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GRAPHICAL ABSTRACT 

ABSTRACT 

Delay differential equations (DDEs) arise many different phenomena including in physics, biology and 
chemistry. In many cases of the modeling of real world problems, information about the behaviour of a 
dynamical system is uncertain. In order to obtain a more realistic model, we have to take into account these 
uncertainties. Therefore, in this paper, we propose the existence and uniqueness theorems for fuzzy time-
delay dynamical systems. We finally present some conclusions and new directions for further research in 
this area. 

Keywords: Fuzzy Delay Differential Equation (FDDE), Fuzzy Time-Delay Dynamical Systems, 
Existence and Uniqueness Theorems 

© 2014 Penerbit UTM Press. All rights reserved 
http://dx.doi.org/10.11113/ mjfas.v10n3.280

1. INTRODUCTION 

Delay differential equations (DDEs) are differential 
equations in which the derivative of the unknown function 
at certain time is given in term of the value of the function 
at previous times. These types of equations are a large and 
important class of dynamical systems. They often arise in 
either natural or technological control problems.  The delay 
may appear because of physical properties of equipment 
used in the system, signal transmission or measurement of 
system variables. For example, actuators, sensors and field 
networks which are involved in feedback loops may exhibit 
delays. Time-delay systems are also used to model several 
different mechanisms in the dynamics of epidemics [1]. 

In many cases of the modelling of real world 
phenomena, information about the behaviour of a dynamical 
system is uncertain. In order to obtain a more realistic 
model, we have to take into account these uncertainties. 
Fuzzy differential equations are a natural way to model 
dynamical systems under uncertainty. This type of system 
will provide a better representation of the real world 
problems. Therefore the study of this topic has been rapidly 
growing in recent years. It was first started by Chang and 
Zadeh [2], who introduced the concept of fuzzy derivative. 
It was followed up by Dubois and Prade [3] in 1982. They 
used the extension principle in their approach. In 1980, 
Kandel and Byatt [4] applied the concept of fuzzy 
differential equation to the analysis of fuzzy dynamical 
problems. The researches have been continuing unlimited to 
the theory of fuzzy differential equations but also the 
application in the real problems as were reported in many 

literatures [5,6,7,8,9]. The existence and uniqueness 
theorem is one of the most important and fundamental 
theorems in the theory of classical differential equation. The 
theorems that deal with fuzzy-set function were also 
discussed in many literatures. Some of them can be found in 
[10,11,12]. Xiaowei and Zhongfeng [10] proved a new 
existence and uniqueness theorem for fuzzy differential 
equation. This theorem was different from previous works 
since, they use Liu process [10]. Balachandran and Prakash 
[11] proved the solutions of fuzzy delay differential 
equations with nonlocal condition. In [12], Lupulescu and 
Abbas proved a local existence and uniqueness result for 
fuzzy delay differential equations driven by Liu process.  

Therefore, in this paper we will derive the existence 
and uniqueness theorems of a specific fuzzy delay 
differential equation (FDDE). This paper will focus on the 
existence and uniqueness theorems of fuzzy time-delay 
dynamical systems. The organization of this paper is as 
follows. In Section 2, some notations, concepts and the 
basic definitions of delay differential equations are briefly 
presented. In Section 3, introduces fuzzy delay differential 
equations and the existence and uniqueness theorems for 
fuzzy time-delay dynamical systems. Finally, Section 4 
presents concluding remarks. 

   
2. PRELIMINARIES 
  
Definition 1: [13] If ݔ is a function defined at least on 
ሾݐ	 െ ,ݎ	 ሿݐ → Ը௡ then we define a new function ݔ௧ ∶
	ሾെݎ, 0ሿ → Ը௡ by 
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ሻߠ௧ሺݔ ൌ 	ݐሺݔ	 ൅ ,ሻߠ	 െݎ ൑ ߠ ൑ 0.                   ሺ1ሻ 
	

If ݔ is continuous on	ሾݐ	 െ ,ݎ	 ሿݐ → ܦ ⊂ Ը, then ݔ௧ is 
continuous on ሾെݎ, 0ሿ, i.e. ݔ௧ ∈ 	ݎ ஽, whereߞ ൐ 	0, we 
denote by ߞ	 ൌ ,ݎሺሾെܥ	 0ሿ 	→ Ը௡ሻ. Let ߶ ∈  We will take .ߞ
the norm on this space to be	||߶||௥ ൌ 	 sup

ି୰ஸ஘ஸ଴
||߶ሺߠሻ||, 

where ||. || is the usual Euclidean norm on Ը௡. With this 
norm, ߞ is a Banach space. Further, for ܦ ⊆ Ը௡ let ߞ஽ 	ൌ
,ݎሺሾെܥ	 0ሿ 	→  ሻ be the set of continuous fuzzy functionsܦ
ሾെݎ, 0ሿ into	ܦ.  
 
