20 (2024) 360-377

Hrg ¢n 1
Re C. =~"£"(0), Nu, = —— 11
x f ,Llf ( ) Re 0(0) ( )

Analysis of Temporal Stability

Stability analysis is a general term applied to various systems and disciplines. Meanwhile, temporal
stability analysis specifically emphasizes the temporal aspect of stability, considering how a system's
behavior changes over time. The temporal stability inquiry is needed to determine the reliability of the
non-unique similarity solutions. The existence of non-unique solutions to Equations (7) to (10) is
observed for a given set of physical parameters. Merkin [41] initiated this stability analysis method in
1986 and Weidman et al. [42] introduced a dimensionless time variable, 7to explore the long-term
stability of the solutions. From the evaluation, they concluded that the first solution is stable, while the
second solution is not. For this analysis, an unsteady problem is considered. The new Equations (2)-(4)
are given as follows:

th(a_u+ua_u+V6_u_u auej:&i(ré_ujJr(pﬂ)hf(T _Tw)g (12)

ot ox a  °ox roor or
(rC,)., (%ntu%ntvaa—-:]:%@%(r%jﬂgoﬁ -T,) (13)
The new variables based on Equation (6) following Waini et al. [15]
v = (un) R (n7), = rZZ‘RRZ J\:Tx T-T. +%va %a(w), . (%Jt (14)
Using (14), Equations (12) and (13) can be rewritten as
ﬂ[(qu AP i‘;}%w—&[—u[ﬂf—fi}i}o (15)
Hy on on* | (pB), j? on on*  on ot
Pkrhlf(f{(an +1) 2:2 +2K gﬂme— ((’;"p))h: (—f %+ egﬁgg =0 (16)

The conditions are

of
f(0,7)=0, —(O,r)=¢, and —(0,7)= , t n=0
05)=0. (o P00 "
(;i(n,r)—ﬂ, 0(n,7)—>0, as p—oo
n

Equation (18) is then substituted into Equations (15) to (17) to examine the stability behavior of the
solution obtained. The perturbation function is taken exponentially because these functions show the
rapid growth or decline of the disturbance. These perturbation equations are introduced following
Weidman et al. [42].

f (77, r) =T, (77) +e”F (77) and 9(77, r) =6, (77) + e’”Gl(n) (18)

Here, y refers to an unknown eigenvalue parameter that determines the stability of the solutions
whereas f(n)=",(n)and&(n)=6,(n)are the steady solutions and F,(7) and G,()are a small
relative to f,(r7) and 6, (), respectively. By employing Equation (18), Equations (15) to (17) become

M[(ZUK +1)F(n)+ 2KF1”(’7)] +8" ()R () + 5 () R () = 28" (1) F ()

Put | Py
+W*Gl(f7)” i) =0

(19)
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P'%h;([(an +1)G"(17) + 2KG' (1) ] +5G (1)
e ”
+ (pCp )hf (65 (1)F (1) +, ()& () =1 ()G ()~ 6 (n)F" () + Gy (m)) = O
subject to f
F,(0) =0, F(0)=0,  G/(0)=0, (1)
F/() >0, G,(») >0,

For the present problem, we relaxed the derivative F’(n) — 0, as 7 > oo in Equation (21) and replaced
with the new boundary condition, which is F(0) =1 following Harris et al. [43].

Results and Discussion

In order to obtain the numerical computation, Equations (6) and (7) with respect to Equation (8) are
solved using the boundary value problem solver, bvp4c, in MATLAB software. The present study
considers several parameters, such as the curvature parameter K, mixed convection parameter 4, the

Cu nanoparticle volume fraction ¢, , the stretching/shrinking parameter ¢, and the heat source/suction

parameter & in order to investigate the flow behavior and to determine all potential dual solutions in the

opposing and assisting flow as well as stretching and shrinking surfaces. Further, to perform the stability
analysis for the availability of dual solutions.

Moreover, Al20Os nanoparticle volume fraction ¢, = 0.01 and Prandtl number Pr = 6.2 are fixed throughout
the numerical computation. Meanwhile, other parameters are varied such that 4, <1<10, 0<K <0.2

, 0<¢,<0.01, and -0.1<5<0.1. The parameter values are chosen based on the main reference,

Waini et al. [15], and other references, Jamaludin et al. [32]. Subscripts 1 and 2, which correspond to
alumina and copper, respectively, were used for clarity. Table 3 provides the comparison values of f"(0)

and 1/6(0) for different Pr values when K = 0 (flat plate) and 4 =1 with the absence of &, ¢ and ¢,

which show a favorable agreement with those obtained by Ishak [5] and Yacob and Ishak [13]. The
results are compared for the first solution case only, with a different method used such as Keller-box,
Runge-Kutta Fehlberg (RKF) and bvp4c methods.

