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Abstract One of the most important fields in clinical neurophysiology is an
electroencephalogram (EEG). It is a test used to detect problems related to the brain electrical
activity, and it can track and records patterns of brain waves. EEG continues to play an essential
role in diagnosis and management of patients with epileptic seizure disorders. Nevertheless, the
outcome of EEG as a tool for evaluating epileptic seizure is often interpreted as a noise rather
than an ordered pattern. The mathematical modelling of EEG signals provides valuable data to
neurologists, and is heavily utilized in the diagnosis and treatment of epilepsy. EEG signals during
the seizure can be modeled as ordinary differential equation (ODE). In this study we will present
an alternative form of ODE of EEG signals through the seizure.
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Epilepsy is a central nervous system (neurological) disorder in which brain activity becomes abnormal,
causing seizures or periods of unusual behavior, sensations, and sometimes loss of awareness [1].
Epileptic seizure symptoms may vary widely, some patient having epilepsy merely stare blankly for a few
seconds through a seizure, while others repeatedly twitch their arms or legs. Having a single seizure
doesn't mean you have epilepsy. Leastways two unprovoked seizures are mostly necessary for an
epilepsy diagnosis [2].
Treatment of the seizure can be by drugs or sometimes operation can control seizures for the majority
of patients with epilepsy. Some patients need lifelong treatment to control seizures, but others, the
seizures eventually go away [3]. EEG is an electrophysiological monitoring technique to record the brain
spontaneous electrical activity over a period of time [see figure 1]. It is characteristically non-invasive,
with the electrodes placed along the scalp, although invasive electrodes are sometimes used, as in
electrocorticography [4].
The mathematical analysis of EEG signals during the seizure still relies, mostly, on its visual inspection.
Due to the fact that visual inspection is actually very subjective and hardly allows any statistical analysis
or standardization, several techniques were projected in order to quantify the data of the EEG. One of
these techniques, Fourier Transform emerged as a very powerful tool capable of characterizing the
frequency components of EEG signals, even reaching diagnostic importance. Nevertheless, Fourier
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Transform has some disadvantages that limit its applicability and therefore, other techniques for
extracting hidden information from the EEG signals are required [5].
Feature space 𝑭

Fig 1: EEG signals of an epileptic seizure

Time 𝒕

To the moment, several techniques have been employed in the field of mathematical modelling of
epileptic seizures, each with varying outcomes and goals. In 1986, Destexhe and Babloyantz have used
the series of time for EEG records through a seizure to display the presence of deterministic dynamics
of a complex nature for epileptic seizures [6]. By matching and classifying the chaotic attractors through
ictic and between interictal seizures, they contended that an epileptic seizure is a low-dimensional state,
which has been further simplified via Stam as a “complexity loss” [7]. Few years later this concept has
been strengthened via Iasemidis et al. by calculating the reduction of the largest Lyapunov exponent
through a seizure [8], the outcome which has been further agreed in 1990 by Frank’s EEG analysis of
absence seizures, in which he actually indicated the existence of an underlying chaotic attractor [9].In
the last decade, more mathematics modeling has been developed to extract hidden information from
EEG data, for instance, in 2000, Ahmad et al. formulated a fuzzy-based topological model to classify the
foci of an epileptic seizure [10]. The model, called Fuzzy Topographic Topological Mapping (commonly
referred to by its abbreviation FTTM), involves containing a topology on the magnetic field of
magnetoencephalographic recordings and utilizes fuzzy methods to estimate the location of the epileptic
foci [11]. The epileptic foci here refer to points in the brain from which the seizures are assumed to
originate. This technique has been further refined eight years later to contain EEG input [12].
Finally, another technique has been developed to extract more hidden information from EEG patient’s
data [13]; dynamical system modeling is a key tool to describe a seizure as a dynamic physical process
or a continuous system which is represented by its motion. Furthermore, the representation can be
modeled as an ordinary differential equation (ODE). By utilizing the previous finding, this study provides
an alternative form of ODE of EEG signals during an epileptic seizure.

