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ABSTRACT

In this review, we would like to highlight the three known no-go theorems in quantum physics in relation to the process
of quantization that maps classical observables to quantum ones. The quantization approach considered is a mixture of
Isham’s group-theoretic quantization and geometric quantization with special emphasis on underlying compact phase
space geometry of spheres. The first is Groenewold-van Hove theorem that states the obstruction of quantizing the full
algebra of observables and in the sphere case, only limited to the spin observables plus the constant functions. The
other two are theorems of Bell and Kochen-Specker stating that the only hidden variable theories allowed by quantum
physics are nonlocal and contextual ones. We give simple examples of these no-go theorems and indicate some
interesting problems arising from them for the field of quantization.

| Quantization | Groenewold van-Hove theorem | entanglement | contextuality |

1. Introduction

In describing quantum physics, one usually faces two obstacles namely the mathematical framework on which
the theory is built upon and the realistic interpretation of the ensued theory. It is of course the latter that captures
the imagination of many including the laymen. The main problem is being the irreconciliable differences between
the classical world and that of the quantum. Progress over the 100 years of quantum has led one to adopt either
the extreme position of either [1]

e Quantum theory is fundamental and universal while classical world has only perspectival existence;
or

e Quantum theory is only approximate and derived from a more fundamental theory with classical
world exists absolutely.
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Our aim here is not really to substantiate any particular position but merely to reemphasize the problem of its
mathematical framework that has been most of the time relegated to the background. The importance of
mathematical tools in making the philosophical problems more precise is unquestionable, allowing the significant
progress made in the last few decades [2], and hence must be made more widely known.

Definite and rigorous as it can be, the mathematics underlying quantum physics is not as rock solid as one thinks;
at best it is a set of prescribed mathematical tools attempted to describe most but not all quantum systems. It is
thus the intent of this note to highlight some of the open problems associated to quantization. For this purpose,
we look into three no-go theorems in quantum theory. First, Groenewold van-Hove theorem [3, 4] is a no-go
theorem which is directly related to quantization procedure where the quantization map in usual circumstances
could not be extended to the full (polynomial) algebra of observables. The next two no-go theorems are much
less related to quantization since they often assume the usual structure of quantum mechanics and how this
structure can be made compatible with classical notions through the possibility of hidden variables. They are
Bell’s theorem [5], which is a no-go theorem for local hidden variables, and Kochen-Specker theorem [6], a no-
go theorem for non-contextual hidden variables. We will discuss the necessary ingredients of these theorems with
respect to quantization and indicate some possible research directions.

2. Quantization

Quantization is essentially a procedure of mapping classical observables i.e. functions of the phase space into
quantum ones in the form of self-adjoint operators acting in a suitable Hilbert space. The standard one being the
canonical quantization of which one merely looks for operators for conjugate pairs of observables that satisfy the
canonical commutation relation (CCR)

[éi’ﬁj] - ihdiji : (1

It was quickly recognised [7] that similar Lie algebraic structure exists at the classical level (using Poisson
bracket { e, e} ) and later the quantization procedure Q is codified as the Dirac problem [8]:

QD O(fi + ) = O(f) + O(f):

(Q2) Q(af) = aQO(f), aeR;

Q3) O({ /1, £21) = Wi [ O(f), O(/2)];

Q) 0 =1

(Q5) O(q"), O(p ;) are unitary equivalent to multiplication operator g’ and (1/ih) (8/0q’).

