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Let fi=fp+t(modl) be one-parameter family of circle homeomorphisms with a break point, that is,
the derivative Dfy has jump discontinuity at this point. Suppose Df satisfies a certain Zygmund
condition which is dependent on parameter y>0. We prove that the renormalizations of circle

homeomorphisms from this family with rational rotation number of sufficiently large rank are

approximated by piecewise fractional linear transformations in ct*h and c? -norms, depending on
the values of the parameter y €(1/2,1] and y e(1+x) , respectively.
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INTRODUCTION

One of the most studied classes of dynamical systems are

orientation-preserving homeomorphisms of the circle S*=R'/Z".
Poincaré (1885) noticed that the orbit structure of an orientation-

preserving diffeomorphism f is determined by some irrational mod
1, the rotation number p= p(f) of f , in the following sense: for
fj(f)—> jp(modl), jeZ" is

orientation-preserving. Denjoy proved that if f is an orientation-

any £eS' the mapping

preserving C'- diffeomorphism of the circle with irrational rotation

number o and log f’ has bounded variation, then the orbit
{f'(f)}jeZl is dense and the mapping (&) — jo (mod 1) can

therefore be extended by continuity to a homeomorphism h of circle
which conjugates f to the linear rotation f :&—&+p (mod ).

In this context, it is a natural question to ask, under what conditions
the conjugation is smooth. The first local results, that is the results
requiring the closeness of diffeomorphism to the linear rotation, were
obtained by Arnold [1] and Moser [17]. Next, Herman [10] obtained a
first global result (i.e. not requiring the closeness of diffeomorphism
to the linear rotation) asserting regularity of conjugation of the circle
diffeomorphism. His result was developed by Yoccoz [19], Stark [18],
Khanin and Sinai [13, 14], Katznelson and Ornstein [12], Khanin and

Teplinsky [15], Akhadkulov et al. [3]. They have shown that if f is
C? or C*** and rotation number p satisfies certain Diophantine

condition, then the conjugation will be at least C' . Notice that the

renormalization approach used in [14] and [18] is more natural in the
spirit of Herman’s theory. In this approach, regularity of the
conjugation can be obtained by using the convergence of
renormalizations of sufficiently smooth circle diffeomorphisms. In
fact, the renormalizations of a smooth circle diffeomorphism converge
exponentially fast to a family of linear maps with slope 1. Such a
convergence together with the condition on the rotation number (of
Diophantine type) imply the regularity of conjugation. A natural
generalization of diffeomorphisms of the circle are homeomorphisms
with break points, i.e., those circle diffeomorphisms which are smooth
everywhere with the exception of finitely many points at which their
derivatives have jump discontinuities. Circle homeomorphisms with
breaks were investigated by Herman [10] in the piecewise-linear (PL)
case. The studies of more general (non PL) circle diffeomorphisms
with a unique break point started with the work of Khanin and Vul
[16]. Apparently, the renormalizations of circle homeomorphisms
with break points are rather different from those of smooth
diffeomorphisms. Indeed, the renormalizations of such a circle
diffeomorphism converge exponentially fast to a two-parameter
family of Mébius transformations. Applications of their result are very
wide in many branches of one-dimensional dynamics, examples are
the investigation of the invariant measures, nontrivial scaling and
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prevalence of periodic trajectories in one parameter families. In
particular, they investigated the renormalization in the case of rational
rotation number. Using convexity of the renormalization analyzed
positions of periodic trajectories of one parameter family of circle
maps and they proved that the rotation number is rational for almost
all parameter values.

The purpose of the present work is to study the asymptotical
behavior of the renormalizations of circle homeomorphisms with
rational rotation number of enough large rank and satisfying a certain
Zygmund condition dependent on a parameter ¥ >0 . In Theorem 1,

we show that if ¥ € (1/2, 1], then the renormalizations converge to

the piecewise Mobius transformations with speed O(n™) in C*-
norm and the second derivative of the renormalizations converge to

the piecewise Mabius transformations with speed  O(n"™) in L

-norm. Moreover, we show that if y e (1, +0o0), then the second
derivative of the renormalization convergence to the piecewise
Mbbius transformations with speed  O(n™“™) in C°-norm. Since

the speed of convergence of renormalizations is shown in explicit
form. we believe that this result will have many applications in the
future.

Renormalizations of circle maps with rational rotation
numbers

Consider one-parameter family of circle
f(x), xeS* with abreak point X, , that is,

homeomorphisms

f(x)=f,(x)+t (mod1), xeS, te[0,),
where f; satisfies the following conditions:

(@) fo € C (X, X, +10);

(ii) inf f, >0;

(iii) f, has one-sided derivatives f,'(x,£0)>0 and

& =/ £, (x,—0) /£ (x,+0) £1.

