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Abstract Let S denote the subclass of the analytic function and univalent functions in D, where
D is defined as the unit disk and having the Taylor representation form of S. In this paper, we will
estimate the second Hankel determinant which the elements are the logarithmic coefficients of the
class close-to-convex function with respect to the Koebe function in S.
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Introduction

Let S be a subclass of class A, where the class A is analytic and normalized by f(O): f’(O)—le in
D . The notation of D is defined as the unit disk, |z|<1 such that 2eC. If the function feA, then

f(z) has the series form
f(z):z+2anz” . (1)

Starlike functions, convex functions, and close-to-convex functions are the three main subclasses in 5.

We made S represent the class of univalent functions in A . If the following criteria have been met,

Re[sz('g)] .0, @

then f €A becomes a starlike function for Z€D. The starlike function class is denoted by S*.Ithas an
important class member, the Koebe function, which can be defined as follows,

k(2)=ﬁ : 3)

*
In the most recent issues for the S and S classes, the Koebe function plays a crucial role as an extreme
function. When a function f €A fits the following criteria, it is called a convex function,

Re[1+ fo,éz))j >0, 4)

for ZeD . This class is denoted by CV in class S. If there is a real number, & , where |« | < z/2 and

a convex function g(Z) that fits the following conditions, a function f € A is said to be close-to-convex,
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Re{ei“ f'(Z)J>O, (5)

where 7€D[13]. In 1916, Alexander stated that there is a link between a starlike function and a convex

function, with the condition that f function h(z)€S” then h(z)=29'(z) and g(z)eCV respectively [10].
Therefore, the condition (5) can be formed as follows

Re(ei“%(zz))]>0, (6)

where ZeD . From there, we can deduce that the starlike functions and convex functions are both close-

*
to-convex functions. We may sum it up by CV cS cKcCS with suitable inclusion. We denote the class

of close-to-convex function as K .

*
The class of S , CV and K functions have a representation that uses the Caratheodory class P .

The class P is an analytic function P in D by having the following form,
o0
p(2)=1+) cp2", ()
n-1

where 2€D and having a positive real partin D . These classes can be expressed by the coefficients
of functions in P . The logarithmic coefficients of function f, can be written as,

Iog@:ZZynz”, (8)
n=1

where Z€D . Milin's conjecture relies heavily on the logarithmic coefficients (cited by author in [15]). It

can be seen that the class sharp estimates for the single logarithmic coefficient, |}’1|51, |72 | <0635 ;

and n=34,---, are unknown. The study of logarithmic coefficients has recently attracted the public's

curiosity. [1], [2], [5], [8], [9], [11], [17], [18], [22] and [23], are just a few examples of logarithmic coefficient
estimations that have been established.

Hankel matrices and determinants serve some important roles in mathematics and have a variety of
applications. The Hankel determinants for their classes have been identified by many researchers. The
authors in [4], [6], [12], [13], [16], [19] and [21] are just a few examples. Recently, the author in [15]
issued a sharp finding of the Hankel determinants, whose entries are the logarithmic coefficients of

f €S, thatis

7n Yn+l o 7n+q-1

7n+l  Vn+2 CCC 7n+q
Hq,n(Ff /2)= . . . . ’

Yn+g-1 Vn+q 7n+2(q-1)

where g,neN . They are working on determining the Hankel determinants for the starlike and convex

function classes in their research. In addition, the author in [3] found a second Hankel determinant with
the logarithmic coefficients for the starlike and convex functions classes with excellent results. During
that year, the author in [4] obtained an accurate result of the second Hankel determinant of the
logarithmic coefficient for some subclasses of the analytic functions.