The problem of quantization grew complicated as one goes beyond standard quantum mechanics on vector spaces
R" and the ultimate problem of quantization seems to be quantizing gravity, which is highly nonlinear. On
nonlinear spaces, one normally has to take into account the underlying geometry of the system to properly
construct a well-defined quantum theory. One such procedure is the geometric quantization [8, 9]. The procedure
itself begins by finding a prequantization map (involving line bundles) that works on the whole phase space S to
ease the treatment of the Dirac problem and later cuts it into half (polarization) to get the operators effectively
acting only on the ‘configuration space’ M (Note that the quantization can also apply to phase spaces with no
obvious configuration half).
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A lesser-known quantization method that keeps close to earlier notions of quantization but yet maintains the
geometric ingredient is that of Isham’s group-theoretic quantization programme [10]. Here, instead one restricts

to phase spaces that are cotangent bundles S = T ‘M of the configuration spaces. The objects sought are
canonical groups that describe the global symmetries of the phase space and they are of the form (usually
minimal) subgroups of Diff (M) < C*(M,R) where b< denotes semidirect product. One then simply finds

irreducible unitary representations of the canonical group and their generators will furnish the needed quantum
observables. Of particular note here, due to the semidirect product structure of the canonical group, Mackey’s
powerful technique of induced representation theory can be employed [11]. Inequivalent irreducible unitary
representations thus pose as different quantizations of the same system. In contrast with geometric quantization,
the representations (and hence the operators) need not be on the configuration space and hence flexible enough to
give many other quantum systems. This very strength of the programme turns out to be its weakness too since the
representations obtained can be very rich to be given a physical interpretation.

For completeness, we ought to mention that there are other variants of the quantization procedure with different
starting points and emphasis (see [12]). Most notable to mention here due to their totally different origins and
also frequent use in recent problems are Feynman’s path integral approach [13, 14] and deformation quantization
[15, 16]. The path integral quantization kept close to the tradition of variational problem and ‘sums’ over all paths
of the particle or all field configurations in its formulation (hence the name). This technique is very much in use
modern theories of high-energy physics. Deformation quantization as the name implies, deforms the
multiplicative structure of observables. This technique has ramifications in areas like quantum groups [17] and
C*-algebra unifying framework for quantization [18].

3. Groenwold-van Hove Theorem

In the quantization process above, it is often thought that one needs only to generate the map for a few basic
observables and other (derived) observables will have their operator status automatically attained. The first

problem is of course associated operator ordering ambiguities such as for the combination qi p,; whose operator

could be §' p; or p ].(}i. The text-book solution is of course symmetrising between the two orderings but this

supplemented rule however causes problem. As one proceeds to built operator for higher order combinations, one
can no longer keep this rule consistent with the suggested map of the Dirac problem. Consider the Poisson
bracket identity

He'.p't=ap =ap.ra} . @
The left hand side of (2) on quantization gives
106,00 | = 0(9) Q(p)’ —2iQ()Q(p) - 31T 3)
while its right hand side gives
0@ ). 0P q) | = Q) Q(p) =2 Q()Q(p) — 11T )

This shows that one could not consistently quantize observables beyond quadratic combinations of g ’s and p ’s!
This fragility should come as a shock to those who blindly use the quantization map and this is the basic result of
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the no-go theorem of Groenewold-van Hove. Fortunately in most standard examples in quantum mechanics, such
problematic combinations are avoided but then it simply postpones the question of what can we actually
consistently quantize.

This theorem was successfully extended to nonlinear phase spaces by Gotay and his co-workers [19-22]. We
would like to particular note the case of the two-sphere phase space, S = S° [20], due to our interest in
describing qubit geometry. The classical basic observables are taken to be the angular momenta {S,, S,, S,}
where they are subjected to the constraint

SP+ S;+ 87 =5, ®)

with s as the angular momentum magnitude. The Poisson bracket for this phase space is given by

\ 9 og
, = - £, S ——= . 6
{f.g} Z w535 as, ©)
One can verify that (6) reproduces the SU(2)-like algebra
3
15,85 =~ Zkzlge‘/k S - ()

Analogous to CCR, the quantum relation corresponding to (7) should now read

3
[0(5),065)] = inY.e,06,) . ®)
k=1
while for relation (5) is
os?) = s'1 . )