The number o is called size of break. The rotation number

P, = p(f,) is defined as follows:

. F"(x
D, = ||mﬁ(m0dl), xeR', where F =f,+t.

n—w n t

Fixing an arbitrary rational number p/qe(0,1), then it can be
expressed as a finite  continued  fraction  expansion:
p/q=[k,K,,...K.], K, >1. We refer to the number

r(p/qg)=n as the rank of rational number p/(. To be emphasize
that the rational number depends on its rank N, we set
p,=p, q,=0. Let p,/q,=[K.K,,...K,], 1<m<n be
“rational convergence” for P/(. The denominators g, satisfy the
recursive relations: @, =K 0, +0,_, for 1<m<n, with initial
9% =1q,=0. the
homeomorphisms f[ from the family (1), with rational rotation
pe=pla. Let I(p/a)={t:p=p/q}. Fix
tel(p/q) and denote f:=f,. Since the rotation number

conditions Now  consider circle

number

£, =Pp/q is rational, for each tel(p/q) the map f, admits at
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least one periodic orbit with  period Let

O (), q,) ={r =f'(r,), 1=0.1...,(q,~ D}

periodic orbit with period (|, . Taking an arbitrary point on the orbit

q=4q,.

be an arbitrary

X, € Of (ro, qn), below we define the finite sequence of dynamical
partitions P, P,,..., P, of the circle. Denoted by A" the intervals
[qu’ X,], for m odd, and [X,, qu], for m even. The intervals
A" = £1(ATY), for i=01,...,q, and A = fI(A), for
j=01,...,q, . cover the whole circle (without overlapping except

at end points) and form the mth dynamical partition {P,}, for
m=0,1,....n=1. Consider the

P ={A"Y i=01,..,(q,-1)} Endpoints of the intervals
A" =[F(x,), fi(XqH)], 0<i<q,—1 are periodic points with

system  of intervals:

period g, and the system of intervals P, , cover the whole circle and
it is called partition generated by periodic orbit O; (I, 0,) . Denoted
by [y;, ¥,]. the interval formed by consequent points of the orbit
O, (r,, qn) which contains the break point X, . Introduce normalized
coordinates Z in the interval [y,,y,] by the formula
X=Yy,+ Z(yz_yl) : the fn (Z)
corresponding to the return map f * (X) in the normalized coordinate
system:

Now we define function

fn (Z) — f* (y1+ Z(yz_ y]_)) Y
(1) Y=Y
The map f,(z) is called renormalization of homeomorphism f on

, ze[0,1]

the interval [y,, Y,]. Notice that here N is the rank of rational
rotation number p, = p/q, tel(p/q).

Zygmund class and main results

In order to formulate our result, we have to define a new class of
circle maps. For this, we consider the function Z,, :[0,1) — (0, +o0)

such that Z,(0)=0 and Z,(x) = (—Iog X)_y , xe(©,), y>0.
Let f be the circle homeomorphism with a break point X, . Without

loss of generality we assume X, =0. Denote by A’f'(¢, 7) the

second symmetric difference of f'on [0, 1] i.e.,

A T'(¢ ) =T +7)+F(¢ - 1) -2f(()

where { €[0,1] and 7€[0,1/2] suchthat § +7, -7 <[0,1].

Suppose that there exists a constant C >0 such that the following
inequality holds:

[A* ¢, ) <CrZ,(2). 2
L=(o.1) ’

We remind that the class of real functions satisfying (2) with

Z},(r) =1 is called the Zygmund class [20]. Hu and Sullivan [11]

applied this class to the theory of circle homeomorphisms for the first

time. Denoted by HY (Sl\{Xb}), the class of circle

homeomorphisms f with a break point X, , whose derivative f' has

bounded variation and satisfying conditions (i)-(iii), and the inequality
(2). Piecewise Mdbius transformation is defined as follows:
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o'z
o (o -1 z+d(c?-1)+1’
6.0 |7 DzrdeT D

if ze[0,d],

oz+do(c® -1)
(c-)z+do(c?-1)+1’
where d =(X,—Y,)/(Y,—Y,) . Our main result is the following
Theorem 1. Let f, e H** (S'\{x,}), >0, tel(p,/q,) be

circle homeomorphisms from the family (1) with rational rotation
number p, = p/q of rank N . Then, there are constant C >0 and

natural number n, =n,(f) such that, for all n>n, the following
inequalities hold:

it ze[d,1].

