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Abstract Leptospirosis is a re-emerging global disease that has become endemic in 

Malaysia. The transmissions usually occur between animals especially rats to rats and 

rats to humans. Since, it is an easily contractable disease that can be transmitted directly 

through contact with infected rat’s urine or indirectly from the environment such as via 

water and soil, it is very challenging to curb this disease from infecting humans. Poor 

understanding of the disease and lack of epidemiological data also made leptospirosis is 

difficult to control. To cope with this problem, a leptospirosis disease transmission model 

is developed to study the mechanism of leptospirosis disease spread over continuous-

time that may help to predict future caused of an outbreak. This study aims to construct a 

continuous-time and discrete-space stochastic SIR-L-SI (Susceptible, Infected, Recovered 

Humans-Leptospires in the Environment-Susceptible, Infectious Rats) of leptospirosis 

disease transmission to estimate the risk involved. A simple method of asymptotic and 

numerical analyses is applied as an alternative approach for solving simultaneous 

differential equations in the leptospirosis SIR-L-SI transmission model. The application of 

the proposed model is demonstrated using leptospirosis data for Malaysia. The results of 

asymptotic behaviour and numerical analysis provide useful information about susceptible 

and infective rat and human populations as well as offer relative risk estimates that can be 

used as one of the control measures in identifying hot-spot areas for this disease. 
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Introduction 
 

Leptospirosis is an infectious disease that occurs all over the world. In Malaysia, leptospirosis 
has received attention due to the recent increment number of leptospirosis cases that have 
alarmed many health professionals [43]. Since 2010, leptospirosis is announced as a notifiable 
disease in Malaysia that need to be notified within one week to the relevant district health office 
[42]. This is believe that leptospirosis is still under development process of clinical and 
epidemiological assessment. Currently, most leptospirosis studies are related to prevalence of 
leptospirosis and biological reviews regarding the infection of the disease amongst human 
population such as Lim et al. [29], Benacer et al. [7], Thayaparan et al. [43], Tan et al. [42], 
Garba et al. [19] and [20] and Bahaman [4]. 

 

Leptospirosis is a contagious disease that may contract in direct and indirect ways [20]. Direct 
transmission occurs when a host has direct contact with an infectious individual. In contrast, 
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indirect contact happens via contaminated environment. According to Brauer [9], indirect 
transmitted diseases require models that include both vectors and hosts and the compartment 
structure may be different for host and vectors. Infectious rodent population especially rats is the 
main source of leptospirosis transmission to human population [30]. Direct contact with this 
animal may cause transmission of leptospires bacteria to susceptible individuals.  

 

However, according to Wynwood et al. [46], Minter et al. [32] and Cordonin et al. [12], most 
common cause of human infections or major factor of numerous leptospirosis outbreaks in 
human population is caused by contact of leptospires via contaminated environment. Naturally, 
rats are nocturnal untamed animal species living in hidden areas and often avoid human being 
[10]. Thus, human will not simply contract leptospires through direct contact with infectious rats. 
Environment is a crucial physical junction of leptospires transmission between rat and human. 
Likewise in rat population, leptospirosis fails to persist in the absence of environmental infection 
source which is commonly assumed to be the most crucial transmission route [22]. 

 

Based on existing model-based studies on the transmission of leptospirosis disease discussed 
by Ideris et al. [22], most of the models do not include specification on the transmission of the 
disease (such as direct or indirect contact) from infective animals to susceptible humans. 
Furthermore, the compartmental models were focusing only on transmission between human 
and rat populations and mostly do not involve free-living leptospires in environment as the 
transmitting agent. This transmitting agent however is important to develop a certain physical 
junction of leptospirosis transmission between human and animal populations in order to have 
realistic models that mimic a true natural infection of the disease. Wynwood et al. [47] and 
Desvars-Larrive et al. [17] emphasized that in order to assess or predict leptospirosis risk in 
human population, it is important to investigate the bacteria in the environment. Based on 
previous study noticeably the transmission of leptospires element is seems lacking. Hence, this 
study of leptospirosis disease is conducted to fill up the gap that involves a transmission model 
between infectious rodents as reservoir and humans as accidental host with extension of 
environment compartment as generally this indirect transmission requires environment to spread 
the leptospires pathogen. A leptospirosis transmission SIR-L-SI model is constructed in this 
study by using continuous time and discrete space data, which commonly used in the analysis 
of variables that change continuously with respect to time. A simple method of asymptotic 
analysis is described followed by methods of numerical analysis to obtain approximate solution 
of these differential equations of SIR-LSI model. The results of analysis provide useful 
information on human and rat populations change over time and the estimation relative risk for 
leptospirosis disease. 

 
Materials and Methods 
 

In this study, environment is assumed as an auto-correlate element for the transmission of 
leptospirosis from rat to human populations. To complete the circle of leptospirosis transmission 
between rats and humans, a model is proposed that acquire free-living leptospires bacteria from 
the environment to be included in the SIR-L-SI compartmental model depicted in Figure 1. The 
compartmental SIR-L-SI model in Figure 1 involves complex interaction between human, rat and 
environment for the transmission of leptospirosis which represented by boxes and arrows that 
connect between compartments. Solid arrows refer to movements between the compartments 
while dotted arrows refer to control signal. The dotted arrow to infected human compartment 
indicates the transmission of free-living leptospires from contaminated environment shaded in 
infectious rat’s urine into human population. Solid “arrows in” refer to individuals entering the 
compartment that contribute to the positive sign in the differential equation while the solid “arrows 
out” refer to individuals exiting the compartment that contribute to the negative sign in the 
differential equation of deterministic models. 

 

This study examines all behavioural transitions between animal population and environment as 
well as from environment to human population. In the model, subscripts ‘h’ or ‘r’ is assigned to 
each compartment as representative of human and rat populations respectively. From Figure 1, 

the compartment 𝑆ℎ(𝑡) represents the total number of susceptible persons for leptospirosis for 

time t, 𝐼ℎ(𝑡) refers to the total number of persons infected with leptospirosis for time t, and 𝑅ℎ(𝑡) 

is the total number of persons that have recovered from leptospirosis disease for time t. In 

addition, 𝑆𝑟(𝑡) and 𝐼𝑟(𝑡) represent the total number of susceptible and infective rats for a study 

location at time t respectively. Meanwhile, compartment L represents free-living leptospires in 
environment. 
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The animal hosts namely rats that carry this specific pathogenic leptospires are not harmed 
themselves [49, 31, 21]. They are also known as natural maintenance hosts. An infected 
leptospirosis rat will not recover by itself and the leptospires pathogen remains in the animal 
body until it dies [21]. Thus, unlike humans, the transmission for animal starts with susceptible 
rat population and ends with infectious cohort of disease transmission. 

 

Furthermore, 𝜇ℎ represents the birth and mortality rates for human population. Specifically, 

mortality rate for human populations means persons who leave the group because of natural 
death or illness like diabetic complications, myocardial infarct, malignancy, motor-vehicle 

accidents, and other uncorrelated factors with leptospirosis disease. Meanwhile, 𝜇𝑟 represents 

the birth and mortality rates for rat population, which reflects the number of rats that leave the 
group because of natural death.   

 

Figure 1. Continuous compartmental SIR-L-SI leptospirosis model for human population, animal 
population and free-living bacteria in the environment 

 

 

Meanwhile, 𝑁𝑖
ℎand 𝑁𝑖

𝑟 denote the total population of human and rat, respectively, and recovery 

rate for human is represented by 𝛿. Next, 𝛾ℎ represents the rate of leptospirosis transmission 

from susceptible humans to infected humans while 𝛾𝑟 refers to rate of leptospirosis transmission 

from susceptible to infected rats. Compartment L is the number of free-living leptospires 
expressed in shedding units and the existence of compartment L is caused by the shedding of 
leptospires in the urine of infected rats into the environment. Once susceptible rats have been 

infected, it will shed units of leptospires (cells per millilitre) denoted as 𝜂 and other susceptible 

rats that pass or crawl in those contaminated areas will have the potential to be infected with 
leptospirosis. Naturally, this route of transmission occurs perpetually among rats. At the same 
time, humans serve as accidental hosts that contracted leptospires in the environment. This 
study use a continuous-time approach to study variables that change with time for leptospirosis 
disease for a particular discrete-space.  

 

First, population is divided into compartments according to their infection states. After the 
population has been compartmentalized, a set of equations is produced to specify how the sizes 
of the compartments change with respect to time. According to the compartmental leptospirosis 
SIR-L-SI model, ordinary differential equations are used where time is the only independent 
variable indexed by t. These ordinary differential equations have several non-linear equations 
that need to be solved simultaneously to acquire information on susceptible, infected and 
recovered populations change over time. It is very difficult to solve these equations analytically. 
Two methods that can be used to tackle the issue are sophisticated computer programming 
known as numerical analysis or asymptotic behaviour of solutions as approximations to the 
actual solution [40]. Hence, this study opts by analysing the problem using asymptotic solutions 
followed by numerical analyses. Results obtained from these analyses give useful information 
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about the susceptible, infective and recovered human populations as well as susceptible and 
infective rat populations. 