By theory of angular momenta, one would have expect that

3

o)y = wjG+nl . (10)

i=1

So let’s suppose that the quantization map is given by

0(S7) = aQ(S)y + cl | (11)

and accordingly we can verify that

Q@&)=%@%$Q@J+Q@)ﬂ&»- (12)

Using this map, one again encounters problem as in the earlier case. Consider
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$°8, = {87-5,.55,} - {$,5,.5,,} , (10)
which gives
st = dn(j+D - 3) . (11)
Another relation is
28°5,8, = {87,{8,5,.8,5,}} - +{ 7. {s.8.8.}} (12)
which gives
s'=an(jj+) - 2) . (13)

Thus, the inconsistency shows that the quantization map given by (11) is not possible; we are only left with
quantization map of monomials S, ! This negative result however has its virtue in the sense of restricting the kind

of quantum angular momenta observable we can use i.e. the components plus the squared magnitude (which is
actually proportional to the identity) and nothing else.

At this juncture, it is tempting to generalize the obstruction to be universal but alas, a counterexample was found
by Gotay (resurging the initial interest of the theorem) for the case of S = T?[23], and another instance for

S =T *R+ [22]. The case of the two-torus is particularly interesting since the assumed phase space is compact
but the spectrum obtained is unbounded. This can however be understood if we reinterpret the problem [24] to be
on S = T'T? (hence no longer compact) where the symplectic form given in [23] is supplemented by the

standard one for the cotangent bundle. The quantization is made possible using group-theoretic quantization [25]
where the canonical (sub-)group acting on the configuration space is found to be similar to the Heisenberg-Weyl
group and the quantum map in [22] can be realized as one of its inequivalent representation.

4. Bell’'s Theorem

The simplest setting to discuss Bell’s theorem is to work with a composite spin-0 state given by what is now
known as (one of) the Bell state:

) = (D) - [4Im) (19

where ”> R l

composite state are allowed to travel far away from each other and subsequent separate measurements 4 and B
can be made onto the individual subsystems. Throwing in further degree of freedom of choice of orientation of
measuring the spins along direction @ at A and b at B, the correlation between the two measurements in

> are correspondingly the up and down spin- § eigenstates. The particles that compose the

quantum mechanics is given by
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C(a,b), = (¥|(0,-a)(o,-b)|¥) =-a-b . (15)

If instead, one believes there are local hidden variables A operating and influencing the subsequent results of
measurements, then its analogous correlation after tracing over the hidden variable is

C(a,b) = [dA p(2) 4,(A) B,(A) (16)

where p is some probability distribution and 4,(4) = £1 = B,(A). When a and b are parallel, we obtain

the quantum mechanical result C(a, a), = —1 for which we can impose 4,(4) = — B,(4) for consistency

of their results. Under this supposition, we have
C(a,b) = = [dA p(2) 4,(2) 4,(2) . (17)

Given a third possible orientation ¢ for the spin measurement, we can now show that the classical correlation
must obey the inequality

which is one of the family of inequalities known as Bell inequalities. One can easily check that the quantum
mechanical result violates this inequality simply by putting geometrically a-b = + = b-c anda-¢c = -3
to give 1 > 1.

The failure of (18) is attributed to the property of (14) allowing more correlations than classical locality allows
and the state structure being not separable |‘I’> #* |l//>1 ® |¢>2 is indicative of this property. It is instructive to

see the problem of such entangled state from the point of view of quantization. Earlier we show that discrete
(spin) angular momenta states can be obtained from quantizing the sphere. In the case of the (entangled) Bell
state, we would require to quantize the product of two spheres. If straightforward quantization is done on the
product of the two-spheres with canonical group SU(2) x SU(2), one could only recover the separable states.

Thus some nontrivial quantization is needed to realize entanglement.