In the following, unless otherwise stated, we will take ܬ ⊆
Ը and ܦ ⊆ Ը௡ to be open sets. 
 
Definition 2: [13] If ܨ ∶ 	ܬ	 ൈ ஽ߞ	 → Ը௡ is a given fuzzy 
functional and ′ represent the right hand derivative, we call 
the relation 
 
ሻݐሺ′ݔ 	ൌ ,ݐሺܨ ܺ௧ሻ                                 ሺ2ሻ 

 
a delay differential equation on ܬ ൈ  .஽ߞ
 
Definition 3: [13] Let ܨ ∶ 	ܬ	 ൈ ஽ߞ	 → Ը௡. A function ݔሺݐሻ 
is said to be a solution of (2) on ሾݐ଴ െ ,ݎ ଴ݐ ሻ if there areߚ ∈
Ը௡ and ߚ ൐  ଴ such thatݐ
 

i. ݔ ∈ ଴ݐሺሾ	ܥ െ ,ݎ ,ሻߚ  ,ሻܦ
ii. ሾݐ଴, ሻߚ ⊂  ,ܬ

iii. ݔሺݐሻ satisfies ሺ2ሻ for ݐ ∈ ሾݐ଴,  .ሻߚ
 
For a given ݐ଴ ∈ Ը	and ߶ ∈  ஽, the initial value problemߞ
associated with the FDDE (2) is 
 
ሻݐᇱሺݔ ൌ ,ݐሺܨ ݐ						,௧ሻݔ ൒ ,଴ݐ
௧బݔ ൌ ߶଴,																									

   ሺ3ሻ 

or 
ሻݐᇱሺݔ ൌ ,ݐሺܨ ݐ						,௧ሻݔ ൒ ,଴ݐ
௧బݔ ൌ ߶଴ሺݐ െ 									.଴ሻݐ

   ሺ4ሻ 

 
Continuity Condition (C) [6] is satisfied if ܨሺݐ,  ௧ሻ isݔ
continuous with respect to ݐ in ሾݐ଴,  ሿ for each givenߚ
continuous function ݔ: ሾݐ଴ െ ,ݎ ሻߚ →  .ܦ
 
If ܨ satisfies Condition (C) then a continuous function 
:ݔ ሾݐ଴ െ ,ݎ ሻߚ →  is a solution of Equation ሺ4ሻ if and only ܦ
if  
 

ሻݐሺݔ ൌ ቊ
߶ሺݐ െ ଴ݐሾ																									଴ሻ,ݐ െ ,ݎ ଴ሿݐ

߶ሺ0ሻ ൅ ׬ ,ݏ෠ሺܨ ݏ௦ሻ݀ݔ
௧
௧బ

, ሾݐ଴ ൑ ܶሿ   ሺ5ሻ 

 
Definition 4: [13] The function ݔሺݐሻ is a solution of the 
initial value problem (4) on ሾݐ଴ െ ,ݎ  ሻ is a solutionݐሺݔ if	ሻߚ
of (2) on ሾݐ଴ െ ,ݎ ௧బݔ ሻ andߚ ൌ ߶଴. 
 
Lemma 1: [13] If ݔ is continuous on	ሾݐ଴ െ ,ݎ ଴ݐ ൅  ሿ, thenߛ
ݐ for ݐ ௧ is a continuous function ofݔ ∈ ሾݐ଴, ଴ݐ ൅  .ሿߛ

3. FUZZY DELAY DIFFERENTIAL EQUATION 
 
Consider the first-order fuzzy time-delay initial value 
differential equation given by 
 
