MJFAS

*For correspondence:
aini_jg@ums.edu.my

Received: 17 Nov. 2022
Accepted: 11 April 2023

© Copyright Huey. This
article is distributed under
the terms ofthe Creative
Commons Attribution
License, which permits
unrestricted use and
redistribution provided that
the original author and
source are credited.

Huey. et al. | Malaysian Journal of Fundamental and Applied Sciences, Vol. 19 (2023) 269-279

RESEARCH ARTICLE

Second Hankel Determinant of Bi-univalent
Functions
Kiu Shu Huey?, Aini Janteng®*, Jaludin Janteng®, Andy Liew Pik Hern2

aFaculty of Science and Natural Resources, Universiti Malaysia Sabah, Malaysia;
bLabuan Faculty of International Finance, Universiti Malaysia Sabah, Malaysia

Abstract Let A be the class of functions which are analytic in the open unit disk D =
{z € C: |z| < 1} and having the form f(2) = z + Y-, a,z™. Denote S to be the class for all functions
in A that are univalent in D. Then, let ¢ denote the class of bi-univalent functions in D. In this paper,
we obtain the second Hankel determinant for certain classes of analytic bi-univalent function which
are defined by subordinations in the open unitdisk D = {z € C : |z| < 1} . In particular, we determine
the initial coefficients a,, a; and a, and obtained the upper bound for the functional |a,a, — a3| of
functions f in the classes of analytic bi-univalent function which are defined by subordinations in D.
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Introduction and Preliminaries

Let A be the class of analytic functions f is defined in the open unit disk D={z € C: |z| < 1}and
normalized by the conditions f(0) = 0 and f'(0) = 1. Let S consists of all functions f € A such that f are
univalent in D. According to Brown and Churchill [4], a function f of the complex variable z is analytic at
a point z, if it has a derivative at each point in some neighborhood of z,. It follows that if f is analytic at
a point z,, it must be analytic at each point in some neighborhood of z,. A function is analytic in an open
set if it has a derivative everywhere in that set. In a meanwhile, due to Kodzron [15], a function f : D — C
is called univalent on D if f(z,) # f(z,) for all z;,z, € D with z; # z,.

For two analytic functions f and g in D, the subordination between them is written as f < g. If f is
subordinate to g, there is a Schwarz function w with w(0) = 0, |w(z)| < 1, for all z € D, such that f(z) =
g(w(2)). Note that, if g is univalent, then f < g if and only if f(0) = g(0) and f(D) € g(D).
For each univalent function f, it can be represented by the Taylor series expansion as follows
f@)=z+ Z a,z", |z| <1, (1.1)
n=2

wherea, €C, n=2,3,--.

Even, according to Duren [6], every function f € S has an inverse that can be expressed as

f‘l(f(z)) =z z€D

and
1
f(f_l(W)) =w, |w|<r(f)rn(f)= 7
where
fw) =w — a,w? + (2a2 — az)w? — (5a3 — 5a,a; + a)w* +-- = g(w) (1.2)

If both £ and £~ are univalent in D, then the function f € A is called bi-univalent in D. In this paper, we
use g as the class of bi-univalent functions in D. The study of the class ¢ was initiated by a researcher
named Lewin [16] around 1967 by estimated that |a,| < 1.51 and subsequently Brannan and Clunie [3]
improved Lewin’s result by proving that |a,| < V2. Next, the study on the class ¢ was continued and
studied in depth by such researchers [12, 15, 24].
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By considering the function f € g, this study will focus on obtaining the results on the Hankel determinant.
Noonan and Thomas [21] gave a definition for the mth Hankel determinant of f for integers n > 1 and
m=1as
an An+m-1
H,(n) = H : , a; =1
An+m-1 " Apyom-—2

Taking into account the values of m =2 and n =1, Fekete and Szegd [7] represented the Hankel
a a

determinant of f as H,(1) = |a; a§|. Furthermore, if we take the values of m = 2, n = 2, we obtained

the determinant of second Hankel determinant as follows

a; das
H@) =g o] = (@as—ad).

In addition, by considering the values of m = 2, n = 3, we obtained the determinant H,(3).

There are many findings related to the results of H,(1), H,(2) and H,(3) for subclasses of univalent and
bi-univalent functions have been widely explored by mathematicians, among them are as [5, 8, 10, 13,
17, 18, 20, 23].