Methods
In this section, some existing definitions and /or outcomes that will be used in this paper are presented.
Definition 1 [14]
Let (𝑋, 𝑑% ) and (Τ, 𝑑( ) be metric spaces, where (Τ, ≺) is a linearly ordered set with the minimal element
𝑡+ in Τ and a linear order ≺. Let 𝑋 , be the set of all functions 𝑓: Τ ⟶ 𝑋. A dynamical system is a collection
𝜓(𝑡, 𝑥, 𝑦) of transformations of the space 𝑋 × Τ ; (𝑥, 𝑦) ∈ 𝑋 × Τ, into 𝑋 , , 𝜓(. , 𝑥, 𝑦) ∈ 𝑋 , satisfying the
conditions:
(I) 𝜓(𝑡+ , 𝑥, 𝑡+ ) = 𝑥
(II) 𝜓(𝑡, 𝑥, 𝑡+ ) is defined for all 𝑡
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(III) 𝜓(𝑡, 𝑥, 𝑡+ ) is unique , i.e. 𝜓[𝑡, 𝜓(𝑡, 𝑥, 𝑡< ), 𝑡< ] = 𝜓(𝑡, 𝑥, 𝑡+ ) for all 𝑡+ , 𝑡<
(IV) 𝜓(𝑡, 𝑥, 𝑦) is continuous in all arguments
The point (𝑥, 𝑦) ∈ 𝑋 × Τ is called an initial condition. The function 𝜓(. , 𝑥, 𝑦) for a fixed (𝑥, 𝑦) is called a
motion. The set of points 𝑋 = {𝜓(𝑡, 𝑥, 𝑡+ ); 𝑡 ∈ Τ} is called a trajectory of this motion.
A continuous dynamical system is one of the types of the dynamical system, which is a system that has
evolved over time and been denoted by the variable 𝑡, where 𝑡 is a real number, and it can be expressed
as an ODE as follows
𝑑𝑥
= 𝜑(𝑥) ; 𝑡 ∈ ℝ
1
𝑑𝑡
where 𝑥 ∈ 𝑋 ; represents the system state, 𝑋 being phase space [15].
Definition 2 [16]
Let 𝜓 is a unique trajectory at 𝑥+ . The flow of

CD
CE

= 𝜑(𝑥) ; 𝑡 ∈ ℝ is the map Φ: Ω ⟶ Τ ,

(𝑡, 𝑥) ⟼

𝜓(𝑡, 𝑥), where 𝜓(𝑡, 𝑥) is the maximal trajectory at 𝑥 defined on a maximal interval 𝐼D = JΤK (𝑥), ΤL (𝑥)M,
and Ω is the set Ω = ⋃D∈,(𝐼D × {𝑥}) ⊆ ℝ × Τ , where Τ is an open subset of ℝP .
Theorem 3 [15]
Suppose 𝜓 ∈ 𝑋(𝑈, ℝP ), where U is open subset of ℝPL< is Lipschitz continuous. Around each point
(𝑥+ , 𝑡+) ∈ 𝑈 we can find an open set 𝐼 × 𝑉 ⊆ 𝑈 such that 𝜑(𝑥, 𝑡) ∈ 𝑋(𝐼 × 𝑉, ℝP ), where 𝐼 is a compact
interval and 𝑉 is a compact set.
Theorem 4 [17]
The signals of EEG during an epileptic seizure can be represented by the following ODE
𝒅𝒙
= 𝝍(𝒙(𝒕, 𝒙𝟎 , 𝒕𝟎 ), 𝒕) ; 𝒕 ∈ ℝ
𝟐
U
𝒅𝒕 (𝒕,𝒙𝟎,𝒕𝟎)
where, if the equation 2 is a continuous time dynamical system during the seizure, then the function 𝜓 it
should has a unique function that satisfy equation 2 starting at initial state 𝑥+ and initial time 𝑡+ , where
𝑥(𝑡, 𝑥+ , 𝑡+ ) is a dynamical system (i.e. 𝜙(𝑡) ; ∀𝑡 ∈ ℝ is a corresponding motion), and (𝑥+ , 𝑡+ ) is a stationary
point during the seizure.