ሻݐᇱሺݔ ൌ ሻݐሺݔܨ ൅ ݐሺݔܩ െ ,ሻݎ ݐ ∈ ሾݐ଴, ܶሿ

ሻݐሺݔ ൌ ݐ																																	,଴ݔ ∈ ሾݐ଴ െ ,ݎ ଴ሿݐ
											ሺ6ሻ 

 
where ݔሺݐሻ and ሺݐ െ ሻݎ ∈ ሼݔሺ߬ሻ: ߬ ൏ ݊  are	ሽݐ െ 
dimensional fuzzy functions of ݐ, every element of matrices 
	ܣ ൌ ൣܽ௜௝൧௡ൈ௡	, ܽ௜௝ ∈ ܤ and	ሺԸሻܨ ൌ ൣܾ௜௝൧௡ൈ௡	, ܾ௜௝ ∈
 ሺԸሻܨ  are supposed to be fuzzy numbers where	ሺԸሻܨ
represents the fuzzy sets defined on Ը. The function ݔ′ሺݐሻ 
is the fuzzy derivative of ݔሺݐሻ at ݐ ∈  ଴ is a fuzzyݔ and ܫ
number and the time-delay ݎ is a known positive rational 
number.  
 
Most of these steps follow from [13].  
 
Definition 5:  If ݔ is a function defined at least on 
ሾݐ	 െ ,ݎ	 ሿݐ → Ը then we define a new function ݔ௧ ∶
	ሾെݎ, 0ሿ → Ը by 
 
ሻߠ௧ሺݔ ൌ 	ݐሺݔ	 ൅ ,ሻߠ	 െݎ ൑ ߠ ൑ 0.                   ሺ7ሻ 

	
If ݔ is continuous on	ሾݐ	 െ ,ݎ	 ሿݐ → ܦ ⊂ Ը, then ݔ௧ is 
continuous on ሾെݎ, 0ሿ, i.e. ݔ௧ ∈ 	ݎ ஽ , whereߞ ൐ 	0, we 
denote by ߞ	 ൌ ,ݎሺሾെܥ	 0ሿ 	→ Ըሻ. Let ߶ ∈  We will take .ߞ
the norm on this space to be	ห|߶|ห

௥
ൌ 	 sup

ି୰ஸ஘ஸ଴
||߶ሺߠሻ||, 

where ||. || is the usual Euclidean norm on Ը. Further, for 
ܦ ⊆ Ը let ߞ஽ 	ൌ ,ݎሺሾെܥ	 0ሿ 	→  ሻ be the set of continuousܦ
fuzzy functions ሾെݎ, 0ሿ into	ܦ. 
 
In the following, unless otherwise stated, we will take ܬ ⊆
Ը and ܦ ⊆ Ը to be open sets. 
 
Definition 6: If ܨ෠ ∶ 	ܬ	 ൈ ஽ߞ	 → Ը is a given fuzzy functional 
and ′ represent the right hand derivative, we call the relation 
 
ሻݐሺ′ݔ 	ൌ ,ݐ෠ሺܨ ܺ௧ሻ   																			ሺ8ሻ 

 
a fuzzy delay differential equation on ܬ ൈ  .஽ߞ
 
Definition 7:   Let	ܨ෠ ∶ 	ܬ	 ൈ ஽ߞ	 → Ը. A function ݔሺݐሻ is said 
to be a solution of (8) on ሾݐ଴ െ ,ݎ ଴ݐ ሻ if there areߚ ∈ Ը and 
ߚ ൐  ଴ such thatݐ
 

i. ݔ ∈ ଴ݐሺሾ	ܥ െ ,ݎ ,ሻߚ  ,ሻܦ
ii. ሾݐ଴, ሻߚ ⊂  ,ܬ

iii. ݔሺݐሻ satisfies ሺ7ሻ for ݐ ∈ ሾݐ଴,  .ሻߚ
 
For a given ݐ଴ ∈ Ը	and ߶ ∈  ஽, the initial value problemߞ
associated with the FDDE (8) is 
 
ሻݐᇱሺݔ ൌ ,ݐ෠ሺܨ ݐ						,௧ሻݔ ൒ ,଴ݐ
௧బݔ ൌ ߶଴,																									

   ሺ9ሻ 
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or 
ሻݐᇱሺݔ ൌ ,ݐ෠ሺܨ ݐ						,௧ሻݔ ൒ ,଴ݐ
௧బݔ ൌ ߶଴ሺݐ െ 									.଴ሻݐ

                  ሺ10ሻ 

 
Continuity Condition (C) is satisfied if ܨ෠ሺݐ,  ௧ሻ isݔ
continuous with respect to ݐ in ሾݐ଴,  ሿ for each givenߚ
continuous function ݔ: ሾݐ଴ െ ,ݎ ሻߚ →  .ܦ
 