Another interesting but not unrelated observation is that the spin-1 states has the geometry of complex projective
lines CP', which is equivalent to the sphere. Composite spin-1 states however form CP’ and obviously the

product CP' x CP" only forms a submanifold of CP’. Such geometrical characterization of separable quantum
states and also entangled ones have been well studied in [26] but whether such geometric information can arise

from a quantization procedure remains an open problem.
5. Kochen-Specker Theorem

Kochen-Specker theorem is essentially a theorem regarding valuation functions of observables i.e. whether one
can consistently assign values to observables. The observables considered are necessarily compatible to avoid
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problems associated with uncertainty principle. It is now known that for dimension of Hilbert space greater than
two, one could not do this consistently. Let us demonstrate this for the system of two spin-+ particles again,
giving a Hilbert space of dimension four.

Consider the nine observables for the system given in the Table 1 below [27].

Table 1: Six sets (three rows and three columns) of compatible observables.

1®0, o.®1 o, ®o0,
o, ®l I®o, o Qo
o ®o, o, ®o, o,®0,

Note that observables in each column or row are compatible and according to standard understanding of quantum
mechanics, they can be simultaneously measured and assigned values. Another property is that the product of
observables in each row or column is £ 1 and can be summarised in Table 2.

Table 2: Product of compatible observables.

R (1®0.).(0.®1).(0,®0.)=1®1

o (0.®1).(1®0,).(0,®0,)=1®1

© (0.®0.).(0.®0,).(0, ®0,)=1®1

“! (1®0.).(c, ®1).(c, ®c,)=1®]1

< (0.®1).(1®0,).(c. ®0c,)=1®1

- (0.®0.).(0,®0,).(0,®0,)=-1®1

Let us now consider that the individual spins can have definite values and we denote them by m,_, m_, m_,

my, m,, m ., m_,m, and m . Table2 can now be rewritten as Table 3 below.
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RI mlzmzlmzz = 1

R2 mm m_ =1
xl T Ix T xx

R3 mmm =1
Xz zx Yy

Cl mlzmxlmxz = 1

2 mm m_ =1
z X X

a3 m_m_m_ = —1

zz" Txx T yy

Table 3: Definite (symbolical) value assignments of products.

Note that each m appears twice and there are even number of pairs (six). Thus their product should be equal
regardless of *1 values taken by the individual pair. However there is a —1 in the last product of the table above

and hence the inconsistency. Note that this inconsistency arises from our insistence that the values are given the
same value irrespective of context i.e. noncontextual value assignment. If this is weakened, we can have the
following consistent valuation in Table 4

Table 4: Contextual value assignment of products
RI (D=1
R2 (=1
R3 (M) =1
Ci D=1
C2 DN =1
G MO =-1

Except the black color font, the values with the same color correspond to the same pair of m and are now to be
assigned values differently, for example 1 ® O, has value 1 in R1 but has value 1 in C1. This time, we need to

realize that the consistency is due to the contextuality.

How can we relate this with quantization? Note that the value assignments are essentially from the eigenvalues of
the Pauli spin operators. These operators again need to be realized from the quantization of the product of two
spheres we alluded earlier in the section before. It is not clear however how can there be an obstruction to
noncontextual assignment of eigenvalues but in a preliminary work reported elsewhere [28], we found that the
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eigenvectors of the spin operators can be realized as fixed antipodal points of CP' under the action of the
operators. The case of the product CP' x CP' < CP’ may or may not exhibit analogous behaviour due to

possible nontrivial group action arising from nonstandard quantization mentioned earlier. We hope to investigate
further on this.

6. Conclusion and Outlook

We would like to sum up that the mathematical framework of quantum physics is very much open in the context
of no-go theorems. In the case of Groenewold-van Hove theorem, it is still an open question as to what extent full
quantization can be done and what precisely characterizes the obstruction.

For Bell’s and Kochen-Specker theorem, they are now heavily researched by researchers in quantum information
and the progress may be used as an input to understand quantization better, particularly in drawing limitations
and excesses of the various quantization programmes. Particularly in our case, we would like to see how this
governs the choice of canonical group in the group-theoretic quantization scheme. The final goal, of course, is
that the progress may also lead to the understanding of the true nature of the quantum itself.
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