Besides that, a comparison values of f"(0)and 1/6(0)for several ¢ with the previously published

literature by Waini et al. [15] using the bvp4c method is shown in Table 4. Those comparisons are found
to be in favorable agreement. In addition, Table 5 demonstrates the numerical values of Re **C, and

Re, ? Nu, for the hybrid nanofluids when ¢, = 0.01 and Pr = 6.2. From the observations, higher values
of ¢,, Kand 4 will increase the values of Re ’*C, and Re, *Nu, , respectively. An increase in the
value of & will result in an increment in Re *>C, and a decrease in Re, > Nu, . However, the values of

Re Y2 C, decrease, whereas the values of Re, **Nu, rise with the increase of & (from shrinking to
stretching).

Table 3. Validation of f”(0),1/6(0) for some Prvalues when A=1and ¢, =c=5=0

Ishak [5] Yacob and Ishak [13] Present
Pr (Keller-box) (Keller-box & RKF) (bvp4c)
t(0) Yo(0) t(0) Yo(0) t(0) Yo(0)

0.1 2.7301 0.3915 2.73006084  0.39150269
0.2 2.3307 0.5028 2.33070450  0.50278815
0.7 1.8339 0.7776 1.8339 0.7776 1.83387614  0.77760891
1.0 1.7338 0.8780 1.7338 0.8780 1.73383898  0.87804154
7.0 1.4037 1.6912 1.40364912  1.69120398
10.0 1.3712 1.9067 1.37114859  1.90666356
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Table 4. Validation of f"(0),1/6(0) for some ¢ valueswhen ¢ =A1=5=0 and Pr=6.2

Waini et al. [15] Present

‘ f'(0) Yo(0) f'(0) Yo(0)

5 -10.264749 6.491300 -10.26474930 6.49130024

2 -1.887307 4.203068 -1.88730667 4.20306789

1 0 3.120727 0 3.12072705
0.5 0.713295 2.438276 0.71329495 2.43827646
0.2 1.051130 1.949500 1.05112999 1.94950011
0.1 1.146561 1.767533 1.14656100 1.76753297

0 1.232588 1.573433 1.23258765 1.57343294
-0.1 1.30860209 1.36499970
-0.2 1.37388584 1.13938632
-0.5 1.495670 0.314542 1.49566977 0.31454202

-1 1.328817 -2.359393 1.32881687 -2.35939289

Table 5. Values of Re,¥?C, and Re, ?Nu, when ¢, =0.01and Pr =6.2

?, K A o & Al203-Cu/H20
Re '2C, Re, ¥>Nu,

0 0.1 -1 0.1 1 -0.06216211 3.10328071
0.005 0.1 -1 0.1 1 -0.06178147 3.12670063
0.01 0 -0.06221868 3.09889874
0.1 -0.06141724 3.14890422
0.2 -0.06065337 3.19837337
0.1 -1 -0.06141724 3.14890422
0.00000000 3.15650414
0.06079900 3.16396844
-1 -0.1 -0.05595140 3.34846197
0 -0.05854949 3.25009566
0.1 -1 2.29163470 -1.34233968
0 1.17244042 1.48897470
1 -0.06141724 3.14890422

Figures 2 and 3 exhibit the differences of Re '>C, and Re,*?Nu,for several values of K against 1,
respectively, when ¢, =0.01, § =0.1, and ¢ =1. These figures reveal that it is possible for the opposing
flow (1 <0) and assisting flow (2 >0) to obtain dual solutions for the stretching (¢ =1) flow case. The
critical solution 4, (for negative value of 1) and dual solution in the range of 4 greater than 4 _ exists,

but there is no solution is feasible for the range of 4 less than 4. Beyond this value 1 < 4_, the boundary

layer has separated from the surface. It is worth mentioning that the critical point, also known as the
bifurcation point, is the joining point between the upper (first) solution and the lower (second) solution.