C n n
I0=Co oo =7 1= Cillluqomon= -5, when
If,~G, | <<, ey when
d fict oMy ™

0 _1
)~ gt

where the constant C is not depend on n, t and chosen periodic
orbit.

In the next sections, we will give a sketch of proof of Theorem 1.

Note that the class H*** (Sl\{xb}) 7 >0 is wider than C2** | but

our estimations are weaker than Khanin and Vul’s [16]. The proofs of
main theorems based on distortion estimates. Zygmund condition
plays an important role in the estimation the distortion. This allows for
a considerable simplification of the proof and essentially makes it
easier. Note also that similar results are obtained in [8], [9] with
weaker estimation.

Estimates for the ratio of ™ -distortions and comparing
relative coordinates with mébius functions

The distortion of the interval | with respect to the function f is
RIOII
|11
composition:  for
R(I;fog) =R(l;9)-R(g(1);T) . For any X €[a, b] we can consider

the distortions: R, (X) =R([a,X];f) and R, (x) =R([X, b]; ).
Now, we define relative coordinates on the intervals of dynamical

P and the ratio of f% -

n

R(I;f) =

. The distortion is multiplicative with respect to

any two functions f and g we have

partition distortions, i.e. distortions of

intervals with respect to f™ . Then, we describe the ratio of f -

distortions by initial relative coordinates and we provide estimates for
this description and its derivatives. Consider the dynamical partition

P which is generated by periodic orbit O (1, 4,). Let [y,, Y,]

n

the interval of P, which contains the break point X, . If the point lies

P cover the

on the periodic orbit, then two intervals of the partition b,

point X, with endpoints. In this case as [Y;, Y,] we take such that
Yi=%. To X =%
P =[y,, ¥,] and consequently f*(A"™)=A""  Notice that

simplify, we take By assumption

the renormalization map f is represented as a composition

n

f.(z) =F,(F(2)) of two functions F, and F,, corresponding to

maps  TIAT 5 A" and AT 5 AT AT

446

respectively. Introduce the relative coordinates Z; A(" = —)A,(T)

forall 0<i<q, —1, by the formula:

_ - f') C ACD.
R EVAREEIA) ’

To simplify notions, we denote:

3= 1) b=fl) x=fEea™ 0<icq -1 o

Put

e ) -f(a)
7 e[l/2,1), m"_exp{; 2f'(b;) }

Since x, e A" =[y,y,]. we consider intervals

7 AlL™ X i <, —1 which no contain the break point. Denote

R({f(y,), f091: £)

~ xe A, (4)
RIF(x). fCy, )1 £7)

U, (f(x)) = log

~logm,,

Since f(x)=a,+z(b —a), we set
Un(zl) = Un(al +Zl(bl_a1)) .
In the following lemma, it is provided the estimation for U, (z,),
which are proved analogously as in [2], Lemmas 5.1.-5.4.
Lemma 1. Let H" S\{x ], tel(p/g) be circle

homeomorphisms from the family (1) with rational rotation number
=p/q of rank N. Then there are constant C >0 and natural

number N, =n,(f) such that, for all N> n, the following inequality
holds:

C auv,(z,), C
max |U (z,)K—, max |z <—, when 0,+ ),
215[0,1]| ()] n’ ZE[Ol]l (1-2) dz, < N 7 €(0,+)
du,(z), C dU (z) C
zrllg[01]| dz, <n7 4 [01]| z,(1-2,) 0z’ IK— Py when ¥ € (L +o).

Next define relative coordinates of points of the intervals
AT = AT by
R f On-1 _
Zg,1= v yl! where y=a +z(b-a).
Yo=Y

We show that relative coordinates 2qn—l are approximated by Md&bius

transformations of z, for sufficiently large N. To characterize these

approximations more precisely, we define a Mébius transformation as
follows:

2N
M@= TN

Lemma 2. Let f eH"” S'\{x,}), tel(p/q), y€(0,+x) be
circle homeomorphisms from the family (1) with rational rotation
number p=p/q of rank Nn. Then, there are constant C >0 and
natural number n, =n,(f)
inequalities hold:

such that, for all n=n, the following
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5 C

” an—l_ Mm" ||Cl([0'1])S n_}/'

Proof. First, we will find the explicit form of Zqﬁfl. A not too hard
calculation shows that
-2,z RO f(y )l £ )
2,1 1=z R([f(y) fOOL %)
On the other hand, relation (4) implies that
R([f(x),f(y)]; f* %) 1
([ ( ) (yz)] ; 71) — —-eXp{—Un(Zl)}.
R([f(y,), f)L £*7)  m,
Therefore, the last two relations give us

1-2
4 =mi-exp{—un<z1)}.