Currently, many mathematicians work in the field of ordinary classical calculus, especially in the topic of
quantum calculus or g-calculus. The earliest researcher studied g-calculus was Jackson [11]. He was
also one of the earliest researchers developed the g-integral and g-derivative more systematically.

For a function f € A given by (1.1) and 0 < g < 1, the g-derivative of a function f is defined by [1, 2] as

follows

q-vz + *7°

Dq(f(z)) =
D, (f(®) = £/(0).

By taking an example f(z) = z* for k is a positive integer, the g-derivative of a function f is given by
zF — (zq)*

k — — k-1
Dgyz"* = =0z ~ [k]qz

e
p =14+q+-+q" 1>k

As q - 1~ and k € N, we have

lklq =

1-—

Now, using the g-derivative of a function f € A and the principle of subordination, we introduce the
subclass of A. We begin with the following definition first.

Definition 1.1 ([19]) Let ¢ be an analytic function with positive real part in the unit disk D, satisfying
@(0) = 1,¢'(0) > 0 and symmetric with respect to the real axis. Such a function has series expansion of
the form

@(z) =1+ B,z + Byz?> + B3z3 +--- (B; > 0) (1.3)

Definition 1.2 A function f € ¢ given by (1.1) is said to be in class g-My(a; @), 0 < a < 1, ¢ given by
1.3)if

qu(f(Z)) zqDq (Dq(f(z)))
(1—0()(T)+a 1+W <(p(Z), z€eD (1.4)
and
wDq(g(w)) waDg (Dg(s(W)))
1-a <W> +all+ W o(w), weD (1.5)

where the function g is given by (1.2).

Next, we state some lemmas that are needed before we prove the main result in particular to get the
upper bound for the second Hankel determinant for functions f € g-M(o; ).

Lemmal.1l ([6]) Let u(z) and v(z) be analytic in the unit disk D with u(0) = v(0) =0, |u(2)| <1,
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|v(z) < 1|, and suppose that

o5}

u(z) = Z cpz™ and v(z) = Z d,z" (ze D) (1.6)
n=1 n=1
Then |c,| <1and|d,|<1foralln=1,23,-.

Lemma 1.2 ([22]) If p € P then |p,| < 2 for each k € N, where P is the family of all functions p analytic
in D for which Re(p(z)) > 0,

p(z) =1+ pz+pyz% +p3z3 + -,
for z € D.

Lemma 1.3 ([9]) If the function p € P, then
2p2 = pi +x(4—p})
4ps = pi +2(4 = pDp1x — p1(4 —pP)x? + 2(4 = pPH(1 = |x|Ds,
for some x, s with [x| <1 and |s| < 1.

Lemma 1.4 ([14]) Lety(2) = Y= ¥nz™ € A be a Schwarz function so that [(z)| < 1 for |z| < 1. Then
Py =x(1—97)
Y3 =1 —pHA - |x[Ps — (1 —pPx?,

for some x, s with [x| <1 and |s]| < 1.

Main Results

Next, we state our main result. Before that, we get the values for the initial coefficients a,, a; and a,.

Lemma2.1 For 0 < a < 1, let the function f € ¢-M,(«a; ¢) be given by (1.1). Then
Bicy
2= 0 +a)
a; = 1+1(q2—1)a]< Bict ) By(c; — dy)
2 1+a)?) [2q(g+1)+q(q+1)%a]
and
_lg(q + D(5¢° — 1) + q*(5¢° + 10¢° + 10q* + 4¢° + q* + q + 1)alBic}
% = [49(q2 +q+ 1) +2q(q + 1)(g* + 2¢3 + 32 + 2g + Da](1 + a)3
5Bfci(c, — dy)
T @@+ DF (@ + DA + 20)
i Bi(c3 — d3)
[29(¢* +q+1) +q(q + (q* + 2¢° + 3¢* + 2q + 1a]
2Byci(c; +d3)
" Rq(@ +q+ D +q(q + D(q" +2¢° + 3¢ + 2q + Da]
233(C13)
" Rq(@ +q+ D +q(q + D(q* +2¢° + 3¢ + 24 + Da]
Proof The proof of this lemma begins by letting f € g-M,(a; ¢) and g = f~1. Next by
using Lemma 1.1, there are two Schwarz functions u, v : D — D with

u(0)=v0)=0

which are given by (1.6). From Definition 1.2, (1.4) and (1.5), proof is continued by obtaining

