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Delay differential equations (DDEs) arise many different phenomena including in physics, biology and
chemistry. In many cases of the modeling of real world problems, information about the behaviour of a
dynamical system is uncertain. In order to obtain a more realistic model, we have to take into account these

uncertainties. Therefore, in this paper, we propose the existence and uniqueness theorems for fuzzy time-
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delay dynamical systems. We finally present some conclusions and new directions for further research in
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1. INTRODUCTION

Delay differential equations (DDEs) are differential
equations in which the derivative of the unknown function
at certain time is given in term of the value of the function
at previous times. These types of equations are a large and
important class of dynamical systems. They often arise in
either natural or technological control problems. The delay
may appear because of physical properties of equipment
used in the system, signal transmission or measurement of
system variables. For example, actuators, sensors and field
networks which are involved in feedback loops may exhibit
delays. Time-delay systems are also used to model several
different mechanisms in the dynamics of epidemics [1].

In many cases of the modelling of real world
phenomena, information about the behaviour of a dynamical
system is uncertain. In order to obtain a more realistic
model, we have to take into account these uncertainties.
Fuzzy differential equations are a natural way to model
dynamical systems under uncertainty. This type of system
will provide a better representation of the real world
problems. Therefore the study of this topic has been rapidly
growing in recent years. It was first started by Chang and
Zadeh [2], who introduced the concept of fuzzy derivative.
It was followed up by Dubois and Prade [3] in 1982. They
used the extension principle in their approach. In 1980,
Kandel and Byatt [4] applied the concept of fuzzy
differential equation to the analysis of fuzzy dynamical
problems. The researches have been continuing unlimited to
the theory of fuzzy differential equations but also the
application in the real problems as were reported in many

literatures [5,6,7,8,9]. The existence and uniqueness
theorem is one of the most important and fundamental
theorems in the theory of classical differential equation. The
theorems that deal with fuzzy-set function were also
discussed in many literatures. Some of them can be found in
[10,11,12]. Xiaowei and Zhongfeng [10] proved a new
existence and uniqueness theorem for fuzzy differential
equation. This theorem was different from previous works
since, they use Liu process [10]. Balachandran and Prakash
[11] proved the solutions of fuzzy delay differential
equations with nonlocal condition. In [12], Lupulescu and
Abbas proved a local existence and uniqueness result for
fuzzy delay differential equations driven by Liu process.

Therefore, in this paper we will derive the existence
and uniqueness theorems of a specific fuzzy delay
differential equation (FDDE). This paper will focus on the
existence and uniqueness theorems of fuzzy time-delay
dynamical systems. The organization of this paper is as
follows. In Section 2, some notations, concepts and the
basic definitions of delay differential equations are briefly
presented. In Section 3, introduces fuzzy delay differential
equations and the existence and uniqueness theorems for
fuzzy time-delay dynamical systems. Finally, Section 4
presents concluding remarks.

2. PRELIMINARIES
Definition 1: [13] If x is a function defined at least on

[t — r,t] > R™ then we define a new function x; :
[-r, 0] » R" by
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x(0)=x(t +6), -r<6<0. €Y)

If x is continuous on[t — r,t] = D c R, then x, is

continuous on [—r,0], i.e. x; € {p, where r > 0, we

denote by { = C([—7,0] — R™). Let ¢ € {. We will take

the norm on this space to be||®]|, sup ||9(6)]],
-r<0<0

where ||.]| is the usual Euclidean norm on R™. With this
norm, ¢ is a Banach space. Further, for D € R" let {, =
C([—r,0] — D) be the set of continuous fuzzy functions
[=7,0] into D.

In the following, unless otherwise stated, we will take | <
R and D € R™ to be open sets.

Definition 2: [13] If F: | X {p » R™ is a given fuzzy
functional and ' represent the right hand derivative, we call
the relation

x'(t) =F(t,X) (2)

a delay differential equation on J x j.

Definition 3: [13] Let F : | X {p = R™. A function x(t)
is said to be a solution of (2) on [t, —r, B) if there are t, €
R™ and B > t, such that

i. x€ecC(ty—r1p).D),
ii. [to, B) <],
iii. x(t) satisfies (2) for t € [ty, B).

For a given t, € Rand ¢ € {p, the initial value problem
associated with the FDDE (2) is

x'(t) = F(t,xp),
Xtg = b0,

t >ty

(3)
or
x'(t) = F(t,xp),
Xty = Polt — to).

t>t,,

4)

Continuity Condition (C) [6] is satisfied if F(t, x;,) is
continuous with respect to t in [t,, 8] for each given
continuous function x:{t, — r,8) — D.

If F satisfies Condition (C) then a continuous function
x: [ty — 7, B8) = D is a solution of Equation (4) if and only
if

ot —ty), [to — 1, t0]
x(t) = { #(0) + f:o F(s,x5)ds, [ty < T] ©

Definition 4: [13] The function x(t) is a solution of the
initial value problem (4) on [t, — 7, B) if x(t) is a solution
of (2) on [ty — 7, 8) and x,, = ¢,.