 

Differential Equations for SILR-L-SI Model of Leptospirosis 
Disease Transmission 
This subsection provides the formulation of leptospirosis interaction between human, rat and 
environment. For simplicity, assume that the infection originated from rat population. Based on 

the compartmental model in Figure 1, the animal population denoted as 𝑁𝑟 is subdivided into 

two compartments; 𝑆𝑟(𝑡) and 𝐼𝑟(𝑡) which represent the total number of susceptible and 

infective rats. The rat population size is assumed constant all the time as (1). 

𝑁𝑟 = 𝑆𝑟 + 𝐼𝑟    (1) 

The population of susceptible rats increases with rate of birth, 𝜇𝑟; of which every birth is 

assumed susceptible for leptospirosis. At time t, susceptible population decreases following the 

effective contact with infected rats, 𝐼𝑟(𝑡), denoted as 𝛾𝑟 . Susceptible rat population at time t 

further decreases by natural death at rate 𝜇𝑟. In the absence of evidence of disease, birth and 

death rates are assumed equal and the rate of death 𝜇𝑟  is constant for both subgroups of 

susceptible and infected rats.  

 

Transmission formula for rat population is constructed when there is an infectious rat in the 

population, 𝐼𝑟(0) = 1 and the initial number of susceptible rats is 𝑆𝑟(0) = 𝑁 − 1. Both 𝐼𝑟(𝑡), 

and 𝑆𝑟(𝑡) refer to the number of infectious and susceptible rats at time t, respectively. There 

are two route of infections in rat population; between susceptible and infectious rats and between 
susceptible rats and contaminated environment. However, only one route is considered in this 
model to avoid massive calculation in the formula used, which is between susceptible and 
infectious rats. According to Minter et al. [33], this route of transmission is assumed frequency 
dependent where it is most likely the result of sexual and social contact amongst rats population. 
Furthermore, constant population assumed previously is parallel with definition of frequency 

dependent. Therefore, the force of infection, 𝛾𝑟  for infection between susceptible and infectious 

rats can be defined as in (2). 

𝛾𝑟 =
𝛽𝑟𝑏𝑟

𝑁𝑟
   (2) 

Where the contact between susceptible rats with infectious rats is written as 𝑏𝑟. Thus, the 

continuous differential equation for susceptible rats is shown as follows; 

𝑆𝑟(𝑡) = 𝜇𝑟𝑁𝑖
𝑟 −

𝛽𝑟𝑏𝑟

𝑁𝑟
𝐼𝑟𝑆(𝑡)𝑟 − 𝜇𝑟𝑆(𝑡)𝑟   (3) 

Next, the population of infectious rats is generated using number of new infections from 

susceptible rats 𝑆(𝑡)𝑟 at rate 𝛾𝑟. The population of infectious rats decreases by the natural 

death rate 𝜇𝑟. The infectious rats formula can be written as (4). 

𝐼𝑟(𝑡) =
𝛽𝑟𝑏𝑟

𝑁𝑟
𝐼𝑟(𝑡)𝑆𝑟(𝑡) − 𝜇𝑟𝐼𝑟(𝑡)   (4) 

Since infectious rats will be a carrier for their lifetime, the leptospirosis transition for rat population 
ends at infectious compartment. These infectious rats then excrete their urine in the environment 

at unit 𝜂 which contribute to the compartment 𝐿(𝑡); free-living leptospires in the environment at 

time t. This compartment is assumed to have spatio-temporal state that decreases with rate m 
as it perishes due to survival lost (such as failing to find a host or unconducive environment).   

𝐿(𝑡) = 𝜂𝐼𝑟(𝑡) − 𝑚𝐿(𝑡)   

which imply that, 

𝐿(𝑡) = 𝜂𝐼𝑟(𝑡) − 𝑚(𝜂𝐼𝑟(𝑡))   

𝐿(𝑡) = 𝜂𝐼𝑟(𝑡)(1 − 𝑚) (5) 

This leptospires compartment, 𝐿(𝑡) in (5) potentially controls the infection on rat as well as 

human population.  

 

Next, human population denoted by 𝑁ℎ comprises of three components; 𝑆ℎ(𝑡) represents the 

total number of persons susceptible with leptospirosis with respect to t, 𝐼ℎ(𝑡) refers to the total 

number of persons infected with leptospirosis at time t, and 𝑅ℎ(𝑡) is the total number of persons 

recovered from leptospirosis with respect to time, t. Assuming a study in closed population, 
formula for the human population can be written as in (6). 
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𝑁ℎ = 𝑆ℎ + 𝐼ℎ + 𝑅ℎ   (6) 

Similar to the differential equations for rat population, number of humans susceptible to 

leptospirosis increases with rate of birth, 𝜇ℎ, where every birth is assumed susceptible against 

leptospirosis. At the same time, the susceptible population decreases following effective contact 

with free-living leptospires in the contaminated environment, 𝐿(𝑡) at rate 𝛾ℎ.   

 

Rate 𝛾ℎ is referred to human force of infection in this study of disease transmission modelling. 

In terms of human transmission, leptospirosis contract structure for this study does not depend 
on human population size. In this study, the rate of contact that are likely to result in disease 
transmission is determined by the prevalence of infection between susceptible humans and free-
living leptospires in the environment. For instance, the rate of infection depends on how frequent 
the susceptible individuals being at the high-risk areas or contaminated environment, not 
protected by personal protective equipment or poor hygiene practices and awareness. Hence, 
the force of infection model for human population is assumed frequency dependent; increasing 
with the frequency of potential contact of susceptible humans and free-living leptospires in the 

contaminated environment. The contact structure is denoted as ℒℎ defined as the probability for 

a susceptible human to contact with leptospires in contaminated environment while 𝛽ℎ is the 

transmission probability of susceptible human via environment. 

𝛾ℎ =
𝛽ℎℒℎ

𝑁ℎ
   (7) 

Based on equations in (5), compartment L comprises of free-living leptospires in the environment 

(when the infectious rats excreted their urine in the environment at unit 𝜂). To estimate the 

adequate amount of leptospires pathogen to infect human population, we refer to the minimum 
unit (cells) of leptospires that is possible to invade a human body (via mucus membrane, broken 
skin or swollen of contaminated water). According to Haake and Levett [21], quantitative 

Polymerase Chain Reaction (PCR) test has documented small levels of leptospires (104cells/ml) 

in infected human bloodstream may be associated with severe complications. This number can 

increase as high as 106cells/ml or lower than 104cells/ml. Hence, for simplicity, 104cells/ml unit 

of leptospires burden value is used as a threshold parameter for leptospires measure in human 
body. In other words, this value determines how much leptospires is required for leptospirosis 
to infect a human body. Number of free-living leptospires in environment at time t, L(t) divided 

with 104cells/ml is used to produce ratio of leptospires per susceptible human. Thus, the force 

of infection rate or probability of susceptible humans being infected is summarised as follows; 

𝛾ℎ =
𝛽ℎℒℎ𝐿(𝑡)10−4

𝑁ℎ
   (8) 

Next, susceptible human population further decreases by natural death at rate 𝜇ℎ. In this model, 

birth and death rates are assumed equal for simplicity [40]; every day the number of people 
perish from natural death is equal to the number of people recruited into the susceptible 

population and the rate of death 𝜇ℎ is constant for all population subgroups of susceptible, 

infected and recovered humans. Thus, the differential equation for susceptible humans can be 
written as (9). 

𝑆ℎ(𝑡) = 𝜇ℎ𝑁𝑖
ℎ −

𝛽ℎℒℎ

𝑁ℎ
(𝐿(𝑡)10−4)𝑆ℎ(𝑡) − 𝜇𝑟𝑆ℎ(𝑡)   (9) 

Next, the population of infected humans is generated using new infection from susceptible 

humans 𝑆(𝑡)ℎ via free-living leptospires, 𝐿(𝑡) in contaminated area at rate 𝛾ℎ which decreases 

by natural death rate, 𝜇ℎ as well as infection recovery at rate 𝛿. Formula for continuous infection 

to humans can be written as follows;  

𝐼ℎ(𝑡) =
𝛽ℎℒℎ

𝑁ℎ
(𝐿(𝑡)10−4)𝑆ℎ(𝑡) − 𝜇ℎ𝐼ℎ(𝑡) − 𝐼ℎ(𝑡)   (10) 

Individuals in recovery compartment is formulated by the number of newly recovered persons 

from infected class at rate 𝛿, which decreases by the natural death rate 𝜇ℎ that is constant for 

all compartments.  