Gn -1 .
1 n

Z, 4 1-z

Solving last equality for 2, ; gives
Zlmn
(1_ Zl) exp{— l-Jn (21)}+ Z,m,

zq" -1 (Zl) =

1
By Lemma 1, we have exp{-U, (z,)}=1+ O(n—7) . Then equality

(5) implies that

C
max |z .(z))-M_ (z,)|K—.
zle[%,)if] I qn—l( 1) m, ( 1) | n;,

forall n=n,. By differentiating equality (5) we obtain

(1+ Z (1_ 21) U:\ (Zl))mn EXp{— Un (Zl)}
(@-z)exp{-U,(z)}+z,m,)’

2;“‘—1(21):
1
By Lemma 1, we have EXp{_Un(Zl)}=1+O(n_y) and

1
|z,(1-2) VU, (z) |= O(—y) . Then last equality implies that
n

C
51 _ ’ < _
max 12, 1(2,)-M;, (2,) [ -

for all n > n,. Inequalities (6) and (7) imply the assertion of Lemma
2.

The following lemma shows that for sufficiently large n, the

relative coordinates Zq are approximated by Mdgbius transformations

n

in C*-normwhen 7 >1.

Lemma 3. Let f €H™ (S\{x,}), tel(p/a), ye(l+) be
circle homeomorphisms from the family (1) with rational rotation
number o= p/q of rank n. Then there are constant C >0 and
natural number n, =n,(f) such that, for all n>n, the following
inequalities hold:

s C " c
I 241~ an ”cl([o,l])g ' I Zq1~ an ”c“([o,l])S e

Proof. First inequality in (8) immediately follows from Lemma 2. To

511
prove second inequality of lemma we find explicit form for an 1

g m, exp{_Un(z1)}(Un'(Zi)(221_21(1_21) U:I(Z1))_ Z1(1_21) U;'(Zl))
Wt (t-z)expf-U, @)} +2,m, )2
2m, exp{-U, (2)}(1-2,(1-2,) U} (z,) ) (m, -exp{-U, (z,)}+ (L-2,) U} (z,))
_ (t-z)ep{-U @)} m, | |
This equality and Lemma 1 imply second inequality in (8). We are

done.
It follows from the definition of relative coordinates of z,

that the functions =, and F, can be written as follows:
F Ot 2,0y, ¥1)) - ()
Fy,) = 1y.)
qn’]- — —_
£ (2) = FH () + 2, (Fy,) - F ) -y
) Yoo
and f, (z) =F,(F(2)) . Define the following piecewise fractional

F(z,) =

linear function:

2
—Th it gz e[0d],
NP R Ca
Yz +d(0? -1
LITT I it z,e(d 1]
1+d(c?-1)

(6)
4z, /ol
Lemma 4. Let feH™7(S\{X.}), tel(p/q), y€(0,+0) be
circle homeomorphisms from the family (1) with rational rotation
number p=p/q of rank n. Then there are constants C>0,

0< A <1 and natural number n, =n,(f) such that, for all n>n,
the following inequalities hold:

1E=hy ooy SCA if 7€(01/2];
IRy gy SCA" if 7€+
“ Fl_ hd ||Cl([0']_]\{d})S Cﬂ’n’ | Fl”“Li([O,l], d()S Cﬂ’n’ If }/ € (1/ 27 1]

Prm Let y, <x<x,. Since f' satisfies the condition (2), we
obtain

X—

f00-fly) _ 1 j
X=Y, 0

, X+ , X+
(f <Tyl+y)+f (Tyl—wjdy=

Then we get

00+ '(y.)
2
Y <X<%, ©)

FO) = (1) = (x=ys)
+HX=y1)O(1 4, | Z, (| A 1)),

8
) Similar calculations show that
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£ £ 0 f(x)_f(yl) if Y, <X <X
[0 ) = () -0 et N L O R e L
Hx=%)00 4 1Z,( A 1), % <X< Yy, (10) ff ((;))__ ff((x)*:); ff((x)?))__ff((t)) it ox <x<y,
. f'(%, +0)+ f'(y,) o’z,+0(2") _
fy,)—f(x,)=(,—x%) 5 1 d(o?1)+0(")' if z,€[0,d],
5% 0014 1Z,(1 4, ) 1) L8 D00 L g

