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Abstract Throughout this study, we propose a new subclass of bi-univalent functions by applying
the Salagean g-differential operator and denoted as LZ{; (4, ¢). Additionally, we acquired the values
of the initial coefficients |a,| and |az| for functions f € LX¥(4,¢) which yield to this study’s
preliminary result. Subsequently, the preliminary result was applied to obtain the upper bound of
Fekete-Szegt inequality, |a; — pa3|, for functions f € L (4, ¢).
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Introduction

Let A denote the class of functions of the form

f(Z)=Z+Zan2". (1.1)
n=2

which are analytic in the open unitdisk U = {z € C : |z| < 1}.

Furthermore, let S be the subclass of A consisting of functions of the form (1.1) which are univalent in
U.

For the two functions f and g, that are analytic in U, we say that the function f(z) is subordinate to g(z)
in U, and write f < g or f(z) < g(2), z € U, if there exists a Schwarz function w(z), analytic in U with
w(0) =0 and |w(z)| <1, z€ U, such that f(z) = g(w(2)), z € U. In particular, if the function g is
univalent in U, the subordination is equivalent to f(0) = g(0) and f(U) c g(U). (see [23])

Apart from that, function f which belongs to § has an inverse f~1 that can be written as f‘l(f(z)) =z,
(zew and f(fw)) =w (le <1ro(f),ro(f) = i) A function f € A is said to be bi-univalent in U if
both f and £~ are univalent in U.

Throughout this study, let X denote the class of bi-univalent functions defined in U. Since f € X has the
Maclaurin series given by (1.1), its inverse g = f~! can be shown as the expansion of
gw) = f1w) = w — a;w? + (2a3 — az))w3 + . (1.2)

Currently, various subclasses of bi-univalent functions have been introduced by mathematicians and the
study of coefficient problems, especially the Hankel determinant, is still actively studied. (see [9])

Noonan and Thomas [19] gave a definition for the mth Hankel determinant of f for integers n > 1 and
mz=1as
an t Gnem-1
Huy=| & o i
An+m-1 Ant2m-2

a, = 1.
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By considering several values for m and n, the Hankel determinant H,(1), H,(2) and H,(3) will be
obtained. There are many results related to the results of H,(1), H,(2) and H,(3) for subclasses of
univalent and bi-univalent functions that have been widely explored by mathematicians, such as [4, 5, 8,
9, 13, 14, 15, 18, 24].

Recently, the field of g-calculus has become a research trend among mathematicians. Researchers are
interested in conducting research in this field because of its application in various branches of
mathematics and physics. The application of g-calculus was initiated by Jackson [12]. He was the first
to develop the g-integral and g-derivative in a systematic way.

For a function f € A given by (1.1) and 0 < g < 1, the g-derivative of a function f is defined by Jackson
[12]

f@—f@z) , for z+0

Def(2) =4 (A1-¢q)z (1.3)
f'(0) , for z=0
and D3f(z) = Dq (qu(z)). From (1.3), Jackson [12] has shown that
Dyf(2) =1+ ) [nlga,z", (1.4)
q nZz q
where [n], in (1.4) can be calculated by the formulae
1—g"
(g == _qq : (1.5)

If g » 17 in the formulae (1.5) then [n], - n.

Besides that, Salagean [22] has proposed the following Salagean differential operator for f(z) € A as
follows :
Df(2) = f(2),
D'f(2) = Df (2) = zf'(2),
D*f(2) =D (D¥'f(2)) (keN=123).

By substituting f(2) = z + X7, a,z", the kth order of differential operator will be
DF(2) =z+znkanzn, k € Ny = N U {0} (1.6)
n=2

Numerous authors have been exploring the Salagean differential operator in the past few years, among
them are as [3, 7, 11].

Further, Govindaraj and Sivasubramanian [6] had generalized (1.6) and defined the Salagean g-
differential operator for f € A as given below:

Daf(2) = f(2),
Dyf (2) = 2Dy f (2),
DLf(2) = 2Dk (DL f (),
DEf(2) = z + Xppnlkanz®  (k € No,z € U). (1.7)

The study associated with the Salagean g-differential operator had been comprehensively studied by
such researchers [2, 10, 16, 17].

Several authors had investigated the Fekete-Szegd functional H,(1) for various subclasses of bi-
univalent functions associated with the Salagean g-differential operator (see [20, 25, 26]). Motivated by
that investigation, using the Salagean g-differential operator given by (1.7) and the principle of
subordination, for functions g of the form (1.2), we define

DEkg(w) =w — ay[2]kw? + (245 — a3)[3]Ew? + -, (1.8)
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we also introduce a new subclass of £ which is denoted by LZ’;(A, ¢). The target of this study is to
determine the upper bound of Fekete-Szegd functional H,(1) = |a; — pa3|, for the function f belongs to
LI (2, ¢). We begin with the following definition first.