𝑅ℎ(𝑡) = 𝛿𝐼ℎ(𝑡) − 𝜇ℎ𝑅ℎ(𝑡)   (11) 

The system of continuous transmission behaviour for leptospirosis disease shown in Figure 1 
can be written as non-linear system of differential equations as follow; 

𝑑𝑆ℎ

𝑑𝑡
= 𝜇ℎ𝑁ℎ −

𝛽ℎℒℎ

𝑁ℎ
(𝐿(𝑡)10−4)𝑆ℎ(𝑡) − 𝜇ℎ𝑆ℎ(𝑡)  
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𝑑𝐼ℎ

𝑑𝑡
=

𝛽ℎℒℎ

𝑁ℎ
(𝐿(𝑡)10−4)𝑆ℎ(𝑡) − 𝜇ℎ𝐼ℎ(𝑡) − 𝛿𝐼ℎ(𝑡)  

𝑑𝑅ℎ

𝑑𝑡
= 𝛿𝐼ℎ(𝑡) + 𝜇ℎ𝑅ℎ(𝑡) (12) 

𝑑𝑆ℎ

𝑑𝑡
= 𝜇𝑟𝑁𝑟 −

𝛽𝑟𝑏𝑟

𝑁𝑟
𝐼𝑟(𝑡)𝑆𝑟(𝑡) − 𝜇𝑟𝑆𝑟(𝑡)  

𝑑𝐼𝑟

𝑑𝑡
=

𝛽𝑟𝑏𝑟

𝑁𝑟
𝐼𝑟(𝑡)𝑆𝑟(𝑡) − 𝜇𝑟𝐼𝑟(𝑡)  

𝑑𝐿

𝑑𝑡
= 𝜂𝐼𝑟(𝑡) − 𝑚𝐿(𝑡)  

By using equation in (12), the number of susceptible, infected and recovered individuals in the 
population can be approximated at each point of time. This model however follows few 
assumptions. First, infected rats are assumed to not recover from leptospirosis. They will carry 
the pathogen in their bodies and eventually perish due to the disease or natural death. Second, 
infected humans are assumed to have recovery or immune phase where the transmission from 
recovery phase to susceptible phase is not considered in this study since the objectives are 
accentuated on the disease transmission from susceptible to infected humans. The transmission 
is assumed to hold until recovery phase. Since this infection takes a short time to develop in 
human bodies, hence no incubation period is considered. The amount of leptospires pathogen 
in environment (L) is dependent on the number of infectious rat population; increasing number 
of infectious rats will increase the amount of free-living leptospires in the environment. Referring 
to the above equations, existence of products functions clearly define that the system of 
differential equations is non-linear. Referring to (12), it is hard to solve all six equations involved 
in a straightforward manner. The next subsections discuss in detail on asymptotic behaviour and 
numerical analysis to obtain approximate solutions for these differential equations. 

 

Asymptotic Behavior of Solutions for the SIR-L-SI 
Differential Equations 
Asymptotic analysis of solutions gives information about the steady state behaviour of human 

and rat populations, which depend on threshold value used in epidemiology called 𝑅0. 𝑅0 is a 

basic reproduction number most commonly used by epidemiologists to define the average 
number of secondary infections after introducing a single infective individual in a large 
susceptible population [39]. 

 

Since the model involves demography dynamics (birth and death rates), analysis of equilibrium 
is important to investigate what happens to the disease in a population in the long term when 

the system is at equilibrium. If 𝑅0 is less than or equal to 1, the steady state equilibrium values 

for susceptible and infective that satisfy the condition is given by the point, 𝐸1 = (1,0,0). In the 

long term, this equilibrium point, 𝐸1 is globally stable if the threshold, 𝑅0 is less than 1. 

Conversely, when the value of 𝑅0 is greater than 1, the endemic steady state equilibrium values 

will follow 𝐸2 = (𝑆ℎ, 𝐼ℎ , 𝐼𝑟) and this equilibrium value is globally stable when 𝑅0 is greater than 

one. 

 

To approximate the asymptotic behaviour of solutions of the SIR-L-SI non-linear differential 
equations, two conditions are assumed to hold in this analysis; 

𝑁ℎ = 𝑆ℎ + 𝐼ℎ + 𝑅ℎ  and 𝑁𝑟 = 𝑆𝑟 + 𝐼𝑟  (13) 

where the total human population, 𝑁ℎ and rat population, 𝑁𝑟 are supposed to remain constant. 

Note that this section temporarily modifies the notation to remove the dependency on time 
considering asymptotic (steady state) behaviour under convergence which is when both human 
and rat populations remain constant with respect time. In other words, the dynamical change of 
each population equals to zero; 

𝑑𝑁ℎ

𝑑𝑡
= 0 and 

𝑑𝑁𝑟

𝑑𝑡
= 0  

Then, differential equations in (12) can be normalized based on the assumption that the size of 
populations are constant, by considering the proportion as follows; 
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𝑠ℎ =
𝑆ℎ

𝑁ℎ , 𝑖ℎ =
𝐼ℎ

𝑁ℎ , 𝑟ℎ =
𝑅ℎ

𝑁ℎ  and 𝑠𝑟 =
𝑆𝑟

𝑁𝑟 , 𝑖𝑟 =
𝐼𝑟

𝑁𝑟 (14) 

From the proportions in (14), following the conditions in (13), we have; 

𝑠ℎ + 𝑖ℎ + 𝑟ℎ = 1 and 𝑆𝑟 + 𝑖𝑟 = 1  

Which imply that  

𝑟ℎ = 1−𝑠ℎ − 𝑖ℎ and 𝑠𝑟 = 1 − 𝑖𝑟 (15) 

Hence, substitute (14) and (15) into (12) as follows; 

𝑑𝑆ℎ

𝑑𝑡
= 𝜇ℎ − 𝜇ℎ𝑠ℎ − 𝛽ℎℒℎ[𝜂𝑖𝑟𝑁𝑟(1 − 𝑚)]10−4𝑠ℎ  

𝑑𝐼ℎ

𝑑𝑡
= 𝛽ℎℒℎ[𝜂𝑖𝑟𝑁𝑟(1 − 𝑚)]10−4𝑠ℎ − 𝜇ℎ𝑖ℎ − 𝛿𝑖ℎ   (16) 

𝑑𝐼𝑟

𝑑𝑡
= 𝛽𝑟𝑏𝑟𝑖𝑟(1 − 𝑖𝑟) − 𝜇𝑟𝑖𝑟  

The equilibrium points are found by setting the right-hand side of (16) equal to zero;  

𝑑𝑆ℎ

𝑑𝑡
=

𝑑𝐼ℎ

𝑑𝑡
=

𝑑𝐼𝑟

𝑑𝑡
= 0    

This circumstance is to determine the ultimate number of susceptible and infectives proportions 
when there is equilibrium or no change over time according to two circumstances as follows; 

For the first case, let 𝑖𝑟= 0 (where the pathogen suffers from extinction) 

𝑑𝑆ℎ

𝑑𝑡
= 𝜇ℎ − 𝜇ℎ𝑠ℎ − 𝛽ℎℒℎ[𝜂𝑖𝑟𝑁𝑟(1 − 𝑚)]10−4𝑠ℎ = 0    

𝑠ℎ = 1  

𝑑𝐼ℎ

𝑑𝑡
= 𝛽ℎℒℎ[𝜂𝑖𝑟𝑁𝑟(1 − 𝑚)]10−4𝑠ℎ − 𝜇ℎ𝑖ℎ − 𝛿𝑖ℎ  

𝑖ℎ = 0 (17) 

𝑑𝐼𝑟

𝑑𝑡
= 𝛽𝑟𝑏𝑟𝑖𝑟 − 𝛽𝑟𝑏𝑟𝑖2𝑟 − 𝜇𝑟𝑖𝑟  

𝑖𝑟 = 0  

The results indicate 1 proportion for susceptible and zero for infective humans and rats 

respectively. Hence, when the infectious component which is 𝑖𝑟 equals to zero, the equilibrium 

point follows the disease-free equilibrium state 𝐸1 = (1,0,0). According to Esteva and Vargas 

[18], a disease-free equilibrium point has susceptible numbers of humans or animals but there 
is zero number of infective cases for both human and animal populations. 

 

The second circumstance is when infectious component, 𝑖𝑟 is greater than zero. This indicates 

persistence of disease in the population. The proportion of susceptible and infectives are 
calculated as follows; 

𝑑𝑆ℎ

𝑑𝑡
= 𝜇ℎ𝑁ℎ − 𝜇ℎ𝑁ℎ𝑠ℎ − 𝛽ℎℒℎ[𝜂𝑖𝑟𝑁𝑟(1 − 𝑚)]10−4𝑠ℎ = 0   

so, 

𝑠ℎ =
𝜇ℎ𝑁ℎ

𝜇ℎ𝑁ℎ + 𝛽ℎℒ ℎ[𝜂𝑖𝑟𝑁𝑟(1 − 𝑚)]10−4
   (18) 

Similarly for infectious function,  

𝑑𝐼ℎ

𝑑𝑡
= 𝛽ℎℒℎ[𝜂𝑖𝑟𝑁𝑟(1 − 𝑚)]10−4𝑠ℎ − 𝜇ℎ𝑖ℎ − 𝛿𝑖ℎ = 0    

so,  

𝑖ℎ =
𝛽ℎℒℎ𝜇ℎ𝑁ℎ[𝜂𝑖𝑟𝑁𝑟(1 − 𝑚)]10−4

(𝜇ℎ + 𝛿)(𝜇ℎ𝑁ℎ + 𝛽ℎℒ ℎ[𝜂𝑖𝑟𝑁𝑟(1 − 𝑚)]10−4)
   (19) 

Next, number of infectious rats is calculated as follows; 
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𝑑𝐼𝑟

𝑑𝑡
= 𝛽𝑟𝑏𝑟𝑖𝑟 − 𝛽𝑟𝑏𝑟𝑖2𝑟 − 𝜇𝑟𝑖𝑟 = 0   

so, 

𝑖𝑟 = 1 −
𝜇𝑟

𝛽𝑟𝑏𝑟
   (20) 

Hence, when the infectious component is greater than zero, these three values; 𝑠ℎ , 𝑖ℎ and 𝑖𝑟 in 

(18-20) are called endemic equilibrium values and can be written in the form of 𝐸2 = (𝑠ℎ, 𝑖ℎ, 𝑖𝑟). 