1+d(c? -1)+0(4")
f'y) + f'(x,—0)

f(x,)— () =(X,— ) where d =(X,—Y,)/(y,—Y,) . Differentiating the initial form of

2
+(%,— Y1) O Ay | Z, (| A, 1), (12) F.(z,) and using relations (14)-(17), we have
It follows from Theorems 4.1 and 4.3 in [2] that Flz,) = (v, y,) F(x) _
] ¢ calll | 13 e f(yz)_f(yl)
[/ _ [/ S Q ; ) : ,
I0-FOCRI ) xye © sioun
> —, if z,€[0,d],
where 1+d(c”-1)+0(2")
1., . 1+0(A") :
s(log=)"7, if (5, ) €(0,1)x(0,9), , if z,e(d, 1]
( 95) (6, 7)€(0,)x(0.1) T+ d(o? 1) 00" 0 €(d 1]
Q(5; ¥) =4 5(loglog %), if (3, 7)e(0,1)x{L}, So, we have proven that if y € (0,+00), then the function F,(z,) is
5, it (S, 7)e0D)x (L +oo). approximated by h,(z,) in C'- norm. Suppose that y >1.
According to Theorem 4.3 in [2], we have that f €C?. Then it is

In fact, the function C(S; y) is the modulus of continuity of the  easy to see that
2 " "
- (X -y (X
PR DL | I e DI TR
the bound on continuity intervals of f’, we get | f(y,)—T(y,) | (&)1
()= F0-0+0QA | 7)), Yy <x<x F(X)=Fx+0)+OQ Ay | 7)), % <x<V, where & e(Y;, Y,) and & #X,. Similarly, one can show that

functions satisfying relation (2) for the different cases of 7. Using

! , IFE" ()]l 1SC&", when ¥ € (1/2, 1]. This finishes the proof of
F(y,) = £'(x,=0)+ O(Q(| A, |; »)); S

Fy,) = £'(x,+0)+O(Q( A, [ 7))-
It is well known that | A, |<CA" where 2, =(1+e™) Y2 and v is PROOF OF MAIN THEOREM

total variation of log f ' (see [3], [8]). It is easy to see that there exists 10 complete the proof of main theorem, we have to compare m, with

Lemma 4.

Ae(pDsuch  thatl Ay 1Z, (1A, D+ Q1A | 7) = O(2") .

Lemma 5. Let feH"”(S\{x,}), tel(p/q), y>1/2 be
Using this we can rewrite relations (9)-(12) as:

circle homeomorphisms from the family (1) with rational rotation

, ) number p=p/q of rank Nn. Then there are constant C >0,
FOO = 1) = (x=y)Tlx,—0)+ (X=y,) O(AT). -y <x <. 0 < 4 <1 and natut4Phumber N, =N, (f) such that, for all n>n,

the following inequality holds: |m, —o [<CA".

F(0)- £ %) = =X )F (%, +0)+ (=% )O(A"), X, <X<Y,, (15) Proof. Since y>1/2, it is easy to check that the following
equalities hold:

F2) = F06,) = (=) £ %+ 0) + (=X, ) O(). (16)

)= F2) = (k=Y £ (x,=0)+ %, -y, ) O(2), (17)

Using the relations (14)-(17) and explicit form of F (z,) we get
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f'<bi>—f'(ai);j £'0) g, f170) [ 100)- @)
21'(b,) aﬂZf’(y) all2f’(y) 2'(b,)
Since |[a;, b,]I<CA", 1=0,1,...,(q,~1) , we have
bl " ! ! Q "
f f'(x.)-f'(a o f
O) [ F0)-T@) )y, g 2| W) gy |
AN ) 1A 2 2f'(y)
A not hard calculates show that
CH0)-1'@) 0, 0,
logm, = ' =Y |=>=dy- _T_
2 orp) 2 izf j 21(y)
. o F(y) "
Hence, according to the inequality _[ |2f ( )Idy CA", we get
nl)

the proof of Lemma 5. From the definitions of F,(z,) and Z, ,(z,)

imply that F,(z,) =2, ,(z,) . Then Lemmas 3 and 5 imply that

C C

"
17 =M fls o< 2 172~ |k@m< 4

Hence, according to the relation f (z) =F,(F(2)) and Lemma 4,

we obtain the proof of Theorem 1.

Remark. The Zygmund class satisfying inequality (2) is applied to
circle homeomorphisms with irrational rotation numbers in [4]-[8].
However, to the best knowledge of authors, this is the first result
where  Zygmund smoothness condition is applied to circle
homeomorphisms with rotational rotation number. We believe that in
case of algebraic irrational rotation number, Theorem 1 can be applied

in finding fixed points of the renormalization operator R: f, — f .,
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