D 2qDg | Dq(f (2)
(1-a (#) val1+ % = o(u(@) 2.1)
and
D wqDg (Dq(g(w)
(1-a) (%) +af1+ % = o(v(@) 2.2)
We also have
@(u(2)) = 1+ Bycy,z + (Bycy + Boc)z? + (Bycs + 2¢46,B, + Bscd)z® + - (2.3)
QD(U(Z)) =1+ Bldlw + (Bldz + Bzd%)wz + (B1d3 + Zdldsz + B3d§)W3 + - (24)
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By doing calculations to (2.1), (2.3) and (2.2), (2.4), it follows that
(1+qga)qa, = By (2.5)
(q+D(q+ (¢*@@+D)a)az —q(1 = (1 = (g + DHa)aj = By, + Bycf (2:6)
@+ + A+ (% +¢* + Qaday — (¢ +29)(1 = (1 = (¢* + g + 1)(q + D))a)azas
+q(1-(1-(g+1D3a)a3

= B1C3 + 2C1CZBZ + B3Cf (27)

and
—(1+ qa)qa, = B, d; (2.8)
(¢(2q + 1)+ 2¢® +3¢))a)) a3 — (a(q + D1+ (q + Da))as = Byd, + Bod? (2.9)

q((5q% + 4q + 3) + (q(5q* + 9¢° + 11¢* + 4q + Da))aa,
—q((5¢% +3q +2) + (¢*(5¢° + 8¢ + 8¢ + D)) a3
—q(q(q* + g+ 1) +q(q* +2¢° +3¢* + 2q + Da)a,
= Byd; + 2d,d,B, + B3d3 (2.10)

Next, by performing a calculation on (2.5) and (2.8), we get that

L = _d1 (2.11)
and
_ Big
a, = ad+a) (2.12)

Now, from (2.6) and (2.9), it follows that

as =1 +%(q2 - 1)(1] ( (2.13)

B2c? By(c; — dy)
1+ a)2> [2q(q +1) + q(q + 1)3a]

Also, from (2.7) and (2.10), we find that
Ay
_g(g + 1)(5¢* = 1) + ¢*(5¢° + 10¢° + 10q* + 4¢® + ¢* + q + DalBic}
T [4q(q?4+q+ 1) +2q(qg+ D(g* + 293 +3¢% + 29 + Dal(1 + a)3
" 5312C1(C2 —d;) " By(c3 —d3)
(2qlg+1)?+q(@+1)3a)(1 +2a)  [2q9(q* +q+ 1) +q(q + 1(q* +2¢° + 3¢> + 29 + 1)a]
N 2B;c1(c; +d3)
[29(¢* +q+ 1) +q(q + 1(q* +2¢° + 3¢* + 2q + 1)a]
233(C13)
" Rq(@ +q+ D +4q(q + D(q* +2¢° + 3¢% + 2q + Dal]

(2.14)

The proof of Lemma 2.1 is completed. O

The main result is stated as follows.

Theorem 2.1 For 0 < a < 1, let the function f € g-M, (a; ¢) be given by (1.1). Then
4B, 0<0,P<—0Q
(2q(q+ 1) +q(q + 1)3a)? -
| —4B3 N
2 4 3 2 3
aya, — a2| < B, [4q(q* +q +1) +2q(qg + 1)(q ;Biq +3q%+2g + Da](1 +a) (Q >0,p> _%)‘Or ©Q<0P>—0Q)
[2q(q? + g+ 1)+ q(qg + 1)(q* + 2¢® +3¢> + 2q + Da](1 + a)
4PR — (2 Q
- v < =
4P Q>0P< >
where
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—4B3
[4g(q? + g+ 1) +2q(q + D)(q* + 2¢® + 3¢%? + 2q + Da](1 + a)?
s 2B,
[2q(¢? + g+ 1) + q(g + 1) (g* + 2¢3 + 3¢ + 2q + Da](1 + @)

) 8B
a QM@+1V+Mq+D%PG+2w

I
P =
I

[2B;,|
+ [2q(¢? + g+ 1) + q(g + 1) (g* + 2¢3 + 3¢ + 2q + Da](1 + @)

—2B,
+ <(2q(q2 +q+1)+q(q+1)(q*+2¢>+3¢%+2qg+ Da)(1 + a))

1
+<aﬂq+n+qm+1ﬁmJ

_, 8B?
¢= Qmm+nuww+nmyu+m>

[2B;,|
+ Qq@?+q+1D)+ql@+1D(@Q*+2¢3+3¢*>+2q+ Da)(1 + )

1
+ <(2q(q2 +q+1)+ql@+1D(@*+2¢3+3¢*+2g+ Da)(1 + a))

1
- 4<(2q(q +1) +q(q+ 1)3a)2)
. 4B,
"~ (2q(@+ 1D +4q(qg + 1)3a)?