  

After studying the equilibrium points of the leptospirosis disease, the stability of the equilibrium 
points is determined (since it includes demography factors (birth and death rates) in the 
infectious transmission model). Equation in (16) is linearized to examine the eigenvalues at each 
equilibrium of the resulting Jacobian matrix. If all eigenvalues for each equilibrium state have 
negative real parts, the equilibrium state is locally stable.  

 

Similar with the previous concept of equilibrium state, when the infectious component equals to 

zero, the local stability of the disease-free equilibrium 𝐸1 is governed by the following matrix; 

𝐸1 = [

−𝜇ℎ𝑁ℎ 0 −𝛽ℎℒℎ[𝜂𝑁𝑟(1 − 𝑚)]10−4

0 −𝜇ℎ − 𝛿 𝛽ℎℒℎ[𝜂𝑁𝑟(1 − 𝑚)]10−4

0 0 −𝜇𝑟 + 𝛽𝑟𝑏𝑟

]    

The eigenvalues are; 

𝜆1 = −𝜇ℎ   

𝜆2 = −𝜇ℎ − 𝛿  

𝜆3 = −𝜇𝑟 + 𝛽𝑟𝑏𝑟  

It can be seen that 𝜆1 and 𝜆2 have negative real parts.  

𝜆3 = −𝜇𝑟 + 𝛽𝑟𝑏𝑟 = −(𝜇𝑟 − 𝛽𝑟𝑏𝑟)  

While 𝜆3 have negative real parts if 𝛽𝑟𝑏𝑟 < 𝜇𝑟 . Therefore, the disease-free equilibrium point is 

locally stable for 𝑅0 < 1 where 𝑅0 =
𝛽𝑟𝑏𝑟

𝜇𝑟 . 

 

Meanwhile, when the infectious component is greater than 1, the endemic equilibrium point, 𝐸2 

is linearized and governed by Jacobian matrix as follows; 

𝐸2

= [

−𝜇ℎ𝑁ℎ − 𝛽ℎℒℎ[𝜂𝑖𝑟𝑁𝑟(1 − 𝑚)]10−4 0 −𝛽ℎℒℎ[𝜂𝑁𝑟(1 − 𝑚)]10−4

𝛽ℎℒℎ[𝜂𝑖𝑟𝑁𝑟(1 − 𝑚)]10−4 −𝜇ℎ − 𝛿 𝛽ℎℒℎ[𝜂𝑁𝑟(1 − 𝑚)]10−4

0 0 −𝜇𝑟 + 𝛽𝑟𝑏𝑟(1 − 2𝑖𝑟)

] 
  

The eigenvalues are; 

𝜆1 = −𝜇ℎ − 𝛽ℎℒℎ[𝜂𝑖𝑟𝑁𝑟(1 − 𝑚)]10−4  

𝜆2 = −𝜇ℎ − 𝛿  

𝜆3 = −𝜇𝑟 + 𝛽𝑟𝑏𝑟(1 − 2𝑖𝑟)  

It can be seen that 𝜆1 and 𝜆2 have negative real parts. 

𝜆3 = 𝜇𝑟 − 𝛽𝑟𝑏𝑟 = −(−𝜇𝑟 + 𝛽𝑟𝑏𝑟)  

While 𝜆3 have negative real parts if 𝛽𝑟𝑏𝑟 > 𝜇𝑟 . Therefore, the endemic equilibrium point is 

locally stable for 𝑅0 > 1 where 𝑅0 =
𝛽𝑟𝑏𝑟

𝜇𝑟 . 

 

If  𝑅0 < 1, the only equilibrium values that satisfy the above condition is given by the point 𝐸1. 

Alternatively, if 𝑅0 > 1, the endemic equilibrium values follow the point 𝐸2. Hence, the 

equilibrium values 𝐸1 and 𝐸2 are globally stable if 𝑅0 ≤ 1 and 𝑅0 ≥ 1, respectively. 

 

In conclusion, values of proportion 𝑠ℎ, 𝑖ℎ, 𝑟ℎ, 𝑠𝑟  and 𝑖𝑟 based on asymptotic behaviour of the 

solutions of the system SIR-L-SI ordinary differential equations developed in this chapter are 
presented in (21) below; 

𝑠ℎ =
𝜇ℎ𝑁ℎ

𝜇ℎ + 𝛽ℎℒ ℎ[𝜂𝑖𝑟𝑁𝑟(1 − 𝑚)]10−4
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𝑖ℎ =
𝛽ℎℒℎ𝜇ℎ𝑁ℎ[𝜂𝑖𝑟𝑁𝑟(1 − 𝑚)]10−4

(𝜇ℎ + 𝛿)(𝜇ℎ𝑁ℎ + 𝛽ℎℒ ℎ[𝜂𝑖𝑟𝑁𝑟(1 − 𝑚)]10−4)
  

𝑟ℎ = 1 − 𝑠ℎ − 𝑖ℎ   (21) 

𝑠𝑟 = 1 − 𝑖𝑟  

𝑖𝑟 = 1 −
𝜇𝑟

𝛽𝑟𝑏𝑟
  

The value of 𝑠ℎ, 𝑖ℎ and 𝑟ℎ represent the proportions of total susceptible, infective and recovered 

leptospirosis humans daily. Meanwhile, 𝑠𝑟  and 𝑖𝑟 represent the proportions of susceptible and 

infective rats. Even though these proportions are only approximate value for the system of 
ordinary differential equations representing the SIR-L-SI model, it can provide information about 

the corresponding steady state population counts for 𝑆ℎ, 𝐼ℎ, 𝑅ℎ, 𝑆𝑟 and 𝐼𝑟 for the continuous 

time analysis utilized in this study. 

 

Numerical Analysis of Solutions for the SIR-L-SI Differential 
Equations 
The asymptotic analysis of solutions discussed above gives information about the steady state 
populations for humans (SIR) and rats (SI). Meanwhile, numerical analysis discussed in this 
subtopic gives useful information about the disease risk estimate. In this study, numerical 
analysis is a computer-based solution to solve the complex systems of non-linear ordinary 
differential equations using WinBUGS software came with Bayesian analysis package of prior 
distributions. Since the SIR-L-SI system of non-linear differential equations is difficult to solve 
analytically, numerical analysis is applied where finite-time solution is obtained using discrete-
time approximation algorithms. To acquire the finite-time solution, continuous-time equations 
are simplified to stochastic difference equations of discrete-time scale for calculation purposes.  

 

Therefore, the differential equations of continuous-time and discrete-space SIR-L-SI for 
leptospirosis model is reduced to the following set of difference equations for humans, rats and 
leptospires in environment in (22). 

𝑆𝑖,𝑗
ℎ = 𝜇ℎ𝑁𝑖

ℎ + {1 − 𝜇ℎ −
𝛽ℎℒℎ

𝑁ℎ
(𝐿𝑖,𝑗−110−4)}𝑆𝑖,𝑗−1

ℎ   

𝐼𝑖,𝑗
ℎ = (1 − 𝜇ℎ − 𝛿)𝐼𝑖,𝑗−1

ℎ +
𝛽ℎℒℎ

𝑁ℎ
(𝐿𝑖,𝑗−110−4)𝑆𝑖,𝑗−1

ℎ   

𝑅𝑖,𝑗
ℎ = 𝛿𝐼𝑖,𝑗−1

ℎ + (1 − 𝜇ℎ)𝑅𝑖,𝑗−1
ℎ    (22) 

𝑆𝑖,𝑗
𝑟 = 𝜇𝑟𝑁𝑖

𝑟 + {1 − 𝜇𝑟 −
𝛽𝑟𝑏𝑟

𝑁𝑟
𝐼𝑖,𝑗−1

𝑟 }𝑆𝑖,𝑗−1
𝑟   

𝐼𝑖,𝑗
𝑟 = (1 − 𝜇𝑟)𝐼𝑖,𝑗−1

𝑟 +
𝛽𝑟𝑏𝑟

𝑁𝑟
𝐼𝑖,𝑗−1

𝑟 𝑆𝑖,𝑗−1
𝑟   

and the difference equation for free-living leptospires as follows; 

𝐿𝑖,𝑗 = (1 − 𝑚)𝐿𝑖,𝑗−1 + 𝜂𝐼𝑖,𝑗−1
𝑟   

Based on the deterministic model in (22), the previous continuous-time and discrete-space SIR-
L-SI model in (12) is simplified to this set of stochastic difference equations in (23).  