From there, we were inspired to obtain the Hankel determinant for the subclasses of S, particularly for

the class of close-to-convex functions. In the same year, the author in [20] defined the class K ad which
is a class of close-to-convex function with the satisfaction of the following conditions

Re[ei“%lz(i)]>§,
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where zeD , g(z)e s* , |a|<%, and cos (a)>5. From there, we tend to find the Hankel determinant

for the class of close-to-convex function K 0 where the function g(Z) in the form of Koebe function.
. . . 2 . .
In this paper, we deal with functional H 2,1(Ff /2)=}/1}/3—}/2 when the function f is close-to-convex

. . . . 2
univalent function. We know that szl(Ff /2) corresponds with the functional H zll(f)=a3 —ay over
class S or its subclasses. Also, it associated with the coefficient b, in the class = and area theorem

(cited by author in [15]). Besides, this functional for the class S was estimated by Bieberbach in 1916
(cited by author in [15]). We know that the logarithmic coefficients can write as

1 1 1 1 1.3
=Za,, =—|ag——a; |, and =—|ag—ayag+—aj |.
n=-2 72 2( 375 2] 73 2( 47D oA

Therefore,

1 , 1
H 2,1(Ff /2)= Z[aza4 —a3 +Ea§] .

Lo . b | 510
Note that, the condition if the function f €S, and 6€R, then fg(Z)Fe f (e Z). Therefore, we have
the following inequality,
4i0
e 1 i

H 2,1(Ff9 /2)= T( aray —a§ +Ea§ j = e4|9H 2,1(Ff /2) .
The objective of this paper is to find the upper bound of H 2’1(Ff /2) when the function f is the class of
close-to-convex function, K. The following Lemmas will be used to get the upper bound of H Zyl(Ff /2)
for class K.

Lemma 1.1. (Cited by author in [15]) If peP is of the form (7) with ¢, >0, then

G =2¢1, 9)

¢ =2f+ 2(1—412)42 : (10)
and

o5 =268 +4l- ¢t )eag, ~20- ¢ gt + 20- 2 )11 s (1)

for some ¢;¢[0,1] and ¢, 436532{2 GC:|Z|<1}. For{y1eD and ¢,eT={zeC:|z|=1}, thereis a
unique function PeP with ¢; and c, asin (9)-(10), namely,
p(z):l+(§§2+§l)z+§zzz , ZED.
1+(§1Cz*§1)2*é’22
For 1, {,eD and {3eT, there is a unique function PeP with ¢;, ¢, and cg asin (9)-(11)
; :1+(é_;14'3 +éil§2 +§1)Z+(€1§3 +§1€2§3 +§2)22+§323 ,2€D.
1+(Ggs + Gi¢o — 1)z +(Gags —alrds — 2 )27 — ¢2°

Lemma 1.2. (Cited by author in [3]) Given real numbers A, B, C, let

: Y(A,B,C)::max{‘ A+BZ+C22‘+17‘Z‘2 2265}

I. If AC20, then
| Al+[B]+[c], |B|>21-[c])
Y(AB,C)= B2
1+|A|+Z(1_|—C|), |B|<2-|c|)
. 1f AC<0, then
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2
1—|A|+Z(1:—C|), —4AC(C—12—1]£BZ/\|B|<2(1—|C|),
Y(AB,C)={1+|A|+ B BZ<min{4(1+|c|)2,—4Ac[i—1J}
4-[c]] c?
R(A,B,C) otherwise,
where
| Al+[B]-[c]. [cl(B]+4A]<| A8
R(AB,C)=1-|A|+|B|+|C], |AB|<|C|(B|-4 Al
2
(c|+| A 1- 2 otherwise.
4AC

The following theorem will prove the second Hankel determinant with entries are logarithmic coefficient
for the class of close-to-convex function with respect to the Koebe function.

Theorem 1.0. If the function f € K, (close-to-convex function), then

‘ 1173 —73 ‘ < 0.08513424068
The inequality is sharp.