Proof

From Lemma 2.1 or in other words, by considering equations (2.12), (2.13) and (2.14), we can
establish that

laza, — a%l
B —4Btct
T {14q(q2 + g + 1)+ 29(qg + D(g* + 2q3 +3¢% + 2 + Da](1 + a)3
+ 8Bici(c; — dy)

(2q(q + 1D?* +q(g + 1)3a)*(1 + 2a)
+ 2B1B,c(c, + dy)

[2q(¢? + g+ 1)+ q(q + D)(q* +2¢3 +3¢% + 2q + Dal(1 + a)
n ZBlB3Cf

[2q(¢* + q + 1) + q(q + 1)(g* + 2¢° + 3¢* + 2q + Da](1 + a)
n B12C1 (c3 —d3)

[2q(q? + g+ 1) + q(q + 1)(g* + 2¢® + 3¢ + 2q + Da](1 + @)

B12(Cz - dz)z

_ 2.15
(2q(g +1) +q(q + 1)3a)? (215)
Due to Lemma 1.4 and (2.11), we find
c; =x(1—c?)
d =y(1- d%)
where
—dy =1 -cHx—y) (2.16)
td,=0-cH)x+y) (217)
and
3 =1 —-cHA = IxIP)s —c; (1 —c)x?
dy = (1—d})(A -~ |y»)w —d;(1 - d})y?
where
c3—d3 =1 —cPHA-1xDs - A~ lyPw] = c;(1 = ) (x? + y?) (2.18)

for some x,y,s,w with [x] < 1,|y| < 1,|s| < 1 and |w| < 1.

Next, by substituting equation (2.16), (2.17) and (2.18) in (2.15), we get
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Az04 — a§| =B

—4B3
[[‘lcg(q2 +q+1)+2q(q+1)(g*+2¢3 +3¢*+2qg + Dal](1 +a)?
\ 2B, .
[2q(g2 +q+ 1) +q(qg+ 1)(g* +2¢3 + 3¢ + 2q + Da](1 + a) “
N 8B} (x —y)
(2q(q + 1? +q(g + 1)3a)*(1 + 2a)
" ZBz(x +y)
[2q(¢? + g+ 1) + q(g + 1) (g* + 2¢3 + 3¢ + 2q + Da](1 + @)
Bicf(1—¢f
[2g(g? + g+ 1) + q(g + 1)(g* + 2¢3 + 3¢ + 2q + Da](1 + @)
Bi(1- 012)2
- (x—y)?
(2q(@+ 1) +qlg+1)Pa)?*(1 + a)
Bic (1 - C12)

+ [2g(g? + g+ 1) + q(g + 1)(g* + 2¢® + 3¢ + 2q + Da](1 + a)
= (1= lyl»w]

xcf(1—cf)

(x%+y%)

[ = [x]*)s

Since |¢;| < 1, letting ¢; = ¢, we may assume without loss of generality that ¢ € [0, 1]. Next, it can be
expressed that

layas — a3l < Bl(

—4B3
[[4q(q2 +q+1)+2q(q+ 1D(q*+2¢% +3¢%> +2q + Da](1 + a)3
2B,
+ [2q(q? + g+ 1) + q(q + 1)(g* + 2¢® + 3¢? + 2q + Da](1 + a)]
8B?
" [(Zq(q T2+ q(q + DPa)P(1 + 2)
+ 12B,| ]
[2q(g? + g+ 1) + q(q + 1)(g* + 2¢® + 3¢ + 2q + Da](1 + @)
B;c?(1 —c?)
2q9(@?+q+ 1) +qlg+ D(q*+ 23 +3¢%+2q + Dal](1 + a)
B,(1—c?)? 5
* (2q(q + 1) + q(q + 1)2a)? (Il +1yD
Bic(1—c?)