If ܨ෠ satisfies Condition (C) then a continuous function 
:ݔ ሾݐ଴ െ ,ݎ ሻߚ →  is a solution of Equation ሺ10ሻ if and only ܦ
if  
 

ሻݐሺݔ ൌ ቊ
߶ሺݐ െ ଴ݐሾ																									଴ሻ,ݐ െ ,ݎ ଴ሿݐ

߶ሺ0ሻ ൅ ׬ ,ݏ෠ሺܨ ݏ௦ሻ݀ݔ
௧
௧బ

, ሾݐ଴ ൑ ܶሿ                 ሺ11ሻ 

 
Definition 8: The function ݔሺݐሻ is a solution of the initial 
value problem (10) on ሾݐ଴ െ ,ݎ  ሻ is a solution of (7)ݐሺݔ if	ሻߚ
on ሾݐ଴ െ ,ݎ ௧బݔ		ሻ andߚ ൌ ߶଴. 
 
Definition 9:  Let ܨ෠ ∶ 	ܬ	 ൈ	ߞ஽ → Ը௡ and let ߦ ⊂ ܬ ൈ  ஽. Weߞ
say that ܨ෠ is Lipschitz on ߦ if there exists ܭ ൒ 0 such that  
 
,ݐ෠ሺܨ ߰ሻ െ ,ݐ෠ሺܨ ത߰ሻ ൑ ߰||ܭ െ ത߰||௥	                 ሺ12ሻ 

 
whenever ሺݐ, ߰ሻ and ሺݐ, ത߰ሻ ∈  .ߦ
 
Definition 10:  The functional ܨ෠ ∶ 	ܬ	 ൈ ஽ߞ	 → Ը	is said to 
be locally Lipschitz if for each given ሺ̅ݐ, ത߰ሻ ∈ ܬ ൈ  ஽ thereߞ
exist numbers ܽ ൐ 0 and ܾ ൐ 0 such that 
 
ߦ ≡ ሺሾݐഥ െ ܽ, ̅ݐ ൅ ܽሿ ∩ ሻܬ ൈ ሼ߰ ∈ :ߞ ||߰ െ ത߰||௥ ൑ ܾሽ  ሺ13ሻ 

 
is a subset of ܬ	 ൈ  The Lipschitz) .ߦ ෠ is Lipschitz onܨ ஽ andߞ
constant for ܨ and ܩ depends, in general, on the particular 
set ߦ). 
 
3.1  Existence and Uniqueness Theorems for Fuzzy 

Time-Delay Dynamical Systems 
 
Theorem 1: (Existence) Let ܨ෠: ሾݐ଴, ሻߙ ൈ ஽ߞ → Ը be 
continuous and locally Lipschitz. Then for each ߶ ∈  ,஽ߞ
there exists ܶ ൐  such that the fuzzy time-delay initial ݐ
value problem (6) has a unique solution on ሾݐ଴ െ ,ݎ ଴ݐ ൅ Δሻ 
for some Δ ൐ 0. 
 
Proof  Choose any ܽ ൐ 0	 and ܾ ൐ 0 sufficiently small so 
that 
 
ߦ ≡ ሾݐ଴, ଴ݐ ൅ ܽሿ ൈ ሼ߰ ∈ :ߞ ||߰ െ ߶଴||௥ ൑ ܾሽ             ሺ14ሻ 

 
is a subset of ሾݐ଴, ሻߙ ൈ  with ߦ ෠ is Lipschitz onܨ ஽ andߞ
Lipschitz constant ܭ. Define a continuous function ߯̅ on 
ሾݐ଴ ൌ ,ݎ ଴ݐ ൅ ܽሿ, 
 

߯̅ሺݐሻ ൌ ൜
߶଴ሺݐ െ ,଴ሻݐ ଴ݐ െ ݎ ൑ ݐ ൑ ଴ݐ

߶଴ሺ0ሻ, ଴ݐ ൑ ݐ ൑ ଴ݐ ൅ ܽ.                       ሺ15ሻ 

 
Then ܨ෠ሺݐ, ߯̅௧ሻ depends continuously on	ݐ, and hence 
,ݐ෠ሺܨ|| ߯̅௧ሻ|| ൑ ,଴ݐ] ଵ onܤ ଴ݐ ൅ ܽሿ for some constant	ܤଵ. 
 