Based on the computations, the bifurcations points for K = 0.0 (flat plate), 0.1, and 0.2 are 4, =-34.6933,
4, =-35.7142 and A, =-36.7271, respectively. Figure 2 depicts that for both aiding and opposing

cases, Re 2 C, increases with the increment of the curvature parameter K. It is noted that the curvature
parameter from the cylinder’s outside surface acts like a flat surface when K = 0. As the curvature
parameter K approaches 1 (K —1), it decreases the viscosity effect because of the surface area with
fluid tends to the tangential position. Since the diameter of the cylinder reduces as K rises, the fluid has
less contact with the cylinder's surface. Thus, the resistance to the fluid flow decreases, causing an

acceleration in the fluid motion. It is also observed that the boundary layer separation for a cylinder is
delayed compared to a flat plate. This observation is in accordance with earlier research by Ishak [5]. A

similar pattern can also be found in Re, ¥?Nu, , as demonstrated in Figure 3. However, for the second

solution, Rex‘”2 Nu, is unbounded to 4 — 0" and 4 — 0", which is not a physical solution.
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Meanwhile, Figures 4 and 5 elucidate the effects of K on Re?C, and Re, ¥*Nu, against
stretching/shrinking ¢ parameter, respectively, for the opposing case (/1 <0). Both Figures 4 and 5

show similar trends where the first solution increases with the rise of K, but the second solution shows
the opposite outcome. A higher curvature parameter will decrease the viscosity effect of the fluid and
thus increase the fluid motion and heat transfer rate. From the numerical computations, the critical value

g, forK=0.0,0.1,and 0.2 are ¢, = -0.2154, -0.2482 and -0.2796, respectively. From Figures 2 to 5, it
can be concluded that Re **C, and Re, 2 Nu,_ are higher for a cylinder compared to a flat plate. It can

be concluded that these figures (Figures 2-5) allow us to examine the pertinent variables that affect how
quickly or slowly boundary layer flow separation from laminar to turbulent.

1

Aoy = -34.6933
0F 2., =-357142

Aez =-36.7271
1t
N 25
N a2
N _2 ,::/
NQJR A ’:;55’
~= Aes z°

first solution
-------- second solution

-40 -30 -20 -10 0 10

Figure 2. Effects of K on Re,”>C, against A when ¢, =0.01, 5 =0.1, and ¢ =1 (stretching)

12 ‘ - ' B
— first solution i
-------- second solution l'l.'.
g| Fer = 346933
. ) 1
dep = -35.7142 W
= \\\‘
3 Az = -36.7271 )
& 4+
1 Q)R
oz
ol |
A}
LT
40 -30 -20 -10 0 10

A

Figure 3. Effects of K on Re,¥*Nu, against A when ¢, =0.01, § =0.1, and ¢ =1 (stretching)
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Figure 4. Effects of K on Re, ’*C, against ¢ when ¢, =0.01, 5§ =0.1, and 1 =-1 (opposing)
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Figure 6. Effects of ¢, on Re,*?C, against Awhen K =0.1, §=0.1, and ¢ =1 (stretching)

Further, the influence of the coefficient of skin friction and the local Nusselt number with 4 for several
values of ¢,, when K=0.1, §=0.1, and =1 are portrayed in Figures 6 and 7. The bifurcation values

for the Al2Os/water nanofluids (¢, =1%,¢, =0%) is 4, =-34.4821 and for the Al.Os-Cu/water hybrid
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nanofluids (¢, =1%,¢p, =0.5%,1%) are A, =-35.0932 and 4, =-35.7142, respectively. Physically,

hybrid nanofluids have a greater nanoparticles concentration than nanofluids, which delays the boundary
layer separation. From these figures, it is clear that these physical quantities augment with the rising

value of ¢, for the first solution while decreasing for the second solution. Therefore, it is proven that the

performance of the fluid’'s viscosity is enhanced by the higher concentration of nanoparticles. Also, an
increment in nanoparticles volume fraction can escalate surface shear stress, thereby increasing the

skin friction coefficient Re Y C; . In addition, Figure 7 presents that Re, > Nu, increases for the higher
value the nanoparticles volume fraction ¢,. From the observation, this result suggests that hybrid
nanofluids (401:1%.602210/0) present a better heat transfer rate, as previously mentioned by

researchers (see [23,44,45]). This is because hybrid nanofluids have a higher thermal conductivity
compared to nanofluids and consequently enhances the heat transfer performance. However, dual
behaviors are noticed for the second solution as ¢, increases where the Re, > Nu, value is unbounded
as 41— 0"and A — 0. This finding proves that hybrid nanofluids have better heat transfer enhancement
than nanofluids.