+ [2q(¢? + g+ 1)+ q(qg + D)(q* +2¢3 + 3¢%> + 2q + Dal(1 + a)
+ (1= lyI»Iwl]

—4B3
[[4q(q2 +q+1)+2q(q+ 1D(q*+2¢% +3¢%> +2q + Da](1 + a)3

C4

c2(1 = cA)(Ix|

+1yD +[ UxI? + 1y1»

[(1 = |xI®)ls]

aza, —a?| < By (
2B,
+ [2q(¢g? + g+ 1) + q(q + 1)(g* + 2¢® + 3¢% + 2q + Da](1 + a)]
8B?
TG D7 v el PP + 2a)
N 12B,| ]C
[2q(q? + g+ 1) + q(q + 1) (g* + 2¢® + 3¢ + 2q + Da](1 + @)
Bic?(1—c?)
2q(q? +q+1) +qlg+1)(@*+2¢®+3¢% + 2 + Da](1 + )

By(1—c?)? ,
" (2q(q + 1) + q(q + 1)3a)? (xl+1yD
Bic(1—c?)

e @ Fa+ D+ q@+ D@ + 28 3¢ + 29+ Dald + @)
+(1- |}’|2)]>

C4

2(1 = c®)(|x|

+lyD 1 (x> + [y1®

(1= xI®
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5131<

—4B3
[[4q(q2 +q+1)+2q(q+ D(g* +2¢® +3¢* + 2q + Dal](1 + a)?
2B,
+ [2g(g? + g+ 1) + q(q + 1)(g* + 2¢® + 3¢ + 2q + Da](1 + a)]
2B;c(1—c?)
+ [2g(¢? + g+ 1) + q(g + 1) (g* + 2¢3 + 3¢ + 2q + Da](1 + @)
8B?
| @aGF D2+ qlq + DPaP( + 20)
+ 12B,| ]
[2q(g? + g+ 1) + q(g + 1)(g* + 2¢® + 3¢ + 2q + Da](1 + a)
+lyD
B;c?(1—c?)
" [[

c*

c?(1 = c?)(|x|

2q(@? +q+ 1) +qlg+1D(@*+2¢3+3¢%> + 2 + Da](1 + a)
Bic(1—c?) (
[2q(g? + g+ 1) + q(g + 1) (g* + 2¢3 + 3¢ + 2q + Da](1 + @)

By (1 —c?)?
*Gae D rae i M+ |y|)2)

xI? + [y1*)

Now, by replacing A = |x|] < 1 and u = |y| < 1, we obtain
laza, — afl < By[Ty + (A + DT, + (A2 + p®)Ts + (A + w?Tyl = B1F (4, 1)

where
T = —4B3
1=l = [49(q% + q + 1) + 2q(q + 1)(g* + 2¢3 + 3q% + 2q + Da](1 + a)3
A 2B, .
[2q(g? + g+ 1) + q(q + 1)(g* + 2¢® + 3¢ + 2q + Da](1 + @) ¢
N 2Bic(1—c?) =0
[2q(q? +q+ 1) +qlqg+ 1)(@* +2¢% +3¢%> + 2+ Da](1 + a) —
8B?
T =T(0) = [(Zq(q T2+ + PP+ 20)
+ 125, c?(1-c?)=0
[2q(¢? + g+ 1) + q(q + 1)(g* + 2¢3 + 3¢? + 2q + Da](1 + @) -
B —1)(1—-c?
S 1e(c = 1)1 - ?) o
[2q(g? + g+ 1) + q(q + 1)(g* + 2¢® + 3¢*> + 2q + Da](1 + @)
B;(1 — ¢?)?
T4_ = T4(C) = 1( ) >0

2q(g+1) +q(qg+1)3a)? ~

To get the upper bound of |a,a, — aZ|, we need to maximize the function F (4, ) on the closed square
[0,1] x [0,1] for ¢ € [0,1]. It means that the maximum of F(4, ) needs to be investigated according to

c €(0,1),c = 0 and ¢ = 1 by taking into account the sign of Fy;F,, — (F,w)z.