Lemma 1: [13] If x is continuous on [t, — 7, to + ], then
x; is a continuous function of t for t € [¢t,, t, + v].
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3. FUZZY DELAY DIFFERENTIAL EQUATION

Consider the first-order fuzzy time-delay initial value
differential equation given by

x'(t) = Fx(t) + Gx(t — 1), t €[ty T] 6
x(t) = x,, t €[ty — 7. to] (6)
where x(t) and (t—7r)e{x(rt):t<t} are n-—

dimensional fuzzy functions of t, every element of matrices
A = [aij]an ,a,:j € F(ﬂ?) and B = [bij]nxn B b” €
F(R) are supposed to be fuzzy numbers where F(R)
represents the fuzzy sets defined on $R. The function x'(t)
is the fuzzy derivative of x(t) at t € I and x, is a fuzzy
number and the time-delay r is a known positive rational
number.

Most of these steps follow from [13].

Definition 5: If x is a function defined at least on
[t — r,t] >R then we define a new function x,:
[-7,0] » Rby

x0)=x(t +06), r<6<=<0. (7)

If x is continuous on[t — r,t] = D c R, then x; is

continuous on [—r,0], i.e. x; €, , where r > 0, we

denote by { = C([—1,0] — R). Let ¢ € . We will take

the norm on this space to be|lpl| = sup [|¢(O)],
-r<6<0

where ||. || is the usual Euclidean norm on R. Further, for

DcRletl, = C([—r,0] = D) be the set of continuous
fuzzy functions [—r, 0] into D.

In the following, unless otherwise stated, we will take J <
R and D < R to be open sets.

Definition 6: If £ : ] x ¢, — Risagiven fuzzy functional
and ' represent the right hand derivative, we call the relation

x'(t) = F(t, X)) (8)

a fuzzy delay differential equation on J x ¢p.

Definition 7: LetF: J x {p — R. Afunction x(t) is said
to be a solution of (8) on [t, — 7, B) if there are t, € R and
B > t, such that

i. xe€cC(ty,—7pB),D),
i.  [tap)c],
iii.  x(t) satisfies (7) for t € [to, ).

For a given t, € Rand ¢ € {p, the initial value problem
associated with the FDDE (8) is

x'(t) = F(tx,),
xto = ¢01

t >t

€
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or
x'() = F(t,x,),
X, = Po(t — to).

t>t,,

(10)

Continuity Condition (C) is satisfied if F(t,x,) is
continuous with respect to t in [ty, 8] for each given
continuous function x: [t, — r,8) — D.

If F satisfies Condition (C) then a continuous function
x: [ty — 7, B) — D isasolution of Equation (10) if and only
if

Pt —to), [to — 7, to]

$(0) + f F(s,x)ds, [ty <T] (11)

x(t) = {

Definition 8: The function x(t) is a solution of the initial
value problem (10) on [t, — 7, B) if x(t) is a solution of (7)
on [ty —7,B) and x,, = ¢y.

Definition 9: LetF : | x {, » R"andleté c ] x {p. We
say that F is Lipschitz on & if there exists K > 0 such that

F(t, ) = F(t, ) < K|y — 9|,
whenever (t,) and (t,9) € &.

(12)

Definition 10: The functional F: J x ¢, —» Ris said to
be locally Lipschitz if for each given (£,3) € J X {p there
exist numbers a > 0 and b > 0 such that

f=[t—at+an)x{ ey -l <b} (13)
is asubset of J x ¢, and F is Lipschitz on &. (The Lipschitz
constant for F and G depends, in general, on the particular

set &).

3.1  Existence and Uniqueness Theorems for Fuzzy

Time-Delay Dynamical Systems

Theorem 1: (Existence) Let F:[ty,a)x{p >R be
continuous and locally Lipschitz. Then for each ¢ € ¢p,
there exists T >t such that the fuzzy time-delay initial
value problem (6) has a unique solution on [t, — 7, t, + A)
for some A > 0.

Proof
that

Choose any a > 0 and b > 0 sufficiently small so

E=[to,total x{yY e |[Y — oll < b} (14)
is a subset of [ty, @) X {p and F is Lipschitz on & with
Lipschitz constant K. Define a continuous function y on
[tO =7, tO + a]’

d)o(t_to), tO—TStStO
$0(0), to <t <t,+a.

70 ={ (15)

| 141 |

Then F(t, j,) depends continuously ont, and hence
[IE(t, x| < By on [to, to + a] for some constant B, .