Let ¢(0) = 1,¢'(0) > 0, be an analytic function in U with positive real part, which is symmetrical with
respect to the real axis. The function has a series expansion of the form

$(2) =1+ Bz + Byz? + Bsz® + -+ (By > 0). (1.9)
Now, we present a new subclass of X as the following.

Definition 1.1. For 0 < 1 < 1, a function f € £ of the form (1.1) is said to be in the class £Z£ (2, ¢) if the
following subordination hold

Dg*'f(2)
(1 - DDgf(2) + ADg+ f(2)

<¢(2),

and
Dittg(w)
(1 —=2D)DEg(w) + ADE g (w)

<opWw),

where Dk g(w) is given by (1.8) and (1.7).

Remark 1.1. For0 < A < 1and k = 0, afunction f € £ of the form (1.1) is said to be in the class LI (4, ¢)
if the following subordination hold

zD,f (2)
(1= Df (@) + A (2D f (2)

<9,
)

and

wD,g(w)
(1= Dgw) + 2 (wDyg(w)

< p(w),
)

where z,w € U and Df g(w) is given by (1.8).

To obtain the upper bound of |a; — pa3| for f € LI (2, ¢), we need the coefficients |a,| and |as|, which
will be discussed in the following section.

Lemma 1.1 ([21]) If a function p € P is given by

p(2) =1+pz+pz%+ - (z €W,
then
where P is the family of all functions p, analytic in z € U, for which
p(0)=1 and Re(p(z)) >0 (z e W).

Main Results
Next, we state our main result. Before that, we get the values for the initial coefficients a, and a;.

Lemma 2.1 Let f given by (1.1) be in the class LEE(4, ). Then
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B1v/B:
J (@2 = D21 + 2(1 = DIB1E) B7 + (1 = D2[20F (B, — b))

lay| <

and

B B\
lal < s ((1 = A)[2]§>

where 0 <1< 1.

Proof Let f € LZ£(2,¢) and g = f~*. Then there are analytic functions u,v : U - U, with u(0) =0 =
v(0), satisfying

D' (@) ~ 21)
(1 - l)@gf(z) + AD[;H—lf(Z) - (l)(u(z))
and
er+1
g gw) = W), .

(1= )Dggw) + ADg  g(w)

Let us first work on the left-hand side of the above equations. From (2.1) and (1.7), we have

DEf(2) = z + [2]Ka,z* + [3]Kasz® + -
DC’IC+1f(Z) =z+ 2[2]§a222 + 3[3]}561323 o

(2.3)
Then,
(A =DDEf(2) + ADEf(2) = z + (1 + D[2]kazz? + (1 + 2)[3]kazz® + . (2.4)
Therefore, by dividing equation (2.3) with equation (2.4), we obtain
Dyt f(2)
(1 -DDEf(2) + ADEH f(2) (2.5)
=1+ 1 -D[2]kayz + [2(1 — D[3]kas — (1 — A?)[2]2*a]z% + .
For (2.2), let
DEg(w) = w — [2]8a,w? + [3]E(2a3 — az)w? + -
Dittg(w) = w(l - 2[2]ka,w + 3[3](2a% — az)w? + )
=w —2[2]ka,w? + 3[3]k(2aF — az)w3 + . (2.6)
Then,
(1 =)Dfg(w) + 4D+ g(w) 2.7)
=w— 1 +D[2]ka,w? + (1 + 2D [314(2a3 — az)w? + . '
Therefore, by dividing equation (2.6) with equation (2.7), we have
Dgttg(w)
— k k+1
(1-=M)Djgw) + ADg  g(w) (2.8)

=1+ @A-D[2]ka,w + [(A% — 1)[2]2%a3 + 2(1 — D[3]X(2a3 — az)|w? + ---.
Now, for the right-hand side of equation (2.1) and (2.2), we define the functions m(z) and n(z) by

=1+u(z)=1+mz+mzz+~- (2.9)
1—-u(2) ! 2 ’

m(2)

and
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_1+w(z)
T 1-v(2)

or, equivalently, from (2.9) and (2.10), we obtain

1 mi\ ,
u(z) = E[mlz+ (mz —7>Z + ]

1 nf\ ,
v(2) =§[nlz+<n2—7>z +]

=1+nz+n,z%+ -

n(z)

and

(2.10)

2.11)

(2.12)

Then, m(z) and n(z) are analytic in U with m(0) = 1 = n(0). Since u, v : U - U, the functions m(z) and

n(z) have a positive real partin U, |m;| < 2 and |n;| < 2.
Substituting equation (2.11) to equation (1.9), we obtain