After doing the calculations, we obtain that
Fl/l = 2T3 + 2T4
Fyu = 2T3 + 2T,
Fyy = 2T,

Let ¢ € [0,1). Since T3 + 2T, > 0 for « € [0,1] and T; < 0, we conclude that
FaaFuy — (Fap)” = 2T5 + 2T,)% — (2T,)?
= 4T2 + 8T5T, + 4T} — 4T}
= 4T;(T; + 2T,)
<0
The conclusion is the function F cannot have a local maximum in the interior of the square.
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Next, we go to the next step by investigating the maximum of F (4, 1) on the boundary of the square.
ForA=0and 0 <pu <1 (similarly u =0and 0 < 1 < 1), we get
FO,u) = H(u) = (T3 + TYp* + Tou + Ty
i) IfT3+T,=0:Itisclearthat H'(u) = 2(T3 + T,)u+ T, > 0 for 0 < 4 < 1 and any fixed ¢ € [0,1). In
conclusion, H(w) is an increasing function. Hence, for fixed ¢ € [0, 1), we conclude that the maximum
of H(u) occurs at u = 1, and
maxH(u) =H() =T, + T, + T3 + T,.
i) If T;+T, <0: Then we consider for critical point u = T for fixed ¢ € [0,1) where 6 =

2(T3+T4) 20
—(T3+T,) > 0.

In this case, two cases are considered separately.
Case 2.1 Lletu= ZT—Z >1.Then 8 < % <T,,andso T, + T; + T, = 0. Therefore,
H(O) =T1 ST1+T2+T3+T4 =H(1).

Case 2.2 Letu——2 1. Slnce >0, we get S

L
260 = 2
T, + T,, Therefore,

<T,.Alsowehave H1) =T, + T, + T3+ T, <

T2 T,
HO) =Ty STy +55 H(T) <T, + T,

In a meanwhile, for ¢ = 1, we obtain
FOL ) = | —4B3
= |[4q(q2 +q+1)+2q(q+1)(q*+2q3 +3¢%+2q + Dal](1 + a)?
2B; |

[Zq(q +q+1)+q(qg+1)(q* + 2q3 + 3¢? +2q+1)a](1+a)|

By considering above equation and cases (i) and (i), for 0 < u < 1 for fixed ¢ € [0, 1], H(u) attains its
maximum when T3 + T, = 0, it means
maxH(u) =H(1) = (T3 +T,) + T, + T.

20
ForAi=1land0<pu <1 (similarly u =0and 0 < 21 < 1), we get
F(Luw) =G = (T3 + Tp? + (T + 2TPu + Ty + T + T3 + T
i)y If T34+T,=0:1tis clear that G'(u) =2(T3 + Ty)u + T, + 2T, >0 for 0 < u < 1 and any fixed ¢ €
[0,1). In conclusion, G(u) is an increasing function. Hence, for fixed ¢ € [0, 1), the maximum of G (u)
occurs at u =1, and
max G(u) = G(1) = T; + 2T, + 2T + 4T,.
—(T2+2T4) (T,+2T,)
2(T5+T,) 20

iv) If T3 + T, < 0: Then we consider for critical point u = for fixed ¢ € [0,1) where 6 =

—(T3+T,) > 0.

Again, two cases are considered separately.
Case2.3 Lety="22 51 Theng <2 <7, 427, and so T, + T + 37, > 0. Therefore,
(;(0) T1+T2+T3+T4ST1+T2+T3+T4+T2+T3+3T4 =G(1).

Case24 Letu= % < 1. Since M > 0, we get that
T, +2T,)? T, + 2T,
(72 5 4) <2 > < T, + 2T,
Therefore,
(T, + 2T,)?

GO =T +T,+T3+T, <Ty+T, + T3+ T, +

46
T, + 2T,
(T)ST1+T2+T3+T4+T2+2T4=T1+2T2+T3+3T4

=T1+2T2+ (T3+T4)+2T4
_—

<0

By considering cases (iii) and (iv), for 0 < u < 1 for fixed ¢ € [0,1], G(u) gets its maximum when T; +
T, = 0, it means
maxG(u) = G(1) = Ty + 2T, + 2 (T3 + Ty) + 2T,.

