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Abstract  Commuting graphs are characterized by vertices that are non-central elements of a 
group where two vertices are adjacent when they commute. In this paper, the concept of 
commuting graph is extended by defining the generalized commuting graph. Furthermore, the 
generalized commuting graph of the dihedral groups, the quasi-dihedral groups and the semi-
dihedral groups are presented and discussed. The graph properties including chromatic and 
clique numbers are also explored. 
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Introduction 
 
In this section, some basic concepts of graph theory are explained.  
 
A graph Γ, consists of edges and vertices, where symbol 𝑉(Γ) represent vertices and 𝐸(Γ) indicate the 
edges [1]. In addition, if the edges pass ordered pair of vertices, such a graph is referred to as a directed 
graph; if not, it’s an undirected graph. Moreover, when an edge links two vertices, they are adjacent [2]. 
When a path exists between any two random vertices, it is a connected graph, otherwise it is a 
disconnected graph [3]. Meanwhile, when all vertices are connected to each other a complete graph is 
formed, denoted by the symbol 𝐾' [4]. Next, graphs with no vertices are defined as null graphs and 
denoted by 𝐾(, while empty graphs has no edges between its vertices, denoted by 𝐾) [2]. 
 
The idea of commuting graphs is presented from the commuting elements that do not belong to the 
centre of a group. In [5], commuting graphs are characterized by vertices that are non-central elements 
of a group where two vertices are adjacent when they commute. Research on commuting graph is fairly 
a recent phenomenon, which has developed in various contexts. 
 
In 2001, Segev [6] determined the commuting graph of non-solvable groups. In 2006, Bundy [7] studied 
the connectivity of commuting graph where he determined a necessary and sufficient condition for the 
connectivity of commuting graphs of the symmetric group of degree 𝑛. In 2008, Iranmanesh and 
Jafarzadeh [8] investigated the properties of commuting graph of symmetric groups and alternating 
groups. They conjectured that if 𝑛 is a finite group and its commuting graph is connected, then the 
diameter of the commuting graph of 𝑛 is less than or equal to an arbitrary natural number. In 2009, Bates 
et al. [9] found certain properties of commuting graphs of the symmetric group of degree 𝑛. The diameter 
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and disc structure of this graph were also investigated. In 2011, Chelvam et al. [10] discussed the 
commuting graph of dihedral groups. In addition, Raza and Faizi’s results [11] showed the chromatic and 
clique number of the dihedral group of order 2n. In 2013, Parker [12] investigated the commuting graph 
of a finite soluble group with trivial centre. In addition, he has shown that the diameter of such a graph is 
at most 8 or the graph is disconnected. In the same year, Azimi et al. [13] introduced Jacobson graph of 
commuting rings where they expanded the research on its isomorphism [14], cycles and paths [15], as 
well as found that all Jacobson graphs have a matching that misses at most one vertex and offer 1-factor 
decomposition of a regular subgraph [16]. Additionally, in 2015, Akbari et al. [17] studied inclusion finite 
graph of some finite groups. In 2016, Das et al. [18] determine up to isomorphism all finite non-abelian 
groups whose commuting graphs are cyclic, planar or toroidal. Moreover, they derived explicit formulas 
for the genus of the commuting graphs of some well-known class of finite non-abelian groups, and they 
show that every collection of isomorphism classes of finite non-abelian groups whose commuting graphs 
have the same genus is finite. Following that, Zaid et al. [19-21] have connected some commutativity 
degree with generalized conjugacy class graph, and characterize some finite rings of matrices where 
their zero divisor graphs are also found in 2020. Recently, square graphs of some finite groups have also 
been determined [22]. 
 
This paper is structured as follows: Section 1 provided some fundamental concepts of graph theory. In 
Section 2, the methodology of this research will be explained. The results and discussions will be 
presented in Section 3, followed by conclusion in Section 4. 
 

Methodology of the research 
 

In this section, the methodology of this research is presented. This research started with the study on 
the fundamental concepts in graph theory, which include different types of graphs and their properties. 
However, the focus of this research is on the commuting graph, presented in the following. 
 
Definition 1 [23] Commuting Graph 
Let be a finite non-abelian group with the centre denoted by  A commuting graph is a graph 

whose vertices are non-central elements of  i.e.  Two vertices  and  are adjacent 

whenever   
Later on, the commuting graph is extended where a new graph named as the generalized commuting 
graph is introduced, defined in the following. 
 
Definition 2 The Generalized Commuting Graph 
Suppose is a finite non-abelian group, and  a non-empty subset of  The generalized 

commuting graph  is a graph whose vertices are non-central elements of  in  i.e. 

 where  Two vertices  are adjacent if  

where   

In addition, the study on the commutativity degree, which is the probability that two elements in a group 
selected at random commute with each other was also conducted. It is found that the commuting 
operation has been widely used in group theory, which has motivated several researchers to associate 
this idea with graph theory. 
 