Prove. From the following equation,

zf'(z
@) _pe)
9(2)
where g(z)= K(z)zﬁ is the Koebe function. Then, we have
1-z
21(z)=9(z)p(2). (12)
By differentiating the equation (12) and computing the coefficients of z2 ) 23 , and 7%, we get
1
as :1+Eclv (13)
1 2
as :§C2+§Cl+lx (14)
and
1 1 3
a4=zc3+5c2 +Zol+l- (15)
respectively. Note that, the logarithmic coefficients for y4, ., and y3 give
1
n= Eaz ' (16)
72 =2 ag-=a3 a7
275 BT 5% )
and
}’3=1 8, —apa3 +lag . (18)
2 3
respectively. Then, substitute the equation of (13), (14), and (15) into the logarithmic coefficients, (16) -
(18), yields
1 1
n=5+7% (19)
Ll i te ot
7’2*6C2+1201+4 1601’ (20)
and
i te i to st toe, Loz les
3Ty T 2 T AT T % T M T g™ (21)

Then, by applying Lemma 1.1 into the logarithmic coefficient (19) — (20), we have
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[y
[y

n=s+>é

= N
N

, 1 ) 1.1
e +ZE =
2= 15 < 3(1 =y )sz 6 1 2
and

re= i+ il-tlag, - Th-ct)ack
+20- 6 fa-leol s + -2 )

1

1
iy A
1241

6

(22)

(23)

(24)

. 2 . e
Note that, the second Hankel determinant denotes H2V1(Ff /2)= 7173 =72 . For simplification, we need to

let A1 =7173 and A, = }/22. From there, we get

Ay = %513 *%(1—4“12)4’1?2 —1(1—412)51422 +l(1+ 51)(1_412 )(1_|§2|2j§

1

L R TR VR B ) R R e B st

and

1 2 2 5
= —_— —_ +_
Az 144(;1 641)252 = G+ 16 T

+§£l—§12)§1§2 +%(1—§12)§2 +E§1

I U e

2
After that, we subtract the equation of A1 and A2 (A1 —Az =N)3—72), and it yields

1., 1 5 4 1,
A =— bt gt
A=A Cl ) 14451 36{;1

Srah-df )[

¢1- TR (1)

+ 8- )(——41——41—1(1 ) R g CR A I

and gives
1.3 1 5 4 1,2,
-A=—{+—+—C¢ ——
ATl =ttt gl Tt Y 48

36

Lh-)a+aa-1e,

—%(1—51 )(?1 +8)(¢+1)¢5 + (1+ ?1)( ?12)(1—|§2|2j§3

A). Suppose that ¢; =1, then

‘7173 72

72 24 144 36

1 1

72 24 144 36 48

=-—~0.083333
2

B). Suppose that ¢; =0, and |¢2|Sl then

‘7’173 V2 ‘

72 24 144 36
72

|11 1 2 1
|5t 5 OV -6

:£~021527

144

e

1 1
+
48 36

L+ L0 0) - R 0P S

48 36

-1 02)(0+8)(0)+ )3+ L0+ )02 -l )¢5

(1162 )¢5

-0 J-3)0)- 22,
—i(1—<1>2)«1>+s)((1)+1):22+§<1+<1>>6-<1)2)(1-|:2|2j43

b-0)2)(0)+3)(0)-1)z
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C). Suppose that ¢ €(0,1), Since |§3|51, we have
S
144

1 1 1
& —%512 +—t

1 1
nrs-vs =ﬁ§13+§§1+ 28 %(1_412)(§1+3)(§1_1)§2

7%(17512)(51 +8)(¢1+1)¢? +%(1+§1)(17C12)(17|§2|2)

and gives
21 )2 1 [288 44 2
"nr3 72—8(1+§1)(1 51){9(1+§1)+(1+§1)( 5 + 5 3152
LS A P SRR TS s W s
+(1+§1)[ g 9}42 1l ]+144+72+24 144"

Then, we have
| s =8| =+ a)l-c2 ] | AvBes +ccd -l ]