Alternative from ODE of EEG signals during the seizure
Our main goal in this section is to show that equation 2 it can be transfer to alternative form based on
vector fields. First, we have the following lemma:
Lemma 1
Suppose 𝜓 ∈ 𝑋 , . For all 𝑥 ∈ Τ there exists an interval 𝐼D ⊆ ℝ containing 0 and a corresponding unique
maximal trajectory Φ(. , 𝑥) ∈ 𝑋 , (𝐼D , Τ) at 𝑥. Moreover, the set Ω is open during the seizure and Φ ∈
𝑋 , (Ω, Τ) is flow during the seizure on Τ, that is, Φ(0, 𝑥) = 𝑥 , Φ(𝛼 + 𝑡, 𝑥) = ΦJ𝑡, Φ(𝛼, 𝑥)M, 𝑥 ∈ Τ, 𝛼, 𝛼 +
𝑡 ∈ 𝐼D ; 𝑡 is a real time of EEG signals.
Proof
Assume that (𝑥+ , 𝑡+ ) ∈ Ω is a stationary point Jimplying 𝑡+ ∈ 𝐼D^ M and set 𝜔 = ΦD^ ([0, 𝑡+ ]). By theorem 3
there exists an open neighborhood J−𝜖(𝑥), 𝜖(𝑥)M × 𝑈(𝑥) of (0, 𝑥) around each point 𝑥 ∈ 𝜔 such that Φ is
defined and 𝑋 , on this neighborhood . Since 𝜔 is compact, finitely many of this neighborhood cover
{0} × 𝜔. Thus there exists 𝜖 > 0 and an open neighborhood 𝑈 of 𝜔 such that Φ is defined on (−𝜖, 𝜖) × 𝑈.
Next, let 𝑧 ∈ ℤL so large that

E^
e

< 𝜖 and pick Κh (𝑥) = Κ iΚhK< (𝑥)j, where Κ(𝑥) = Φk^ (𝑥) is 𝑋 e for 𝑥 ∈ 𝑈 by
l

construction. Since Κh (𝑥+ ) ∈ 𝜔 ⊂ 𝑈 for 1 ≤ 𝑗 ≤ 𝑧, there exists an open neighborhood 𝑈+ ⊆ 𝑈 of 𝑥+ such
that Κ e is defined on 𝑈+ . Furthermore, Φ(𝑡, 𝑥) = ΦJ𝑡 − 𝑡+ , Φ(𝑡+ , 𝑥)M = ΦJ𝑡 − 𝑡+ , Κ e (𝑥)M is defined and
smooth for all (𝑡, 𝑥) ∈ (𝑡+ + 𝜖, 𝑡+ − 𝜖) × 𝑈+ where, 𝑡+ is initial time and 𝑥+ is initial state of equation 2.
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Theorem 2
Suppose 𝜓(𝑥+ ) ≠ 0. Then there exists a local coordinate transform 𝑦 = 𝜑(𝑥) such that the ODE 2 of EEG
signals during the seizure can be transformed to the form 𝑦 q = (1,0, … ,0) at any time.
Proof
Consider all points starting on the feature space 𝑥< = 0 . Then the point ΦJ𝑡, (0, 𝑥s , … , 𝑥P )M should be
mapped to the point (0, 𝑥s , … , 𝑥P ) + 𝑡(1,0, … ,0) = (𝑡, 𝑥s , … 𝑥P ). Hence the inverse of the map we are
looking for should be given by
𝜁(𝑥) = ΦJ𝑥< , (0, 𝑥s , … , 𝑥P )M
which is well defined in a neighborhood of 0. The Jacobi determinant at 0 is given by
𝜕𝜁x
𝜕Φ 𝜕Φ
𝜕Φ
𝑑𝑒𝑡 v yz
= 𝑑𝑒𝑡 | ,
,…,
}U
= 𝑑𝑒𝑡𝕝P = 1
𝜕𝑥h D{+
𝜕𝑡 𝜕𝑥s
𝜕𝑥P E{~,D{+
Since 𝜕Φ⁄𝜕𝑥 |E{+,D{+ = 𝕝P and 𝜕Φ⁄𝜕𝑡|E{+,D{+ = 𝜓(0) = (1,0, … ,0) by assumption. So by the inverse
function theorem we can assume that 𝜁 is a local diffeomorphism and we can consider new coordinates
𝑦 = 𝜁 K< (𝑥). Since 𝜕𝜁h ⁄𝜕𝑥< = 𝜓h J𝜁(𝑥)M our system reads in the new coordinates
K<

𝜕𝜁h
𝑦hq = v y
𝜓 (𝑥) = 𝛿<,h ,
𝜕𝑥x ‚ ƒ„(D) x
Which is the required form.

Discussion
Epileptic seizure is an extremely complex dynamic process due to its nature in exhibiting high variability
i.e., high number of state variables. However, dynamical system model of EEG signals can be a good
platform to represent the seizure dynamically. As a matter of fact, the previous study was initial point to
represent EEG signals during the seizure as ODE. The vectors field in mathematics is a string and direct
way to view a novel representation of the ODE of EEG signals during the seizure and make it much
straight and stable.

Conclusion
This paper presented an alternative form of ODE of EEG signals during an epileptic seizure using vectors
field. In general, the current results may assist us to thoroughly examine features of EEG signals during
an epileptic seizure.
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