Therefore, several results on the commutativity degree, named as the probability that an element of a 
group fixes a set by conjugation are referred. However, only three groups, namely the dihedral groups, 
semi-dihedral groups and quasi-dihedral groups are considered. Since the focus of this research is on 
three groups, their definitions are given in the following.  
 
Definition 3 [24] Dihedral Group   
The dihedral group of order 2𝑛 is a group generated by two elements 𝑎 and 𝑏. The presentation of this 
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group is expressed as 𝐷': 〈𝑎, 𝑏: 𝑑' = 𝑏5 = 1, 𝑎𝑏 = 𝑏𝑎78〉. 
 
Definition 4 [24] Semi-dihedral Group 
The semi-dihedral group is a group generated by two elements 𝑎 and 𝑏 such that 𝑆𝐷 ≅
〈𝑎, 𝑏: 𝑎5' = 𝑏5 = 𝑒, 𝑎𝑏 = 𝑏𝑎5!"#78〉, where 𝑛 ≥ 3. 
 
Definition 5 [24] Quasi-Dihedral Group 
The quasi-dihedral group is a group generated by two elements 𝑎 and 𝑏 such that 𝑄𝐷 ≅
〈𝑎, 𝑏: 𝑎5' = 𝑏5 = 𝑒, 𝑎𝑏 = 𝑏𝑎5!"#@8〉, where 𝑛 ≥ 3. 

 
Next, the probability that an element of a group fixes a set by conjugation of these three groups are 
presented in the following three theorems. 
 

Theorem 1 [23] Let  be a dihedral group of order  such that  If  

acts on  by conjugation, then  represented as follows: There are  elements in the form 

of and  are in the form of  

Theorem 2 [25] Let  be a semi-dihedral group,  where  If  

acts on  by conjugation, then represented as follows: There are  elements in the 

form of  where  is even and there are  elements in the form of 

 where  is even. 

Theorem 3 [25] Let  be a quasi-dihedral group,  where  If  

acts on  by conjugation, then  given as follows: There are two elements in the form of 

 and there is only one element in the form of  

In the next section, the results of these probabilities will be associated with the newly introduced 
generalized commuting graph, where several theorems and examples are given. 

 

Results and discussion 
 

This section presents our main results. First, some general results on the generalized commuting graph 
are provided., followed by the results on the computation of the generalized commuting graphs of the 
dihedral group, the semi-dihedral group and the quasi-dihedral group. 
 
Generalized commuting graph of finite group 
In this section, results on the generalized commuting graph are given. As the generalized commuting 
graph has been defined in previous section, the following results indicate some properties of the 
generalized commuting graph. 
 
Proposition 1: If  is an Abelian group, then  is a null graph. 

Proof: Since all elements of  are in the center of the group, based on Definition 2,  It follows 

that  thus  is null. 
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Generalized commuting graphs of dihedral groups, semi-dihedral 
groups and quasi-dihedral groups  
In this section, generalized commuting graphs of the dihedral group, the semi-dihedral group and the 
quasi-dihedral group are presented. 
 
In the following theorem, the generalized commuting graph is found for the dihedral group. 
 
Theorem 4: Let  be a dihedral group of order  where  is even. Let  be a non-empty subset 

of  Then  

Proof: Recall from Theorem 1,  Based on Definition 2, the number of vertices in  is  i.e. 

 Now, two vertices  are adjacent if  It follows that, the vertices which are 

in the form of  are adjacent. The same is true for the vertices which are in 

the form of  Since   hence the vertices which 

are in the form of  are also adjacent to each other. Thus, there is a sequence 

of complete components of  graph, since each three commuting vertices are adjacent to each other 

and  thus there are  complete components of  graphs. The results then follow. 

Note that if  is a dihedral group of order  where  is odd, then the generalized commuting graph, 

 cannot be computed, as there will be no set  such that  and  as the center of 

will be the trivial center. 
The following example illustrates the generalized commuting graph of dihedral group of order 16. 

Example 1: Let  be a dihedral group of order 16 i.e.  Then,  

Solution: Based on Theorem 1, the elements of  are given as follows: There are eight elements in 

the form of  These elements are 

 There are four elements in the form of  These elements 

are   Now by applying Definition 2 and Theorem 4, there are 

 complete components of graph which are computed as follows: If  the vertices 

and  are adjacent to each other, since they commute with each other. Thus, 

there is a complete component of  graph. Similarly, when  and  there are three other complete 

components of   i.e.  

Figure 1 illustrates the generalized commuting graph of the dihedral group of order 16 in Example 1. 
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Figure 1. Generalized commuting graphs of the dihedral group of order 16 
 

 
Next, the generalized commuting graph of the semi-dihedral groups and quasi-dihedral groups are  
computed, starting with the semi-dihedral groups. 
Theorem 5: Let  be a semi-dihedral group,  where Let Ω be a 

non-empty subset of  Then,  

Proof: Recall from Theorem 2,  Based on Definition 2, the number of vertices in  is 

 i.e.  Now two vertices  are adjacent if  It follows that, the 

vertices which are in the form of  where  is even are adjacent to the vertices 

 where  is even. The same is true for vertices that are in the form of 

 where  is even. Since   is 

even, hence the vertices which are in the form of  where  is even are 

also adjacent to each other. Thus, there is a sequence of complete components of  graphs, since each 

three commuting vertices are adjacent to each other and thus there are  

complete components of  graphs. The results then follow. 
 