—  first solution

-------- second solution W,
A

61 A =-34.4821 \
Aoy =-35.0932
41 A3 =-35.7142

Figure 7. Effects of ¢, on Re, **Nu,_ against Awhen K =0.1, § =0.1, and ¢ =1 (stretching)

2 T
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1
50 ’
Q
~
)
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. £.o =-0.2380
N v‘;‘:‘:\:,.:__:“gCS =-0.24%82 i
3t ‘ J ‘ . ’
0.4 0 04 0.8 12 1.6

Figure 8. Effects of ¢, on Re,*?C, against ¢ when K =0.1, §=0.1, and 1 =-1 (opposing)

Effects of Cu nanoparticles volume fraction ¢, on the Re *?C, and Re,¥*Nu, against ¢ are displayed
in Figure 8 and 9. It is observed that both figures show similar profile pattern as the ¢, increases will

augment the values of Re '?C, and Re, 2 Nu, for the first solution but declines for the second solution.
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Here, the critical value for the Al-Os/water nanofluids (¢, =1%,¢, =0%) and for the Al.Os-Cu/water

hybrid nanofluids (¢, =1%,, =0.5%,1%) are & = -0.2276, -0.2380 and -0.2482, respectively. It is

noted that, between those nanofluids and hybrid nanofluids, the highest critical value is Al2O3z-Cu/water
hybrid nanofluids (¢, =1%,, =1%). A similar observation was found in Figures 6 and 7, when ¢,

increases. Hence, this study supports the invention of hybrid nanofluids, which can enhance the heat
transfer rate of the working fluid better than the Al.Os—water nanofluids. Besides that, hybrid
nanoparticles have the capability in increasing the heat transfer rate due to the synergistic effects as
mentioned by Waini et al. [15].

1.8 ‘ |
— first solution
-------- second solution
141 £ =-0.2276 |
3’% &2 =-0.2380
= £ =-0.2482
S| 1
To=
)
=
0.6 1
EaEiﬂ..-----............
02t : : ‘ ‘ .
-0.3 -0.2 -0.1 0 0.1 0.2

Figure 9. Effects of ¢, on Re, *2Nu, against ¢ when K =0.1, §=0.1, and 4 =-1 (opposing)

Next, Figures 10 and 11 elucidate the influences of heat source (5 >0) and heat sink (5 <0) parameter

on the Re **C, and Re,“?Nu, against 1, respectively, for the Al.Os-Cu/water hybrid nanofluids.
According to Jamaludin et al. [32], an increase in the (5 <0) indicates an increase in the amount of heat
energy supplied by the heat energy reservoir. While, for the decreased (6 < O) results in an increase in
the amount of heat energy stored in the heat energy reservoir. Figure 10 shows that the increasing value
of § will increase the Re, ¥*C, for the assisting flow region (4 > 0), while decreasing for the opposing
flow region (2 <0) . Physically, for the opposing flow (4 <0), buoyancy forces work in the opposite

direction of the fluid flow. Thus, this implies that heat sources work by aiding buoyancy, which reduces
the fluid flow velocity and minimises the surface shear stress. On the other hand, heat sink (6 < O)

causes a decrease in buoyancy force and augments the fluid flow velocity which raises the surface shear
stress. The variation of the Re, ¥?Nu, against 4 with some values of § is illustrated in Figure 11. It is
noticed that Re, ¥ Nu, decreases as ¢ increases for the range (-0.1< 5 <0.1). The thickness of the

thermal boundary layer is increasing with the presence of a heat source, which causes the declination
of the heat flux, which reduces the value of Re, **Nu, .
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Figure 10. Effects of 5 on Re,’?C, against A when K =0.1, ¢, =0.01, and ¢ =1 (stretching)
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Figure 11. Effects of § on Re, ¥?Nu, against A when K =0.1, ¢, =0.01, and & =1 (stretching)

Figures 12-17 provide the velocity f'(7) and temperature 6(#) profiles for opposing flow (4 =-1) and
stretching surface (5 = 1) with ¢, =0.01 and ¢ =0.1. Figures 12 and 13 reveal the effects of K on the
fluid velocity and temperature, respectively. It is found that as K increases, f'(n) decreases for the first
solution. When K increases (0 <K < 0.2) , it indicates that from a flat plate to a cylinder surface, the

viscosity effect is decreasing. In addition, the radius of the cylinder is reduced for the higher value of K.
A small radius causes less resistance between the fluid and the surface of the cylinder, which

consequently accelerates the fluid’'s motion. Therefore, increase the velocity profile f’(n). However,
second solution shows that f’(n) initially increases then decreases. Figure 13 illustrates the influence
of K on the temperature profile 0(77) . From the graph, it is shown that the temperature profile is initially
decreasing and then increasing as the curvature parameter increases. Kelvin temperature is related to
kinetic energy of molecules and is also known as average kinetic energy. When the fluid's velocity
increases, so does its kinetic energy, causing the temperature to rise. As a result, the temperature profile
decreases near the surface of the cylinder and then increases away from the surface.