=0
Since H(1) < G(1) for c € [0,1], max F(A,u) = F(1,1) on the boundary of the square. Thus, the
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maximum of F occurs at A = 1 and u = 1 in the closed square.
Let K: [0,1] —» R be given by

K(C) = Bl max F(A, M) = BlF(l, 1 ) = BI(TI + 2T2 + 2T3 + 4T4). (2.19)
Substituting the values of Ty, T,, T3 and T, into the function K (c) defined by (2.19) yields
—4B3
K(c) =B, L
[49(q? + g+ 1) +2q(q + 1)(g* +2¢% + 3¢% + 2q + Da](1 + a)®
[2q(g? + g+ 1) + q(g + 1)(g* + 2¢® + 3¢ + 2q + Da](1 + a)

) 8B?
B <(2q(q + 1?2 +q(q + 1)32)2(1 + 2a)

[2B,|
+ [2q(g? + g+ 1) + q(g + 1)(g* + 2¢® + 3¢ + 2q + Da](1 + a)

- 1
+ <(2q(q2 +q+1)+q(q+1)(q*+2¢3>+3¢%+2qg+ Da)(1 + a))

4B,
* ((Zq(q +1) +q(q+ 1)3a)2) ¢t

) 8B2
* [ ((Zq(q T DZ+q(q + D*a)2(1 + 2a)

[2B;,|
+ Qq@?+q+1D)+ql@+1D(@Q*+2¢3+3¢*>+ 2+ Da)(1 + )

2B,
+ <(2q(q2 +q+1)+ql@+1)(@*+2¢3+3¢*+2qg+ Da)(1 + a))

A 2B, R 4B, }
B <(2q(q +1) +q(q+ 1)30:)2) “r (2q(q + 1) + q(q + 1)3a)?

Now, write ¢? =t and
P
—4B3
- ‘[4q(q2 +g+1)+2q9(g +1D(g* +2q3 +3¢% + 2q + Dal(1 + a)?
2B,
+ [2q(¢? + g+ 1)+ q(q + D)(q* +2¢3 + 3¢%> + 2q + Dal(1 + a)

; 8B?
- ((Zq(q + 1?2 +q(q + 1)32)%(1 + 2a)

[2B;,|
+ [2q(¢? + g+ 1)+ q(q + D)(q* +2¢3 + 3¢%> + 2q + Dal(1 + a)

B 1
" <(2q(q2 +q+ 1D +q(q+1D(q* +2¢° +3¢° + 2 + D)1 + a))
4B,
* <(2q(q +1)+q(q + 1)3a)2) (2.20)
Q

L, 852
B <(2q(q + 12 +q(q + 1)32)?(1 + 2a)

[2B,|
+ Qq@?+q+1D)+ql@g+1D(@*+2¢3+3¢*°+ 2+ Da)(1 + )

1
+ ((Zq(q2 +q+1)+ql@q+1)(@*+2¢3>+3¢*>+2q+ Da)(1 + a))

4 1 2.21
B <(2q(q +1)+q(q+ 1)3a)2) (2.21)
b (2.22)

R= @+ D+ aq + DR
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By considering

R Q<0,P<—-0Q
Q
max(PtZ + 0t +R) _ P+Q+R (Q =>0.P> —E),or,(Q <0,P=-Q)
0sts<1 4PR — QZ Q
T Q>0P< —E
Finally, we can concude that
(R Q<0,P<-Q
Q
a2a4—a§|SB !P+Q+R (QZO.PZ—E),or,(QSO,PZ—Q)
4PR 4PR-Q* 0
< =
- 4p Q>0P< 2
where P, Q and R are given by (2.20) (2.21) and (2.22).
The proof of Theorem 2.1 is completed. O

By putting g = 1 in Theorem 2.1, we obtain the following corollary.

Corollary 2.1 ([14]) For 0 < a < 1, let the function f € M, (a; ¢) be given by (1.1). Then
1

m Q<0,P<-—-Q
-B} B Q

—a?|<B { 1 3 ( > > ——) < >—

920~ Gl < B e a v T Ermare| (020P=-3)or@=0P=-0)
4PR — (2 Q
- < =
4P Q>0P=< 2
where
b | -B} B; |_, Bf N |B,|
|3+ 9a](1 +a)? "Broala+ )| 81+ a)2(1+2a)  [3+9a](1+a)

+ <2(3 +;§1)9(11 n a)) + ((2 fjm)Z)

_ Bf | B, 2B, 2B,
@=2 <8(1 T +20) G900+ a)) * (2(3 o1+ a)) - (2(2 T 40:)2)
B,

R=Gtaa?

Conclusions

In conclusion, we obtained the initial coefficients a,, a; and a, and the upper bound for the functional
laya, — a?| of functions f € q-M;(a; @) be given by (1.1).
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