 

For human leptospirosis, 𝜄𝑖,𝑗
ℎ  = total number of newly infected human with leptospirosis, and  ℛ𝑖,𝑗

ℎ  

= total number of newly recovered human with leptospirosis, 

𝑆𝑖,𝑗
ℎ = 𝜇ℎ𝑁𝑖

ℎ + 𝑆𝑖,𝑗−1
ℎ − 𝜇ℎ𝑆𝑖,𝑗−1

ℎ − 𝜄𝑖,𝑗
ℎ   

𝜄𝑖,𝑗
ℎ ~𝑃𝑜𝑖𝑠𝑠𝑜𝑛(𝜆𝑖,𝑗

ℎ )  

𝜆𝑖,𝑗
ℎ = [𝑒𝑥𝑝(𝛽𝑜

ℎ + 𝑐𝑖
ℎ)] (

𝛽ℎℒℎ

𝑁ℎ
𝐿𝑖,𝑗−110−4𝑆𝑖,𝑗−1

ℎ )   (23) 

𝐼𝑖,𝑗
ℎ = (1 − 𝜇ℎ)𝐼𝑖,𝑗−1

ℎ + 𝜄𝑖,𝑗
ℎ − ℛ𝑖,𝑗

ℎ   

𝑅𝑖,𝑗
ℎ = 𝑅𝑖,𝑗−1

ℎ − 𝜇ℎ𝑅𝑖,𝑗−1
ℎ + ℛ𝑖,𝑗

ℎ   

Due to lack of rat’s data, the continuous-time and discrete-space of leptospirosis transmission 
corresponding to rat population and free-living leptospires in the environment are assumed to 
be non-stochastic as (24). 

𝑆𝑖,𝑗
ℎ = 𝜇ℎ𝑁𝑖

ℎ + 𝑆𝑖,𝑗−1
ℎ − 𝜇ℎ𝑆𝑖,𝑗−1

ℎ − 𝜄𝑖,𝑗
ℎ   

𝜄𝑖,𝑗
ℎ ~𝑃𝑜𝑖𝑠𝑠𝑜𝑛(𝜆𝑖,𝑗

ℎ ) (24) 
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𝜆𝑖,𝑗
ℎ = [𝑒𝑥𝑝(𝛽𝑜

ℎ + 𝑐𝑖
ℎ)] (

𝛽ℎℒℎ

𝑁ℎ
𝐿𝑖,𝑗−110−4𝑆𝑖,𝑗−1

ℎ )   

After developing the transmission mechanism for each compartment, a stochastic model is 
constructed to provide the approximation of stochastic mean. A stochastic process is a Poisson 
distribution process with random likelihood that may be analysed statistically but may not be 
predicted precisely since the process is random (not stationary) and it changes accordingly upon 
chances. The time interval follows Poisson stationary and independent increment properties (j–
1 and j), while the study region is i. In this analysis, a random Poisson distribution will be used 
to generate the probabilities of outcomes of a system called Monte Carlo simulation.  

 

For i = 1, 2,…, M study regions and j =1, 2,…T time periods, the SIR-L-SI model including a 
probability distribution to reflect the inherent randomness in the data is derived in (23-24). Based 
on those equations, stochastic element for human population is assigned to the total number of 

newly infected human with leptospirosis, 𝜄𝑖,𝑗
ℎ  which follows Poisson distribution. The mean for 

the Poisson distribution is posterior mean number of infective human, 𝑖,𝑗
(h)

 for state i at time j. 

This mean of Poisson distribution 𝑖,𝑗
(h)

  includes a linear predictor term 𝑒𝑥𝑝(𝛽𝑜
ℎ + 𝑐𝑖

ℎ)) which 

include covariates or random effects and a mechanistic model for infection transmission 

(
𝛽ℎ

𝑁ℎ ∙ ℒℎ ⋅ 𝐿𝑖,𝑗−110−4 ∙ 𝑆𝑖,𝑗−1
ℎ ). The main element of transmission equation is the simple direct 

dependence between susceptible and free-living leptospires counts in a spatio-temporal 
interaction. The temporal dependence within the model is described by previous free-living 
leptospires within the same ith state while spatial dependence is assumed to be described by 
spatial variation for random effect namely conditional autoregressive (CAR) model. 

 

In Bayesian approach, inferences are made based on posterior distribution of relative risk 
comprises of likelihood function and prior distribution. Modelling for the prior distribution allows 
spatial dependence between the risk areas. This is due to the geographical, demographical, 
economy or epidemiological similarities between neighbouring regions. Hence, the value of 
relative risk estimated of an area is conditional on all other value of risks of its closed regions. 
The most popular prior distribution used for modelling such spatial structure is intrinsic CAR prior 
distribution [40]. This prior have been extensively used in spatial statistics to model observed 
data, unobserved variables and spatially varying random effects [14]. The feature of this CAR 
model is that the spatial correlation structure is incorporated within the prior distribution for the 
parameter of interest namely relative risks [28]. 

 

Based on the equation (23), 
0

(h)
 represents the constant terms to describe the overall rates of 

the process, and ci
(h)

 represents the random effects that designed to absorb the residual spatial 

variation for populations. The intrinsic conditional autoregressive (CAR) priors proposed by 

Besag et al. [8] are applied to fit the model for random effects ci
(h)

 where the probability densities 

of values at any given location are conditional on the neighbouring areas. Next, this stochastic 
SIR-L-SI model of leptospirosis disease is then applied to relative risks estimate discussed in 
the next subsection. 

 

Relative Risk Estimation for Disease Transmission  
By using Bayes’ rule, the combination of observed data and some prior knowledge would 
produce posterior distribution. In this context, the parameter of interest is posterior mean number 

of infective individuals, 𝜆𝑖,𝑗 and data comprises of the total number of newly infectives, 𝜄𝑖,𝑗 for 

each study region i and time period j. Denote the likelihood of parameter 𝜆𝑖,𝑗 given the data 𝜄𝑖,𝑗 

as 𝐿(𝜆𝑖,𝑗; 𝑑𝑎𝑡𝑎) and 𝑔(𝜆𝑖,𝑗) as the joint prior distribution of (𝜆𝑖𝑗) which provides information 

about the (𝜆𝑖𝑗) based upon prior beliefs or assumptions. Consequently, the product of these 

two components is called the posterior distribution that defined as follows; 

𝑓(𝜆𝑖,𝑗|𝑑𝑎𝑡𝑎) ∝ 𝐿(𝜆𝑖,𝑗; 𝑑𝑎𝑡𝑎)𝑔(𝜆𝑖,𝑗)  

Let i = 1, 2,…,M study region and j= 1, 2,…T time periods, the observation sample used is the 

pseudo-random sample where 𝜆𝑖𝑗𝑘 for k = 1, 2,…, n where n  is the sample size generated from 

a posterior distribution for the mean number of leptospirosis infections, 𝜆𝑖,𝑗. From this sample of 

the posterior mean number, the posterior expected mean is approximated using the sample 
below:   
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λ̃𝑖,𝑗 =
1

𝑛
∑ 𝜆𝑖𝑗𝑘

𝑛

𝑘=1

  

Meanwhile, the respective relative risk parameter is 𝜃𝑖,𝑗 is defined as follows: 

𝑅𝑒𝑙𝑎𝑡𝑖𝑣𝑒 𝑟𝑖𝑠𝑘 =  𝜃𝑖,𝑗 =
𝑃𝑜𝑠𝑡𝑒𝑟𝑖𝑜𝑟 𝑚𝑒𝑎𝑛 𝑛𝑢𝑚𝑏𝑒𝑟, 𝜆𝑖,𝑗

𝑒𝑥𝑝𝑒𝑐𝑡𝑒𝑑 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑛𝑒𝑤 𝑖𝑛𝑓𝑒𝑐𝑡𝑖𝑣𝑒𝑠 , 𝑒𝑖,𝑗

  

Based on the equation above, the pseudo-random sample generated for relative risk parameter 
is approximated as below:  

𝜃̃𝑖,𝑗 =
1

𝑛
∑ 𝜃𝑖𝑗𝑘 =

1

𝑛
∑

𝜆𝑖𝑗𝑘

𝑒𝑖𝑗𝑘

𝑛

𝑘=1

𝑛

𝑘=1
=

𝜆̃𝑖,𝑗

𝑒𝑖,𝑗

  

Therefore, the posterior expected relative risk for leptospirosis, 𝜃̃𝑖,𝑗 can be written as the 

posterior expected mean number of infections, 𝜆̃𝑖,𝑗 over the expected number of new infections, 

𝑒𝑖,𝑗 based on the ith study region.  

 

In this study, the value of relative risk is defined based on research by Samat [41]. A value of 
relative risk that is equal to zero means people within the study region have no relative risk or 
infection risk for the disease compared to the people in the population. However, the value of 
relative risk not ought to be zero since everybody in fact has the possibility or chance of 
contracting the disease. Next, when the value of relative risk is close to 1 this means that there 
is no significant difference between the conditional probability that a person in the study region 
contracts the disease and the conditional probability that a person in the general population 
contracts the disease. 

 

On the other hand, if the value of relative risk is greater than 1, it indicates that the people within 
the study region are more likely to contract the disease compared to the people in the population. 
Conversely, a value of relative risk below 1 indicates a decrease in the likelihood of contracting 
the disease which means that the people in the study region are less likely to contract the 
disease compared to people in the population. All the traditional and proposed methods 
discussed in this study will be applied using WinBUGS software to process leptospirosis data 
from Malaysia. 