Now define ܤ ൌ ܾܭ ൅ ଵ. Choose ܽଵܤ ∈ ሺ0, ܽሿ such that 
 

ห|߯̅௧ െ ߶|ห
௥
ൌ 		 ቚห߯̅௧ െ ߯̅௧బหቚ ൑ ܾ	for	ݐ଴ ൑ ଴ݐ ൅ ܽଵ					ሺ16ሻ 

 
Choose Δ ൐ 0 such that 
Δ ൑ min	ሼܽଵ, ሽ and Δܤ\ܾ ൏  ሺ17ሻ                .ܭ\ܽ

 
Let ܵ be the set of all continuous functions ߯: ሾݐ଴ െ ,ݎ ଴ݐ ൅
Δሿ → Ը such that 
 
߯ሺݐሻ ൌ ߶ሺݐ െ ଴ݐ  ଴ሻ,      forݐ െ ݎ ൑ ݐ ൑  ଴,  andݐ
ห|߯ሺݐሻ െ ߶ሺ0ሻ|ห ൑ ܾ,		for		ݐ଴ ൑ ݐ ൑ ଴ݐ ൅ Δ.                      (18ሻ 
 
Note that if ߯ ∈ ܵ and ∈ ሾݐ଴, ଴ݐ ൅ Δሿ, then ||߯௧ െ ߯̅௧||, so 
that 
 
      
,ݐሺܨ|| ߯௧ሻ|| ൅ ,ݐሺܩ|| ߯௧ሻ|| ൑ ௧߯||ܭ െ ߯̅௧||௥ ൅ ଵܤ

																൑ .ܤ
							ሺ19ሻ 

 
For each ߯ ∈ ܵ define a function ܶ߯ on ሾݐ଴ െ ,ݎ ଴ݐ ൅ Δሿ by 
 
ܶ߯ሺݐሻ

ൌ ቐ

߶଴ሺݐ െ ଴ݐ																					,଴ሻݐ െ ݎ ൑ ݐ ൑ ,଴ݐ

߶଴ሺ0ሻ ൅ න ,ݏ෠ሺܨ ߯௦ሻ݀ݏ
௧

௧బ

, ଴ݐ ൑ ݐ ൑ ଴ݐ ൅ Δ.
								ሺ20ሻ 

 
Then ߯ݐ is continuous and, since ||ܨ෠ሺݏ, ߯௦ሻ|| ൑  ,ܤ
 
		||ሺܶ߯ሻሺݐሻ െ ߶ሺ0ሻ|| ൑ Δܤ ൑ ܾ for ݐ଴ ൑ ݐ ൑ ଴ݐ ൅ Δ.     ሺ21ሻ 
 
Choose ݔሺ଴ሻ ∈ ܵ and construct the successive 
approximations ݔሺଵሻ ൌ ,ሺ଴ሻݔܶ ሺଶሻݔ ൌ ,ሺଵሻݔܶ … 
 
Note that for each ℓ, ሻݐሺℓሻሺݔ ൌ ߶ሺݐ െ ଴ݐ଴ሻ on ሾݐ െ ,ݎ  ଴ሿ. Weݐ
will now prove that the sequence {ݔሺℓሻሺݐሻ} converges. For 
each ℓ ൌ 0, 1, 2, … then ݐ଴ ൑ ݐ ൑ ଴ݐ ൅ Δ, 
 

			

ሻݐሺℓାଶሻሺݔ|| െ 																																															||ሻݐሺℓାଵሻሺݔ

					ൌ || ׬ ,ݏ෠൫ܨൣ ሺℓାଵሻ௦൯ݔ െ ,ݏ෠൫ܨ ݏሺℓሻ௦൯൧݀ݔ
௧
௧బ

||												

൑ Δܭ sup
௧బஸ௦ஸ௧బା୼

ሺℓାଵሻ௦ݔ|| െ 											.||ሺℓሻ௦ݔ
							ሺ22ሻ  

 
Note that ||ݔଵሺݐሻ െ ||ሻݐ଴ሺݔ ൑ 2ܾ on ሾݐ଴ െ ,ݎ ଴ݐ ൅ Δሿ. Thus 
ሺଵሻ௧ݔ|| െ ||ሺ଴ሻ௧ݔ ൑ 2ܾ on ሾݐ଴, ଴ݐ ൅ Δሿ	and 
 