Figure 2 illustrates the generalized commuting graph of the semi-dihedral group in general. 
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Figure 2. Generalized commuting graph of the semi-dihedral group in general 
 
Next, the generalized commuting graphs of a semi-dihedral group of order 16 are illustrated in the 
following. 

Example 2: Let  be a semi-dihedral group, , where  Then 

 

Solution: Based on Theorem 2, the number of elements in  is six, represented as follows: 

and  According to Definition 2 and Theorem 5, the vertices 

and  are adjacent to each other, since they commute with each other. 

Thus, there is a complete component of  graph, similarly, the vertices and  

are adjacent to each other. Hence, there is another complete component of  graph. Therefore 

   
The generalized commuting graph of   semi-dihedral group of order 16 is illustrated in Figure 3.  
 

 

 

 
Figure 3.  Generalized commuting graphs of the semi-dihedral group of order 16 
 

Our last result is on determining the generalized commuting graph of the quasi-dihedral groups. 
Theorem 6: Let  be a quasi-dihedral group,  Let Ω be a non-

empty subset of  Then  
Proof: Recall from the proof of Theorem 3,  Based on Definition 2, the number of vertices in 
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is 3, i.e =3. Now two vertices   are adjacent if  It follows that, the 

vertices which are in the form of  are adjacent to the vertex Since 

there are two vertices which are in the form of  Thus,  consists of one 

complete component of graph. 

Example 3: Suppose  is a quasi-dihedral group, where 

 Then  
 
Solution: Based on Theorem 3, the number of elements of the set  is three, which can be 

represented as follows: two elements in the form of  and one element of the 

form  Next, when  the elements can be listed as  According 

to Definition 2 and Theorem 6, these elements are the vertices of the generalized commuting graph 
and they are connected (adjacent) to each other. Thus, there is a complete component of  graph. 

Therefore,  
The generalized commuting graph of quasi-dihedral group of order 16 is illustrated in Figure 4. 
 

 
 
 

 
 

Figure 4. Generalized commuting graph of quasi-dihedral group of order 16 
 
Clique and chromatic numbers of the generalized commuting 
graphs 
In the previous subsection, it was found that the generalized commuting graph of dihedral, semi- 

dihedral and quasi-dihedral groups are either a union of  complete graphs of three vertices, a union 

of  complete graph of three vertices and a complete graph of three vertices. 
 
Proposition 2 Suppose  be a dihedral group of order  in which  is even and let  be a non-
empty subset of  Thus, the chromatic and clique number of the generalized commuting graph 
of  is three. 
 

Proof: From Theorem 1, the generalized commuting graph of  is a union of  complete graphs 
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of three vertices,  Since the maximum size of the set of vertices in any complete graph 

 is  itself, therefore the clique number for  is three. Next, since all  vertices are adjacent 
towards each other, the minimum number needed to colour the vertices so that no two adjacent 
vertices have the same colour is also  Therefore, the chromatic number for  is three. The result 
then follows. 
 
Proposition 3 Suppose  represent the semi-dihedral group of specific order  in which  is even 

and let  be a non-empty subset of  Thus, the chromatic and clique number of the generalized 
commuting graph of  is three. 
 
Proof: From Theorem 2, the generalized commuting graph of  is a union of  complete graphs 

of three vertices, i.e.  Since the maximum size of the set of vertices in any complete 

graph  is  itself, therefore the clique number for  is three. Next, since all  vertices are adjacent 
towards each other, the minimum number needed to colour the vertices so that no two adjacent 
vertices have the same colour is also  Therefore, the chromatic number for  is three. The result 
then follows. 
 
Proposition 4 Suppose  represent the quasi-dihedral group of specific order  in which  is 

even and let  be a non-empty subset of  Thus, the chromatic and clique number of the 
generalized commuting graph of  is three. 
 
Proof: From Theorem 3, the generalized commuting graph of  is a complete graph of three vertices, 

i.e.  Next, since all  vertices are adjacent towards each other, the minimum number needed 

to colour the vertices so that no two connected (adjacent) vertices has the same colour is also  
Therefore, the chromatic number for  is three. The proof then follows. 

 
Table 1.  The Chromatic and Clique Numbers of Generalized Commuting Graphs 
 

Groups Number of component of 𝐾B Chromatic number Clique number 
Dihedral group 4 3 3 
Semi-dihedral group 2 3 3 
Quasi-dihedral group 1 3 3 

 
 

Conclusions 
 

This study proposed a new graph referred to as generalized commuting graphs. Based on the 
definition, some related graph properties are presented, in which clique and chromatic numbers were 
specifically provided. Finally, the generalized commuting graphs of the dihedral group, the semi-
dihedral group and the quasi-dihedral group were also determined. It was found that the generalized 
commuting graph for these three groups is complete component of  graph. 
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