G 4 4 L

144 72 24 144

(25)

where,

L2 ,4G 2| o L [& 8
g B‘(lm)[ 9 "9 3} e C‘(1+41)[ 5 ¢ 9}

We tend to solve the equation (1/8)(1+ g“l)(l—g“lz)ﬂ A+B¢, +CL2 |+1_|§2|2J by using the lemma 1.2,

then we solve it together with the rest of the equation. The first step is showing the inequality of AC<O0,
for ¢;€(0,1), that gives

2
2[4 8,
91+¢1) 9 9
and further simplification, we have the following inequality,
(2¢, +16)
i — < ,
81(1+¢,)
which is showed decreasing for ¢; e(O,l). Since AC<0, we apply Lemma 1.2 only for case II. Before

we venture into more details, we know that the absolutes of A, B and C give

1 1
1 % |B|: !2512+4§1—6)2 ? and |C|: (§1+8)2 2
lAI:Z{(ngggl)Z} ’ (9+9¢,)2 ' 9 :

C1). Note that, the inequality of —4Ac[i2—1j— B2 <0, gives
C

8[_412_;1_8J R0 S
M N - S| 2f 4 2
9 “tg 9 9 3 .
— — <
(9+921 )(1+¢1 ) (1+¢1)?

Further simplification of the above equation, we have
— 4¢P — 48 —12803 — 24472 + 3564, —152 -

0
81(1+¢&1 ) (¢4 +8)

yields
— 4¢P -8By ~128¢2 - 2407 +356¢, ~152<0

By solving it computationally using the Maple software of the 2019 version for the equation, we have the
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following roots ¢ ~-8.453204077 , ¢; ~0.4958717766 and ¢; ~1. The root for ¢; ~0.4958717766 and
é,l =1 are hold for 4/1 € (0,1) of the inequality _44'15 — 48§f —128§f — 24;12 +356¢y —152<0- Now we look

into another inequality for | B |_2(1_| C | )< 0, which gives

[

& asf 202 124 o 1z 1
? - - —2+= 8)°|2 <0,
[(g+9§1)2 TP @+al ©+9aF (©0+94)F +9[(§1+ Ple <
and
@(?12 +2§1—3)—2+§(§1+8)<0-

By simplifying the equation, we get
2
457 +4§l—8<0’
(9+9¢,)
and

40k +40,-8<0,

which is false for ¢; e (0,2). Therefore, for the case C1 is not fulfilled
C2). Next, we move on to the inequality of B2 < min{ 4(1+| c |)2,4Ac[i21J} . From there, we have
C

2

2
al+|c|f =4 1+@ ,
which gives
2 2
slur[c|f -5 ENEL 1106 108 af o4y
81 9 81 = 81

Next, the following equation can be expressed as

2 2
8[‘%‘41‘2J el
2
9 "t g
—4Ac(i—1j=
c? (9+9¢)(1+¢1) ’

and by further simplify it, we get
_8r2 -
- 4Ac(i _1J _ 84“21 128¢, +136 _
81y +729¢, + 648

C2
By substituting any values for ¢; e (0,1) , and comparing the solution for the following equation,

580 (8)y¢f +16¢; +64 N act L84

81 9 81 81

and
-8 —128¢, +136
8172 + 7290, + 648
From there, we know that,

a{1+|c|f <-4AC [C—lz—lJ ,

Then, we can say that B2 <4(1+|C |)2 From that inequality, we know that B2 —4(1+|C|)2 <0, and
gives
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2
2f 4 2 )
—[ o 9 3] -4 1——“(4”8)2 <0
L+¢) 9 '

and further simplification, we get
16\ -3¢, +2

81(1+ ¢ )?
By solving computationally of the inequality above, we noted that the roots obtained are G =1 and

<0

Gr-2. These do not lie on the interval (0,1) for $q- Therefore, the case C2 is unfulfilled.