	
ሻݐଶሺݔ|| െ ||ሻݐଵሺݔ ൑ ׬ ሺଵሻ௦ݔ||ܭ െ ݏ݀||ሺ଴ሻ௦ݔ

௧
௧బ

													൑ ݐሺܭ2ܾ െ ଴ሻݐ
                 ሺ23ሻ 
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on ሾݐ଴, ଴ݐ ൅ Δሿ which further implies ||ݔሺଶሻ௧ െ ሺଵሻ௧||௥ݔ ൑
ݐሺܭ2ܾ െ ,଴ݐ଴ሻ on ሾݐ ଴ݐ ൅ Δሿ. This leads to 
 

		
ሻݐଷሺݔ|| െ ||ሻݐଶሺݔ ൑ ׬ ሺଶሻ௦ݔ||ܭ െ ݏ݀||ሺଵሻ௦ݔ

௧
௧బ

												൑ 2ܾ
௄మሺ௧ି௧బሻమ

ଶ

                    ሺ24ሻ 

 
and, by induction, 
 

ሻݐሺℓାଵሻሺݔ||  െ ||ሻݐሺℓሻሺݔ ൑ 2ܾ ௄ℓሺ௧ି௧బሻℓ

ℓ!
                 ሺ25ሻ 

 
on ሾݐ଴, ଴ݐ ൅ Δሿ. This, together with ݔሺℓାଵሻሺݐሻ ൌ  ሻ onݐሺℓሻሺݔ
ሾݐ଴ െ ,ݎ  ଴ሿ givesݐ
 

ሻݐሺℓାଵሻሺݔ||  െ ||ሻݐሺℓሻሺݔ ൑ 2ܾ
௄ℓሺ୼ሻℓ

ℓ!
	                 ሺ26ሻ 

 
on ሾݐ଴ െ ,ݎ ଴ݐ ൅ Δሿ. Now, the series 
 

ሻݐሺ଴ሻሺݔ ൅ ∑ ሾݔሺ௣ାଵሻሺݐሻ െ ሻሿஶݐሺ௣ሻሺݔ
௣ୀ଴                  ሺ27ሻ 

 
converges, the convergence of the sequence ሼݔሺℓሻሽ follows 
by application of the comparison test of each component of 
 
ሻݐሺℓሻሺݔ ൌ ሻݐሺ଴ሻሺݔ ൅ ∑ ሾݔሺ௣ାଵሻሺݐሻ െ ሻሿℓିଵݐሺ௣ሻሺݔ

௣ୀ଴                ሺ28ሻ 
 
on ሾݐ଴ െ ,ݎ ଴ݐ ൅ Δሿ. 
 
Let ݔሺݐሻ ≡ lim

ℓ→ஶ
଴ݐ ሻ forݐሺℓሻሺݔ ൑ ݐ ൑ ଴ݐ ൅ Δ. Clearly ݔሺݐሻ is 

continuous on ሾݐ଴ െ ,ݎ ଴ݐ ൅ Δሿ and	ݔ௧బ ൌ ߶଴. Further 

ሻݐሺݔ|| െ ||ሻݐሺℓሻሺݔ ൑ 2ܾ ∑
௄೛ሺ୼ሻ೛

௣!
	ሿஶ

௣ୀℓ  for ݐ଴ െ ݎ ൑ ݐ ൑ ଴ݐ ൅

Δ and ||ݔ௧ െ ሺℓሻ௧||௥ݔ ൑ 2ܾ∑ ௄೛ሺ୼ሻ೛

௣!
	ሿஶ

௣ୀℓ  for ݐ଴ ൑ ݐ ൑ ଴ݐ ൅

Δ. Thus, ݐ଴ ൑ ݐ ൑ ଴ݐ ൅ Δ for any ℓ ൌ 0, 1, 2,… 
 

ሻݐሺݔ|| െ ߶଴ሺ0ሻ െ ቂ׬ ,ݏ෠ሺܨ ݏ௦ሻ݀ݔ
௧
௧బ

ቃ || ൑ ሻݐሺݔ|| െ ||ሻݐሺℓሻሺݔ

൅|| ׬ ,ݏ෠൫ܨ ሺℓିଵሻ௦൯ݔ െ
௧
௧బ

,ݏ෠ሺܨ ||ݏ௦ሻ݀ݔ

												൑ 2ܾ ∑
௄೛ሺ୼ሻ೛

௣!
	ஶ

௣ୀℓ ൅ ∑Δ2ܾܭ
௄೛ሺ୼ሻ೛

௣!
.ஶ

௣ୀℓିଵ

ሺ29ሻ   

 
Taking the limit as ℓ → ∞ of this inequality then gives 
 

ሻݐሺݔ|| െ ߶଴ሺ0ሻ െ ቂ׬ ,ݏ෠ሺܨ ݏ௦ሻ݀ݔ
௧
௧బ

ቃ || ൌ 0.      ሺ30ሻ 

 
Since the right hand side tend to 0, it follows that the left 
hand side must be 0. Hence ݔሺݐሻ satisfies (11) which means 
that ݔሺݐሻ is a solution of (6). 
 