 

Application of Leptospirosis Relative Risk Estimation based 
on Continuous-Time, Discrete-space Data 
This section discusses the application of relative risk estimate for the extension of SIR-L-SI 
transmission model using continuous-time and discrete-space data from several areas in 
Malaysia. The data set involved are continuous daily-observed numbers of positive human 
leptospirosis cases and a data set containing rat samples and number of positive leptospirosis 
infectious rats for districts in the state of Selangor. Human observed leptospirosis data was 
obtained from the Ministry of Health Malaysia following approval by the Medical Research and 
Ethics Committee NMRR-18-3006-43002. 

 

Application of relative risk is approximated corresponding to numerical method in solving the 
system of non-liner differential equations. Relative risk is the analysis of daily leptospirosis data 
based on numerical analysis of continuous-time and discrete-space stochastic SIR-L-SI model 
for leptospirosis transmission. This model analyses data acquired from Ministry of Health 
Malaysia on daily leptospirosis cases for humans observed continuously from 1st January 2018 
to 31st December 2018 for all 9 districts in the state of Selangor. Meanwhile several data set 
involved in this model are acquired and adapted from previous leptospirosis related studies 
discussed in the next subsection. 

 

Data Set 

Human life expectancy is estimated about 60 years [43]. However, in this analysis, we will use 
75 years old according to a press release by Department of Statistics Malaysia. Therefore, the 
daily birth and death rates for human population is calculated as follows; 

𝜇𝑑
ℎ =

1

75 × 365
= 0.0000365  

Baca-Carrasco et al. [3] estimated the probability contact value for successful transmission of 
leptospirosis between susceptible humans and contaminated environment or infection rate 
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between humans and free-living leptospires bacteria, 𝛽ℎ is 4.5 × 10−3 day-1. Next parameter 

is probability or rate of contact between susceptible humans and contaminated environment by 

leptospires, ℒℎ is estimated as 0.525 or 52.5% monthly. Converting this value to daily rate gives 

ℒℎ equals to 0.0245. 

 

According to Triampo et al. [45], Pongsumpun [36] and Khan et al. [27], the recovery duration 
for human population is 14 days, which corresponds to 0.0714 daily rate as follows; 

𝛿𝑑
ℎ =

1

14
= 0.0714  

For rat population, the birth and death rates are based on one and half year life span of rats [44]. 
Therefore, the calculation for daily birth and death rates for rat population is calculated as 
follows; 

𝜇𝑑
𝑟 =

1

1.5 × 365
= 0.00183  

Similar to human population, the value of growth and death rates are assumed balanced, where 

𝜇𝑟 equals to 0.00183 per day. 

 

Next, the transmission rate between susceptible and infectious rats resulted in successful 

transmission of leptospires denoted as 𝛽𝑟 is assumed to follow Minter et al. [33], where the 

transmission rate via direct contact between individual rat is 0.09986 per day. 

 

The probability or contact rate happens between susceptible and infectious individuals in the 

population of rats, 𝑏𝑟 via two ways; sexual contact and vertical contact. Through sexual contact 

or intercourse, leptospirosis male rats may infect female rats and vice versa. Since female rats 
mate and reproduce frequently in a short period of time [33], there is potential contact with 
positive leptospirosis male rats. Nevertheless, Minter et al. [33] stated that there is low potential 
of leptospirosis transmission between male and female rats during mating because it is likely 
that female rats are already infected with the disease as they mature. Most pre-mature rats 
(either male or female) that already had wounds (from bite or scratches from other rats) on their 
body had acquired leptospirosis from environment or water. Hence, according to Holt et al. [22], 
coefficient for sexual contact that caused successful transmission of leptospirosis is estimated 
to be less than 0.01 per day.  

 

Second direct contact is via vertical or perinatal transmission, which is from mother to offspring. 
Minter et al. [32] and [33] stated that the number of pups infected via this method is estimated 
to be 0.25 per day. The evidence of such transmission among rat individuals is via the presence 
of leptospires in the semen, milk and mammary gland of rats. Therefore, for simplicity, total 

contact rate from both sexual and vertical contacts, 𝑏𝑟 equals to 0.26 daily. 

 

According to Costa et al. [13], for human population, leptospirosis disease is frequently acquired 
through contact with environment contaminated by leptospires shed in the urine of infected 
reservoir especially rats. Hence, information on urine shedding loads is crucial to construct 
mathematical model in this study for estimating human disease risk. According to a study of 

leptospires in rat urine by Nally et al. [34], wild rats can routinely excrete more than 106 

leptospires per millilitre of urine. Meanwhile, Costa et al. [13] in their study estimated the 

contribution of leptospires shed in the urine for 82 individuals rats to be 9.1 × 1010 cells daily, 

with a mean of 1.11 × 109 cell/ml leptospires shed to the environment per rat daily. This value 

seems higher compared to the study by Barragan et al. [5] which estimated leptospires quantity 

per day between 6.1 × 101 to 9.8 × 109 for 53 total rats. Presuming all 53 rats contributed 

equal quantity of leptospires to the environment; hence, a rat may shed 1.32 × 106 leptospires 

daily in their urine, a value similar to the one used by Nally et al. [35]. Hence, daily contribution 

of leptospires from infected rat’s urine into the environment η is assumed to be 1.32 × 106 

cell/ml daily.  

 

Leptospires has high ability of adaption and can survive various environmental conditions in 
temperate climate (such as soils, swamps, mud, streams and rivers). Leptospires is also able to 
survive in organs and tissues of live or dead animals [45, 1]. According to Rahmat et al. [38], 
under favourable environmental factors, leptospires are able to survive longer and remain 
harmful up to 20 months at 30 degree Celsius, 10 months at higher temperature and at least 20 
months in acidic environment. However, leptospires will be killed as the temperature increases 
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more than 50 degree with very low humidity. Furthermore, an analysis of rat-borne by Minter et 
al. [33], estimated lifespan of leptospires to be 20 days as per a study by Casanovas-Massana 
et al. [11]. The ability of the bacteria to persist for months in sufficiently warm and moist 
environments provides continued opportunities for human infection [34]. 

 

In a study of a leptospira species in various water and soil types conducted in Malaysia 
environment by Munoz et al. [34] revealed a longer leptospires survival period of 11 days in river 
water under shaded areas as compared to in seawater with acidic condition. This leptospira 
survival period however is different from reported in studies by Casanovas-Massana et al. [11] 
and Rahmat et al. [38]. Meanwhile, Bahaman [4] stipulated that leptospires cannot survive for 
more than a week in the environment but appear to be regularly ‘topped-up’ by infected urine 
from infected animals especially rats. 

 

Leptospires survival period in the environment differ between a few hours to several months 
depending on the species, serovars as well as environmental conditions. However, there is lack 
of knowledge and poor understanding regarding the abundance and distribution of pathogenic 
leptospires in the environment [11].  

 

In this study, due to complexity of the issue, estimation of parameters associated with mortality 
of leptospires, m is assumed not affected by seasonality or climate variables. According to Holt 
et al. [22], in the raining season, leptospires survival is expected to be better as moisture and 
humidity are greater and water bodies would usually be fresher and cleaner; while in the dry 
season, shedding of leptospires into water bodies may be high because animals will visit and 
contaminate those few remaining. A study by Casanovas-Massana et al. [11] proved that by 
considering all seasons, there is no different in leptospires positivity found in the environment. 
Hence, for this analysis, mortality rate of leptospira, m is assumed constant across all seasons.  

 

Since the study is conducted in Malaysia, hence, mortality rate for leptospires for this study will 
follow result from Khairani-Bejo et al. [26]; surviving 6 days in soil and 11 days in water. For 
simplicity, lifespan of leptospires in water is chosen since most of the positive human 
leptospirosis cases are associated with contaminated water bodies [4]. Besides, Holt et al. [22] 
and Costa et al. [13] emphasized that water is the most important transmission route via free-
living leptospires shed by infected hosts into water surface.   

 

Therefore, the calculation of mortality rate for leptospires is calculated as follows; 

𝑚𝑑
𝑟 =

1

11
= 0.091  

The daily mortality rate for leptospires, m is 0.091 day-1. 

 

Human population size, 𝑁ℎ for the state of Selangor is based on data from Department of 

Statistics Malaysia website which is 30,840,378 for 2018. The state of Selangor comprises of 
Sabak Bernam, Hulu Selangor, Kuala Selangor, Gombak, Hulu Langat, Petaling, Klang, Sepang 

and Kuala Langat denoted as 𝑁1
ℎ, 𝑁2

ℎ, 𝑁3
ℎ, … , 𝑁9

ℎ that comprise of 103709, 194387, 251200, 

815200, 1370200, 2157000, 1025100, 256900 and 270100 total number of population size 
respectively. 

 

Considering limited study on the estimate number of rats in Malaysia due to high cost, time 
constraint, and rats’ natural behaviour, this study will simply assume the number of rat population 
based on ratio by Auerbach [2] where the total number of rats is quarter of total number of 
humans. Even though it is too simplistic, this assumption at least facilitates for the mathematical 
modelling of risk estimates in the lack of information on rat population size in Malaysia. To 
complete the data set for the analysis, infected rats number is approximated based on weightage 
method. This approximation involves the estimation of total rat population and total infected rats, 
which is discussed further in Ideris et al. [24]. 
 