C3). Now, we look on the inequality of |C |(| B |+4| A| )5| AB| . Before that, we need to calculate them
separately for a better simplification. We know that

1
4[ (¢2 26, -3) JZ
2 1 4
pp - et +261-3) o g LG )

81(1+¢, ) 81

Then, the inequality of |C N B |+ 4| A|)_| AB | < 0, can be written as

(\/(§1+8)2)( (2512*441‘6)248){ ( L JJ (4){ MJ

(9+94 F 9+9¢, f (1+q)
9 * 81

208 +45,-6 8 CE+26-3
8 4) 21 %51 ¢
(Ga+ )[ 9494, +9+9ng+( )( (1+¢ P J <o

9 81
We can further simplify the inequality as follows,

and

200 #4223 +50¢7 + 424, + 28

81(1+¢, )?
From there, we can see that the obtained roots for the above inequality, yielding

<0

(540+60\/ﬂ)§ ~ 20
3

G=-2and &) =- ~3~-8.254730169 ,

1

(540+60v21 Jo

which the roots are not satisfied for ¢; e(O,l). Therefore, the case C3 is failed.

C4). Next, we look into the inequality of |AB|S|C |(| B |‘4| A| ) that gives

!§f+24173!2 > (2gf+4§176!2 1
@ e | Wlaer ) 4Es ‘(8)[ <9+9.:1>2]

81 9

(4)[41%24“1—3} (§1+8)(2§12+4§1—6_ 8 J

(1+4 ) 9+9¢; 9+9¢;
81 9
We can simplify the above inequality becomes,

2 (414 —11d 17t 510 —50) <0
81(1+¢; )? N

<0,

and.
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Then, we obtained the root for the inequality as follows,
¢1~—0.8602810742,

which the root obtained do not lie on the interval (0,1) for £ . Therefore, the case C4 is not satisfied.

2
Cb5). Lastly, we choose the inequality of (|c|+| A| l_leTC . Then

5 & a1

2
‘7173‘75‘3%(1+§1)(1_§12)(|C|+|Al gt 144 72 24 144

4AC

which gives,

2
268 4G z]
2[ —2-= | (9+9¢1)
2 9 9 3
(¢1+8) +2[ 1 ] 16

’ (1+§1)[—§1—§1 ]

‘7’17’3 -3 ‘ < 3—12(1+ Cl)(l— 412)

5 ¢F S
T4 " 72 T2 1 =)
Now, we determine in which of the half-plane (left or right) that provide the root on the interval (0,1) for

the function w(¢;). First, we observe the function w(¢;) for the right half-plane, which gives

2 ﬁJrﬁ—g 2(9+9c;)
£ +8) 2 9 9 3 '
w(¢)= 1+§1@ é’) c1+8), 16—

9 (9+94) (1+§1)[—§912‘ 1‘§J

+5§1 C1 Lo
144 72 24 144

By solving computationally for the numerical root finding, we obtained the roots for ¢£; ~1.005506079
which is false for ¢; e(O,l). Again, we used the same approach to obtain the root for the left half plane
for the function y(¢;). We have

( ) -1)(¢+8)  (-2) 2[24912+‘fl_§J (9+95)
w(c)= (1+§1) —¢1 [ 9 +(9+9§1)] © (1+§1){_;12— 1—8}

4
S & S
144 72 24 144
which gives the root ¢; ~0.9945678421, and this root holds for ¢} € (0,1). Therefore, we have,

‘ nrs—7s ‘ <y(0.9945678421) ~ 0.08513424

This concludes the proof.

Conclusions

We summarised the inequality in (25) that followed from the section A until C, the equality for the function
f e A provided by equation (12), where peP . It has the form of (7) with ¢; ~0.9945678421, ¢, ~1, and
{3 =1 that give,
z £'(z) _1+(1.989135684)z + 2° " 2¢D
9 (Z) 1-22
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