Theorem 2: (Uniqueness) Let ܨ෠: ሾݐ଴, ሻߙ ൈ ஽ߞ → Ը be 
continuous and locally Lipschitz on its domain. Then given 
any	߶ ∈  ஽, there is at most one solution of the initial valueߞ
problem (6) on ሾݐ଴ െ ,ݎ ߚ ሻ for anyߚ ∈ ሺݐ଴,  .ሿߙ
 

Proof Suppose (for contradiction) that for some ߚ ∈ ሺݐ଴,  ሿߙ
there are two solutions ݔ and ݔ෤ mapping ሾݐ଴ െ ,ݎ ሻߚ →  ܦ
with		ݔ ്  ෤. Letݔ
 
ଵݐ ൌ infሼݐ ∈ ሺݐ଴, :ሻߚ ሻݐሺݔ ്  ሻሽ.                 ሺ31ሻݐ෤ሺݔ

 
Then ݐ଴ ൑ ଵݐ ൏   and ߚ
 
ሻݐሺݔ ൌ ଴ݐ ሻ  forݐ෤ሺݔ െ ݎ ൑ ଴ݐ ൏  ଵ.                ሺ32ሻݐ

 
Since ൫ݐଵ, ௧భ൯ݔ ∈ ሾݐ଴, ሻߚ ൈ ܽ ஽, there exist numbersߞ ൐ 0 
and ܾ ൐ 0 such that the set 
 
ߦ ≡ ሾݐଵ, ଵݐ ൅ ܽሿ ൈ ሼ߰ ∈ :ߞ ||߰ െ ௧భ||௥ݔ ൑ ܾሽ               ሺ33ሻ 

 
is contained in ሾݐ଴, ሻߙ ൈ  with) ߦ ෠ is Lipschitz onܨ ஽ andߞ
Lipschitz constant ܭ). 
 
By Lemma 1, there exists ߜ ∈ ሺ0, ܽሿ such that ሺݐ, ௧ሻݔ ∈  ߦ
and ሺݐ, ෤௧ሻݔ ∈ ଵݐ	for ߦ ൑ ݐ ൏ ଵݐ ൅ ଵݐ	Thus, for  .ߜ ൑ ݐ ൏
ଵݐ ൅  ,ߜ
 

			
ሻݐሺݔ|| െ ||෤ݔ ൌ || ׬ ሾܨ෠ሺݏ, ௦ሻݔ െ ,ݏ෠ሺܨ ݏ෤௦ሻሿ݀ݔ

௧
௧బ

||

				൑ ׬ ௦ݔ||ܭ െ ||෤௦ݔ
௧
௧భ ௥

.ݏ݀
              	ሺ34ሻ 

 
Define ݒሺݏሻ ൌ ௦ݔ|| െ  ෤௦||௥ thenݔ
 

ሻݐሺݔ|| െ ||෤ݔ ൑ ׬ ሻݏሺݒܭ
௧
௧భ ௥

 ሺ35ሻ                 .ݏ݀

 
From this and the Reid’s Lemma it follows that	ݒሺݐሻ 	ൌ 	0, 
and hence ݔሺݐሻ ൌ ,ଵݐሻ on ሾݐ෤ሺݔ ଵݐ ൅  contradicting the	ሻ,ߜ
definition of ݐଵ. Since	ݔሺݐሻ ൌ  ሻ, therefore there cannotݐ෤ሺݔ
be two different solutions on its domain. 
 
4. CONCLUSION  
 

In this paper we introduced specific fuzzy delay 
differential equation which is fuzzy time-delay dynamical 
systems. By Banach Space, we proved an existence and 
uniqueness theorem for fuzzy time-delay dynamical 
systems under Lipschitz condition. For further research, 
numerial solution and stability analysis on this system will 
be considered. 
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