2
mi

1 1 1
dp(u@) =1+ S Bz + [Eﬁl <m2 - 7) + Zﬂzm%] z% 4 e, (2.13)
Substituting equation (2.12) into equation (1.9), we acquire
1 1 2 1
d)(v(w)) =1 +E,81n1w + [Eﬁl (nz - T;—1> +Z[>’2nf] w2 + e, (2.14)
Substituting equation (2.5) and (2.13) into (2.1), we have
14+ 1 -M[2)kazz + [2(1 — D[3]kas — (1 — 12)[2]2*ad]z2 + -
1 1 m2\ 1 2]
=1+§,31m1Z+ 5,31 mz—T +Z,82m1 z%+ - (2.15)
Comparing the coefficients of z and z? of both sides of equation (2.15), we get
1
z a1- 1)[2]’3112 = 531"11 (2.16)
1 2 1
201 - M[3lgas — (1 - )[2134a} = 5, (mz —%) + 5 Bomd (2.17)
Substitute (2.8) and (2.14) into (2.2),
14+ @A - D[2]kayw + [(A2 = D[2]ka3 + 2(1 — D)[3]%(2a3 — as)|w?
1 1 nf\ 1 .|, (2.18)
=1 +§ﬁ1n1w + Eﬁl ny —7 +Z,32n1 we + .-
Comparing the coefficients of w and w? of both sides of equation (2.18), we have
1
wi “1- 1)[2]5512 = §ﬁ1n1 (2.19)
1 n?\ 1
w?: (2% = D[2]ka3 +2(1 - D[3]4(2a5 — a3) = Eﬁl ny = + Z,an%. (2.20)
From (2.16) and (2.19), it shows that
m; =-—-ny (2.21)
and
8(1 — D?[2]2*a3
m? +n? = %_ (2.22)
B1
From (2.17), (2.20) and (2.22), we acquire
10.11113/mjfas.v19n6.3039 1006
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_ B3 (my +ny)
4[((2% = D212 + 21 — D[B1E)BZ + (1 — )2[2]2K(By — B2)]

As a result, by taking the modulus of both sides of equation (2.23) and applying Lemma 1.1 to the
coefficient |m,| and |n,|, we attain
/B

J (@2 = D212 + 201 - DIBIE) B7 + (1 = D2[213(B, - )|

By subtracting equation (2.17) from equation (2.20), then using (2.21) and (2.22), we get
_ B (my —mnp)  BE(mi +n)

S 8(1-MI3k T 8(1 - D222k

By taking the modulus on both sides of equation (2.24) and utilizing Lemma 1.1 once again to the
coefficients |[m,|, |m,|, |n,| and |n,|, we obtain

a? (2.23)

laz| <

as (2.24)

B B\
sl < o —mmE T ((1—1)[2]’;) '

Therefore, the proof for Lemma 2.1 is completed.
For 1 = 0 in Lemma 2.1, we have the following result.
Corollary 2.1. Let f given by (1.1) be in the class LZE(0,$). Then

BBy
J |(=[212¢ + 2[31)B2 + [2124(, — B)|

B A\
TR (@)

From Remark 1.1, Lemma 2.1 generates the following corollary.

lay| <

and

Corollary 2.2. Let f given by (1.1) be in the class LZ](4, ¢). Then

B1/B1
N0 = D21 + 20 - 0131) 82 + (- 20216, - )]

laz| <

and

las| < A

2
., ( B >
21—l \A-M[2]y)
The main result is stated as follows.

Theorem 2.1. Let the function f(z) € LZQ‘(A, ¢) and p € C, then

B, 1
(1 — NRE 010 < c—<
s — pa2l < 2(1 - D31k 8(1 DIBIE
4B110(p)l, [6(p)I 28(1——1)[3]’5'
where
0(p) = pt(—p) |
407 = DIZEF+ 201 = DBIEAE + = D 2EB: — £,)]

Proof. From (2.24), we know that

_ B1(m; —ny) 2

PTea-nElE Y
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Hence,

e — a2_131(m2_n2)
PP T - DB

Substituting equation (2.23) to (2.25), we have
—pa? = 1 ot
az —paz =P [(0(p) T eao A)[3]g>mz + <@(p) 81 /1)[3]{;) nz],

pE(1-p)
(@2 = D213 +2(1 = DBIHA + (L = D[21F By - B2)]

+ (1 — p)d3. (2.25)

where

0(p) = i

Since all g; are real and g; > 0, we have

1 1
(W ) eas /1)[3]f§> ¥ (Q(” )80 A)[3]’;)

B1
2(1 - M)[3]%

las — pa3| < 2B,

where

las — pa?| < for0 < 10(p)| <

1
8(1 - I3k
and

1
—pa| < 4p,16 for |© =z
las — pa3| < 4p110(p)| for |0 (p)| REEL
Therefore, the proof for Theorem 2.1 is completed.

For 1 =0 in Theorem 2.1, we obtain the following result.

Corollary 2.3. Let the function f(z) € L2£(0,¢) and p € C, then

(B 1
261 0< o)l <—8[3],5,

las — pa?| < g .
BIOEL 162 5o
where !
0(p) = pt(1—p) _
4[(=[212% + 2[3]%) B2 + [2]2%(B, — B2)]

Conclusions

Throughout this study, a new subclass of bi-univalent functions by applying the Salagean g-differential
operator had been presented. Along with that, we had also determined the initial coefficients, |a,| and
las| and the upper bound of Fekete-Szegd inequality for function f belongs to the new subclass £I£ (4, ¢)
had been discovered.
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