Then, the influences of Cu nanoparticles volume fraction ¢, on both f'() and 6(z) profiles when
K=0.1, §=0.1, ¢=1 and A =-1 are provided in Figures 14 and 15. It is determined that f’(n) and

9(77) increase as the value of ¢, increases for the first solution but shows the opposite outcome for the
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second solution. The results of these figures agree with the illustration in Figures 6 to 9. Figure 14 shows
that the velocity profile of Al2Os-Cu/water hybrid nanofluids (¢, =1%,¢, =1%) is higher than the Al2Os.

water nanofluids (401:1%,(;72:0%). This scrutiny is consistent with the physical behavior of

nanoparticles volume fraction, where the increasing value of ¢, will augment the concentration of

nanoparticles. Hence, decreasing the boundary layer thickness also decelerates the boundary layer
separation and thus enhances the fluid flow. Besides that, Figure 15 elucidates a similar trend profile as
Figure 14. Similarly, the higher concentration of nanoparticles could exert more energy, lower the surface

heat flux, thicken the boundary layer, and thus increase the temperature profile 6(77) .

Figures 16 and 17 present f'(57) and () profiles with the changes in heat source/sink parameter &
when ¢, =0.01, K=0.1, =1 and A =-1. The positive value of the heat source parameter (5 > 0)
indicates that the heat is generated within the system during flow. While the negative value of the heat
sink parameter (5 < 0) corresponds to heat absorption taking place within the system during the flow.
From Figure 16, f’(n) decreases with the increase value of 6. The rising of the momentum boundary
layer thickness reduces the fluid flow velocity and thus lowers the surface shear stress. This finding is in
accordance with that shown in Figure 10, where the increment of § reduces the skin friction coefficient.
Moreover, the temperature profile @(rn) increase with the increasing value of J. Based on the
observations, thermal boundary layer thickness also increases with the increment in 6. The positive
increment in the value of ¢ indicates heat generation, and the heat generated within the system raises

the temperature of the fluid flow. Based on these figures, the outcome of this study is in line with the
results reported by Jamaludin et al. [32].

Subsequently, Figure 18 depicts the smallest eigenvalues y against the shrinking parameter €. The sign
of y indicates the stability of the solutions. From the graph, the first solution has a positive  , which
implies that the solution is stable. When y > 0, there is an initial decay of disturbance, as mentioned in
Equation (18). While the second solution has a negative y , which indicates that the solution is unstable.
When y < 0, there is an initial growth of disturbance as time evolves. These observations proved that
the upper branch is physically reliable in the long run while the lower branch is not. Besides that, as
& —>¢&., y — 0, which is in line with Weidman et al. [42], there is transitions occur at the turning point

¢ = g, from stable ( positive y ) to unstable ( negative y ).

1.2 . ;

0.8

0
X P —— first solution
. 1
- ---——--- second solution
-0.4 - . . . . ‘ : -
0 1 2 3,4 5 6 7

Figure 12. Influence of K on f'() when ¢, =0.01, §=0.1, ¢=1 and 1=-1
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Conclusions

In the present work, a hybrid nanofluids model is developed to study the mixed convection flow over a
stretching vertical cylinder with the prescribed surface heat flux and the heat source/sink effects. The
present results are in good agreement with those reported in literature. The solutions of the non-
dimensionless parameter on the flow, heat and mass transfer characteristics were obtained and
graphically illustrated. The findings of the analysis can be summarized as follows:

e Dual solutions can be obtained for both opposing and assisting flow regions and stretching and

shrinking surfaces.

e The value of the skin friction and heat transfer on the surface are higher for the cylinder than flat

plate.

e In between Al20s/H20 nanofluids (¢, =1%,p, =0%) and Al20s-Cu/water hybrid nanofluids

((p1 =1%,¢, = 0.5%,1%) , hybrid nanofluids with higher concentration has better performance in heat
transfer and velocity of fluid flow.

e An increase of the heat source/sink parameter will decrease the fluid motions and lower the shear

stress on the surface.

e Similar trends of Re,**C, and Re, *?Nu, are observed for the variations of K against the 2 and &

cases.

e The outcomes of the stability analysis show that the first solution is stable and reliable, while the

second solution is not.

Particularly for researchers studying nanofluids, the model formulation and study results are crucial and
useful as guidelines. Future research can examine more parameters, including slip, suction/injection,
and magnetic parameters, in greater detail. It's also advised to use different kinds of base fluids and
nanoparticles. It is highly recommended that an experimental investigation of this flow problem be carried
out for future research, even if this study is theoretical.
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