This estimation of data set or variables assumptions involved in this model-based study may 
influenced by various uncontrolled confounding such as unobserved environmental and 
covariate factors which difficult to measure. These confounding effects may cause biased in the 
output results of the analysis. The magnitude of this uncertainty however can be assessed by 
using sensitivity analysis discussed in section ‘Sensitivity analysis of data set’. Sensitivity 
analysis determines how the output variables are affected by changes in other input variables. 
Different parameter values are applied and then any changes on result are monitored and 
recorded. 



 

10.11113/mjfas.v20n1.3182 236 

Ideris et al. | Malaysian Journal of Fundamental and Applied Sciences, Vol. 20 (2024) 223-246 

Results and Discussion for the Application of SIR-
L-SI Model  
 

This section discusses results from continuous-time and discrete-space SIR-L-SI leptospirosis 
transmission model based on non-linear asymptotic and numerical analyses. The asymptotic 
analysis gives information on the number of susceptible, infected and recovered humans as well 
as susceptible and infected rats with respect to time. Meanwhile, numerical analysis gives 
information on the estimates relative high and low-risk for each study location. This information 
of hot-spot areas is important to prevent potential disease outbreaks. 

 

Application of Asymptotic Analysis of the SIR-L-SI 
Leptospirosis Transmission Model for Continuous-time and 
Discrete-space Data 
The methodology for describing asymptotic behaviour of solutions for the stochastic SIR-L-SI 
model of leptospirosis transmission for continuous-time and discrete-space has been discussed 

in Material and Method section. The application considers 𝑠ℎ, 𝑖ℎand 𝑟ℎ for humans and 𝑠𝑟  and 

𝑖𝑟 for rats proportions corresponding to the endemic value based on asymptotic behaviour of 

the SIR-L-SI differential equations solutions in (21). Naively substituting all data and rates related 
to leptospirosis as discussed in previous ‘Data set’ section produce solution in term of 
proportions as follows; 

 

Simply substitute in the relevant formula leads to these proportions for the human population; 

𝑠ℎ = 0.01169  

𝑖ℎ = 15547  

𝑟ℎ = −15546  

and proportion for rat population the data are as follows; 

𝑠𝑟 = 0.0705  

𝑖𝑟 = 0.9295  

Based on above proportions, the value are clearly infeasible where the proportion for infected 
human is too large and the proportion of recovered human contributes negative value. This huge 
number of proportion computed for infected human might be caused by limited information about 
the data or parameters involved in the transmission model. In addition, higher proportion of 
infected rats compared to susceptible proportion has contributed to higher infected human 

proportion. As previously discussed, if 𝑅0 ≤ 1, then the only equilibrium values that satisfy the 

above conditions is the disease-free equilibrium point 𝐸1 = (1,0,0). Alternatively, if 𝑅0 > 1, then 

the only equilibrium values that satisfy the above conditions is the endemic equilibrium point 

𝐸2 = (𝑠ℎ , 𝑖ℎ, 𝑟ℎ , 𝑆𝑟 , 𝐼𝑟).  

 

In this study, the result of basic reproductive rate, 𝑅0 obtained is 14.18; one case can produce 

greater average number of secondary cases. The outcome consequently indicates that in the 
long period, the pathogen is able to invade the susceptible population and leptospirosis disease 
appears to persist in the Selangor population. Therefore, it can be concluded that the only 

solution that incorporates the above conditions of 𝑅0 follows the endemic disease equilibrium 

point shown in proportions 𝑠ℎ, 𝑖ℎ , 𝑟ℎ, 𝑠𝑟  and 𝑖𝑟. These asymptotic proportions of solution values 

for the system of ordinary differential equations of the stochastic SIR-L-SI model lead to the 

conclusion that the fraction of 𝑠ℎ, 𝑖ℎ , 𝑟ℎ , 𝑠𝑟  and 𝑖𝑟 of asymptotic solution of endemic disease 

equilibrium point is (0.01169, 15547, -15546, 0.0705, 0.9295). This threshold behaviour of 
solution is crucial to determine at what magnitude would be most effective in reducing the 
leptospirosis disease outbreak.  

 

Since the computation of asymptotic gives an unclear estimate, an alternative approach that is 
numerical analysis is performed in the next subsection to determine solution for this complicated 
system of non-linear ordinary differential system.  

 

Sensitivity Analysis of Data Set  
In this subtopic, one-way sensitivity analysis is employed to investigate the effects of parameters 
used in the model on the model output. Each parameter is varied arbitrarily by increasing or 
decreasing the original rate value to investigate the if there is dynamic change on the SIR graph 
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for humans and SI graph for rats. In addition, this analysis helps to determine which parameters 
used are most significant in the variability of the result over time. Since closed population is 
presumed in this system, death and birth rates are not being considered in this analysis. The 

parameters involved are successful transmission rate for human and rat populations (𝛽ℎ and 

𝛽𝑟), probability of human contact with free-living leptospires in the environment (ℒℎ), human 

recovery rate (𝛿ℎ), and probability of contact rate amongst rat population (𝑏𝑟). Figure 2 displays 

the basis time series of SIR for human population with the value of rates estimated in “Data set’ 
section. 

 

           
 

Figure 2. Time series of SIR graph for human with 𝜇ℎ=0.00003649, 𝛽ℎ=0.005, ℒℎ=0.02, 

𝛿ℎ=0.07 and 𝑅0=2.74 

 

 

Based on Figures 3 to 8, the initial value of the human classes are {𝑆ℎ(0), 𝐼ℎ(0), 𝑅ℎ(0) } =
{30840342,36,0} and Figures 9 to 13, the initial value of the rat classes are {𝑆𝑟(0), 𝐼𝑟(0)} =
{7707655,2439} respectively.  

 

 
 

Figure 3. Time series of SIR graph for human with 𝜇ℎ=0.00003649, 𝛽ℎ=0.009, ℒℎ=0.02, 

𝛿ℎ=0.07 and 𝑅0=4.93 
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Figure 4. Time series of SIR graph for human with 𝜇ℎ=0.00003649, 𝛽ℎ=0.004, ℒℎ=0.02, 

𝛿ℎ=0.07 and 𝑅0=2.19 
 

 
 

Figure 5. Time series of SIR graph for human with 𝜇ℎ=0.00003649, 𝛽ℎ=0.005, ℒℎ=0.05, 

𝛿ℎ=0.07 and 𝑅0=6.85 
 

             
Figure 6. Time series of SIR graph for human with 𝜇ℎ=0.00003649, 𝛽ℎ=0.005, ℒℎ=0.01, 

𝛿ℎ=0.07 and 𝑅0=1.37 



 

10.11113/mjfas.v20n1.3182 239 

Ideris et al. | Malaysian Journal of Fundamental and Applied Sciences, Vol. 20 (2024) 223-246 

 
 

Figure 7. Time series of SIR graph for human with 𝜇ℎ=0.00003649, 𝛽ℎ=0.005, ℒℎ=0.02, 

𝛿ℎ=0.09 and 𝑅0=2.74 

 

              
 

Figure 8. Time series of SIR graph for human with 𝜇ℎ=0.00003649, 𝛽ℎ=0.005, ℒℎ=0.05, 

𝛿ℎ=0.005 and 𝑅0=2.74 

 

 

By using Figure 2 as the basis for the analysis, it can be seen that there is significant change of 

the time series graph in Figure 3 as the rate of 𝛽ℎ increased from 0.005 to 0.009, the susceptible 

proportion reduced in a short time while infection proportion peaks and drops rapidly compared 

to when the rate of 𝛽ℎ is reduced displayed in Figure 4. At the same time, the recovery proportion 

rose early and remain stable. Next, when the contact rate between human being and free-living 

bacteria in environment ℒℎ is increased from 0.02 to 0.05, the time series graph in Figure 5 

indicates significant changes on susceptible and infected proportions. Susceptible proportion 
reduced early as the infection proportion peaks very steep compared to Figure. 2 and Figure. 6. 

Comparing Figures 7 and 8 to Figure 2, increasing or decreasing the value of recovery rate, 𝛿ℎ
 

does not give significant change on the output of the model. The proportions for susceptible and 
recovered remained unchanged with a slight changed of infected proportion. Hence, changes 

on recovery rate, 𝛿ℎ
 has no significant impact on the model. For human population, it can be 

concluded that rate of 𝛽ℎ and ℒℎ have the most significant effect on the output of the SIR 

epidemic model. This is evidence by both the value of 𝑅0 and the proportions of the classes at 

endemic equilibrium point as 350 days’ period are considered. 
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Figure 9. Time series of SI for rat proportion with 𝜇𝑟=0.001831, 𝛽𝑟=0.1, 𝑏𝑟=0.3 and 𝑅0=14.18 

 

 

Based on Figure 9, the basis time series of SI for rat population is plotted based on the basis 
value of rates computed in ‘Data set’ section. For the sensitivity analysis purposes of rat 
population, only two states involved; susceptible and infective of rats population. 