Now define B = Kb + B;. Choose a, € (0, a] such that

17— |, = [|7e— 7| S bforto<to+a, (16)
Choose A > 0 such that

A < min{a,;, b\B} and A < a\K. 17
Let S be the set of all continuous functions y: [t, — 7, t, +
A] = R such that

x®) =t —ty), forty—r<t<t, and
[lx(®) — p(O)|| < b, for to <t <ty +A. (18)
Note that if y € S and € [to, to + A], then ||x; — X¢l|, SO
that

HECE xII + G xOIl < Kllxe — Xellr + By

<B. (19

For each y € S define a function Ty on [t, — 1, t, + A] by

Tx(®)
ot — to), to—r <t<tp
t
$0(0) + f Plsx)ds ty<t<tg+a O

to
Then ty is continuous and, since ||F (s, xs)|| < B,
[(Tx)(@®) —p0)|| <BA<bforty<t<t,+A (21)

Choose  x) €S and construct the  successive

approximations x(;y = Tx(q), X2) = Tx(1), -

Note that for each £, x () (t) = ¢(t — to) on [to — 1, t,]. We
will now prove that the sequence {x,(t)} converges. For
each? =0,1,2,...thent, <t < t, + A,

[x(e4+2) () = X ey (D]

= ftto [F (s, xer1ys) — F (s, x0)5)]ds ||
< KA

(22)
sup

[1xXe+1)s — X@)sl |-
tosssto+A

Note that ||x;(t) — xo(t)|| < 2b on [ty — 7, ty + A]. Thus
||x(1)t - x(o)t” S Zb on [to, to + A] and

t
122 (0) = 21 (D] < [, Kllxcays — Xopsllds

23
< 2bK(t —ty) (23)
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on [to, to + A] which further implies ||x(): — xyell» <
2bK(t — ty) on [te, to + A]. This leads to

t
123 (8) — %2 (O] < J, o Kllx@)s = xsllds

K (t tO)Z (24)

<2b

and, by induction,

Kt (t to)

[ o1y (®) — X (O] < 2b (25)

on [to, to + A]. This, together with x(,,1)(t) = x)(t) on
[to — 7, to] gives

[|x(e4+1) () (26)
on [ty — 1, ty + A]. Now, the series
X0y () + XplolXp+1)(t) — X (t)] (27)

converges, the convergence of the sequence {x,)} follows
by application of the comparison test of each component of

x(0) () = X0y (1) + Ep=b[x(p+1) () — X (8] (28)

on [to —T', to +A].

Letx(t) = l}im xp () forty <t <ty + A Clearly x(t) is
—1,to+A] andx,, = ¢o. Further
PO \forty —r <t <to+
KP (A)

continuous on [t,
[1x(8) —x@y (DI < 2b Xy,
Aand ||x; — xyellr < 2b X5, Jfortg <t<t,+
A. Thus, ty <t <ty + A for any{’ = O, 1,2,..

12() — $0(0) — [ [ F (s, x)ds| Il < [1x(6) = 2y (D)
+] ft F(s,x-1)s)— F (s, x5)ds]]|

<2b 3+ KAZD T,

p!

Taking the limit as £ — oo of this inequality then gives

12(0) — $(0) — [ F (s, x)ds] 1l = 0. (30)
Since the right hand side tend to 0, it follows that the left
hand side must be 0. Hence x(t) satisfies (11) which means
that x(t) is a solution of (6).

Theorem 2: (Uniqueness) Let F:[ty,a) X {, >R be
continuous and locally Lipschitz on its domain. Then given
any ¢ € {p, there is at most one solution of the initial value
problem (6) on [t, — r, B) for any B € (t,, «].

(29)
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Proof Suppose (for contradiction) that for some 8 € (t,, @]
there are two solutions x and X¥ mapping [t, —7,5) = D
with x # X. Let

= inf{t € (to, B): x(t) # X(t)}. 3D
Thent, <t, <pand
x(t) = %(t) forty —r < t, < t;. (32)

Since (t1,x¢,) € [to, B) X {p, there exist numbers a > 0
and b > 0 such that the set

=t 6 +al X {Y €|l — x|l < b} (33)
is contained in [to, ) X {p and F’is Lipschitz on & (with
Lipschitz constant K).

By Lemma 1, there exists § € (0,a] such that (¢,x,) € ¢

and (t,x,) €& fort; <t<t,+6. Thus, fort; <t<
t1+6,

[1x(®) = &I1 = || f,. [F(s,%5) — F(s,2)]ds ||

N (34)
< [i, Kllxs = %l ds
.
Define v(s) = ||x; — X||, then
[1x(t) — || < ft‘l Kv(s) ds. (35)

From this and the Reid’s Lemma it follows that v(t) =
and hence x(t) = %(t) on [t;,t; + &), contradicting the
definition of t;. Since x(t) = X(t), therefore there cannot
be two different solutions on its domain.

4. CONCLUSION

In this paper we introduced specific fuzzy delay
differential equation which is fuzzy time-delay dynamical
systems. By Banach Space, we proved an existence and
uniqueness theorem for fuzzy time-delay dynamical
systems under Lipschitz condition. For further research,
numerial solution and stability analysis on this system will
be considered.
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