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The study on conjugacy class has started since 1968. A conjugacy class is defined as an equivalence
class under the equivalence relation of being conjugate. In this research, let G be a 3-generator 5-
group and the scope of the graphs is a simple undirected graph. This paper focuses on the
determination of the conjugacy classes of G where the set omega is the subset of all commuting
elements in the group. The elements of the group with order 5 are identified from the group
presentation. The pair of elements are formed in the form of (a,b) which is of size two where a and

b commute. In addition, the results on conjugacy classes of G are applied into graph theory. The
determination of the set omega is important in the computation of conjugacy classes in order to find
the generalized conjugacy class graph and orbit graph. The group action that is considered to compute
the conjugacy classes is conjugation action. Based on the computation, the generalized conjugacy

class graph and orbit graph turned out to be a complete graph.
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INTRODUCTION

A conjugacy class can be defined as an equivalence class under the
equivalence relation of being conjugate. Besides, a conjugacy class of
a group is a set of elements under the action of the group on itself by
conjugation.

The study on conjugacy class has started many years ago by Erdos
and Turan (Erdos, P. and Turan, P., 1968) who considered on the
conjugacy class of symmetric groups, S,. In 2013, Al-Hasanat, et al.

(Al-Hasanat, B. N. et al., 2013) found the conjugacy class of dihedral

groups of order 2™

Many researchers are interested in relating the study on group
theory and graph theory since the research on conjugacy class has been
expanding for several years. For example, llangovan (llangovan, S.,
2013) applied the results from the computation of the conjugacy classes
of the groups of nilpotency class 2 into graph theory.

In this paper, the conjugacy class of 3-generator p-group is
computed where p = 5. The group presentation is taken from Burnside
(Burnside, W., 1897). Burnside studied on theory of groups of finite
order. In his research, there are 15 types of group presentation of groups
of order p" where n = 4. In this research, we only considered the groups

with three generators. The relations among the generators are differents
between each group. The group presentations are stated as follows:

H, =<x,y,z|x" =y° =2z" =1[x,z]=[y,z]1 =1[x, y] = 2" >,

H, =(x,y,z|x* =yP =2° =1,[x,z] =[y, 2] =1, X = X*),
H,=(x,y,z|x" =y" =2° =1[x, 2] =[y,z] =L [x, y] = 2).

However, in this paper, we only consider one group presentation
which is the first group since the computation of conjugacy class is

completed only for H, and we represent the group as G.
G=<XYy,z|x" =y’ =2" =1[x, 2] =[y, 2] =L [x, y] = 2" >,

A conjugacy class graph consists of vertices and edges where the
vertices are represented by the non-central conjugacy classes of a group
G. Meanwhile, two vertices are connected and form edges if the
greatest common divisor of the order of vertices are not equal to one.

There are some researches done on conjugacy class graph. In 2016,
Ibrahim, et al.( Ibrahim, A. A. et al., 2016) worked on the conjugacy
classes of some finite metabelian groups and their related graph.
Alimon, et al.(Alimon, N. I. et al., 2018) also studied on conjugacy
class graph where they found the energy of four type of graphs
including the conjugacy class graph. The group considered in their
paper is some metacyclic 2-groups.

In this paper, we want to determine the generalized conjugacy class
graph and orbit graph. Hence, the condition which are needed to be
satisfied in order to find both of the graph for the group G is mentioned
in the following:

Let G be a finite group. Let Q be the set of all ordered pairs (a,b)

in GxG such that Icm (a,b)=p,ab=ba and a#b. The group action of

G on Q is by conjugation action.

This paper is divided into three parts. The first part is the
introduction about conjugacy class and group presentation. Some
definitions on graph theory are presented in the second part which
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include the generalized conjugacy class graph and orbit graph. The
results on the conjugacy class and graphs are explained in the third part.

PRELIMINARIES

In this section, some basic knowledge on graphs related to
conjugacy class are presented.