 

 
 

Figure 10. Time series of SI for rat proportion with 𝜇𝑟=0.001831, 𝛽𝑟=0.3, 𝑏𝑟=0.3 and 𝑅0=32.8 

 

 
 

Figure 11. Time series of SI for rat proportion with 𝜇𝑟=0.001831, 𝛽𝑟=0.05, 𝑏𝑟=0.3 and 𝑅0=819 

 

 
 

Figure 12. Time series of SI for rat proportion with 𝜇𝑟=0.001831, 𝛽𝑟=0.1, 𝑏𝑟=0.5 and 𝑅0=27.3 

 

 
 

Figure 13. Time series of SI for rat proportion with 𝜇𝑟=0.001831, 𝛽𝑟=0.1, 𝑏𝑟=0.1 and 𝑅0=5.46. 
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According to Figure 10, as the transmission rate (𝛽𝑟) is increase from 0.1 to 0.2, the basic 

reproduction rate, 𝑅0 also increased to 32.8. Susceptible proportion decreased while infectious 

proportion increased as early as possible. Meanwhile, as the transmission rate reduced from 0.1 
to 0.05, the proportions of susceptible rat decreased and infectious rat increased slowly at the 
same time. Next, comparing Figure 12 and Figure 13 to the basis Figure 9, it is observed to have 

significant effect on the SI time series graph as increasing or reducing the contact rate value, 𝑏𝑟. 

Susceptible proportion reduced while infectious proportion increased as early as at 100th day 

simultaneously when the contact rate, 𝑏𝑟 increased from 0.3 to 0.5. Occasionally, as the contact 

rate between rats is lessen to 0.1, the susceptible proportion decreased and infectious proportion 
increased even slower which is at 300th day of the study time interval. For sensitivity analysis 
among rat proportion, both transmission and contact rates are therefore considered to have great 
significant impact on the output of the epidemic SI transmission model.  

 

As a conclusion from both evidence of basic reproduction number and the proportions, this 
analysis helps in determining which data set in this transmission model give remarkable changes 
on the model’s output. Thus, a best data set to be careful collected are the ones that give 
significant on the dynamic transmission model. 

 

Application of Numerical Analysis of the Stochastic SIR-L-SI 
Leptospirosis Transmission Model 
This section demonstrates and displays the results of numerical analysis done on continuous-
time, discrete-space data to obtain solutions to the stochastic SIR-L-SI model of leptospirosis 
disease transmission. The methodology applied to this model is as described in ‘Material and 
Method’ section where this approach effectively reduced the continuous-time, discrete-space SIR-
L-SI model to a similar form as the discrete-time, discrete-space model in order to solve 
continuous-time problem as non-linear system of SIR-L-SI ordinary differential equations do not 
have finite-time solution and unfeasible to solve analytically. The model in this analysis is posterior 
sampled and is run using WinBUGS 14 software. Figure 2 illustrates time series plots for the daily 
posterior expected relative risk based on continuous-time, discrete-space stochastic SIR-L-SI 
leptospirosis disease transmission from 1st January to 31st December 2018 across all nine 
districts for the state of Selangor. 

 

 
 

Figure 14. Time series plots of posterior expected relative risk based on continuous-time, 
discrete-space, stochastic SIR-L-SI model for leptospirosis disease transmission 

 

 

Based on Figure 14, most of the expected relative risks estimated are less than 3. Klang district 
is observed to have lowest risk of leptospirosis transmission and infection compared to other 
districts in Selangor. Next, Sepang had a short highest risk period in the beginning of 2018, which 
then decreased rapidly through the year. Meanwhile, the risks for Kuala Selangor, Hulu Selangor 
and Petaling increased significantly in the early period and remained high until December 2018. 
Generally, from Figure 14 it can be concluded that people in the districts of Kuala Selangor, Hulu 
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Selangor and Petaling have high-risk contracting leptospirosis disease. Kuala Selangor has a 
rural setting attributed to agriculture activities such as agriculture and fishery [46]. Based on study 
by Daud et al. [14], environment is a crucial risk factor for infection of leptospirosis—people may 
be exposed via their occupational activities. Worker in sectors like agriculture, farming and fishery 
are at high-risk of contracting leptospirosis [14]. Unlike Kuala Selangor and Hulu Selangor, 
Petaling district is an urban area with highly dense population. As reported by online newspapers 
MStar Urban Versatil, large number of cases reported in Petaling was caused by unclean 
environment with improper packaged and disposal of domestic waste by residents and illegal 
traders. This poor environment management consequently attracted more rats and in turn 
contributed to rat proliferation. 

 

Table 1. Estimated relative risk on 31st December 2018 of leptospirosis disease based on 
stochastic SIR-L-SI model 

 

Districts 
Relative Risk Estimate for 

Leptospirosis Disease 

Sabak Bernam 1.116 

Hulu Selangor 1.904 

Kuala Selangor 1.817 

Gombak 1.681 

Hulu Langat 0.966 

Petaling 1.624 

Klang 0.483 

Sepang 1.084 

Kuala Langat 1.255 

 

 

According to Table 1, relative risk estimates for 31st December 2018 are selected to demonstrate 
all districts with mostly greater than 1 number of relative risk estimated. This indicates that people 
within Sabak Bernam, Hulu Selangor, Kuala Selangor, Gombak, Petaling, Sepang and Kuala 
Langat are more likely to contract the disease compared to the people in the Selangor population. 
Meanwhile, the conditional probability for people within Hulu Langat and Klang have no significant 
difference with general population in Selangor to contracts the disease. A report by Dewan Negeri 
Selangor stated that some cases of human leptospirosis infection in Selangor areas were caused 
by visiting recreational areas while some of them were exposed to rat’s infestation at home or 
surrounding areas. The variety of landforms in the state of Selangor such as waterfalls, rivers and 
tropical forest brings tourists close to the environment. Avocational activities such as hiking, 
caving, water rafting swimming and camping can cause indirect exposure between human and 
free-living leptospires bacteria in the surrounding areas, which may be the source of majority 
outbreak in Selangor [20]. 

 

In addition, Hulu Selangor recorded highest risk of leptospirosis during 31st December 2018 
followed by Kuala Selangor and Gombak while Hulu Langat has the lowest risk estimated. By 
zooming or focusing on the output of the relative risks, it can be seen that there are spatial 
correlations between the neighboring areas. The risk for Hulu Selangor has relatively close with 
the risks of Kuala Selangor and Gombak since it is located next to each other. This indicates that 
these models appear to be robust in terms of the covariate element proposed when neighboring 
areas have relative influence by the high-risk adjacent areas. 

 

Next, a risk map is utilized that displays the risk across the studied region in Figure 15. This 
information may facilitate the authorities to focus on vulnerable areas as well awareness input for 
tourist and local resident and consequently prevent from disease outbreak. Figure 15 previews 
the thematic leptospirosis risk map for relative risk estimated based on continuous-time and 
discrete space stochastic SIR-L-SI model for leptospirosis disease transmission for 9 districts in 
Selangor. Based on study by Samat [40] classification of the risk map are grouped into several 
level of interval which are very low, low, medium, high and very high with the respective intervals 
of [<0.5), [0.5-1.0), [1.0-1.5), [1.5-2.0) and [2.0>). For the maps previewed, the darkest shaded 
region represents the area with highest risk while the lightest region indicates the lowest risk area 
for leptospirosis disease transmission. 
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Figure 15. Disease risk map of estimated relative risk based on stochastic SIR-L-SI during 31st 
December 2018 

 

 

From Figure 15, it can be seen that the risk is concentrated in the central part of the state. There 
are no district with very high risk and four districts categorized as high risk and need more attention 
by authorities which are Hulu Selangor, Kuala Selangor, Gombak and Petaling. Meanwhile, Sabak 
Bernam, Sepang and Kuala Langat are in medium risk and the other districts are classed as low 
and very low.  

 
Conclusions and Recommendation 
 

In this study of epidemiology of leptospirosis disease, a model is developed by compiling and 
analysing data by time, place and population. The traditional epidemiology SIR model is extend 
to a continuous time and discrete space SIR-L-SI model which involves interaction between 
human, rat and environment; a complete circle of true common infection route for the leptospirosis 
disease. 
 

According to the result of the asymptotic and numerical analyses based on the continuous time 
and discrete space of the SIR-L-SI model, the state of Selangor will have an outbreak as the value 
of basic reproduction rate computed is greater than 1 in the long run. At the same time, numerical 
analysis shows that most of the districts also observed to have greater than one relative risk 
estimated. By applying data from Selangor, these results on asymptotic and numerical analyses 
are produced to provide useful information on how to solve non-linear system of ordinary 
differential equations of the SIR-L-SI leptospirosis transmission model. The asymptotic analysis 
of solutions gives information for the steady state population of human population (SIR) and rat 
population (SI) in the study region while the numerical analysis of solutions gives information 
about the SIR and SI populations to estimate relative risks via environment (L). Hence, both 
methods of solution used in this analysis are significant in solving non-linear continuous-time 
discrete-space leptospirosis data. Furthermore, risk can be estimate in each study area by using 
numerical analysis based on stochastic SIR-L-SI model that consequently determine high-risk 
areas to improve control and ultimately measure to eradicate the leptospirosis infection from 
human population. 
 

Further application for this continuous time and discrete space SIR-L-SI model is recommended 
to apply for calibration of the model with the daily case observed in Malaysia that is useful for 
predicting of future case. Additionally, in the next research this model may be incorporated with 
other factors that may affect the disease dynamic such as seasonal fluctuation to understand and 
obtain information of disease pattern for disease control measure. 
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