Definition 1 (Fraleigh, J. B. 2000)

Let G be a finite group and g be the element in G. The conjugacy class
of g is written as cl(g) ={x"gx | x € G}. The number of conjugacy class
is denoted by K(G).

Definition 2 (Marcus, D. A. 2008)

A graph consist of points, which are called vertices and connections,
which are called edges and which are indicated by line segments of
curves joining certain pairs of vertices.

Definition 3 (Marcus, D. A. 2008)

If all of the vertices in a graph are adjacent to each other, then the graph
is called a complete graph. The symbol K, is used to denote a

complete graph with n vertices.

Definition 4 (Machale, D. 1974)

The graph I'is an empty graph, if there is no adjacent (edges)
between it vertices, which is denoted as K, .

Definition 5 (El-Sanfaz, M. A. and Sarmin, N. H. 2015)

Let G be a finite group. Let Q be the set of all ordered pairs (a, b) in
GxG such that Icm(a,b)=p, ab=ha, anda=h. If G acts on Q by

conjugation, the number of the vertices of generalized conjugacy class
graph are
V() |= K(Q)-| Al

where K(Q) is the number of conjugacy classes under group action on
Q and A={weQgw=wg,geG}. Two verticesw, andw, are
adjacent if their cardinalities are not coprime, i.e ged(w, |,| w, [) #1.

Definition 6 (Omer, S. M. S., Erfanian, A. and Sarmin, N. H. 2015)

Let G be a finite group and Q is a set of G. Let A be the set of commuting
elements in G i.e A={weQ,gw=wg,g € G}. The orbit graph I'%,

consists of two sets, namely vertices and edges denoted by Vv (I'g) and

E(T'2), respectively. The vertices of "¢ are non-central elements in
Q but not in A, that is |V (T'g) |=Q—| A|. Two verticesy, andv, are
adjacent if the following conditions are satisfied:

1. If there exists g €G such that gv, =v,.
2. If the vertices T'g are conjugate, that is v, = g*.

MAIN RESULTS

In this section, the main results on the generalized conjugacy class
graph and orbit graph of the 3-generator 5-group are presented.

Proposition 1
LetG=<x,y,z|x? =yP = 27 =1[x,z]1=[y,z]=1[x y]=2" >,

be a finite group. Let Q be the set of all ordered pairs (a,b) in GxG
such that Icm(ab)=5,ab=ba andazb. If Gacts on Q by

conjugation, then the number of conjugacy classes of G is 716.

Proof:

G consists of an identity and 124 elements of order 5. From the 125
elements, 1750 pairs of element are formed based on the given case

which is known as Q . The pair of elements are starting with

@x), @ Xz)y---, (X4y425, x4y421°).

By using Definition 1, the conjugacy classes for each pair of element
are computed. Some conjugacy classes obtained are listed as follows;

Ll ) ={L %), (L x2°), @, x2°), (1, x2°), (L, x2*°)
2.0 x%) ={(L,x%),d, x*2°), (1, x*2°), (L, x°2"), @, ¥*2?) .

9cl(L2°) ={(L ")}
1001(1,2°) ={(L.2)}

716.C|(X4y4, X4y4210) :{(X4y47 X4y4210)’ ()(4y4257 X4y4215)7
4.,4510 4 420)(X4 4,15

(x*y*z%, x'y*2%), (x*y* 2, x*y*z vz, x*yH}.

The conjugacy classes that contain only one pair of element is
considered as central conjugacy class. In this computation, there are 20
central conjugacy classes and 696 pairs of element with 5 elements in
each conjugacy class. Therefore, the number of conjugacy classes of

G is 716.

Proposition 2

LetG =<x,y,z| X" =y" =2" =1,[x,z]1=[y,z] =L[x y] = 2" >,
be a finite group. Let Q be the set of all ordered pairs (a,b) in 6xG such
that Icm (a,b) =5, ab=ba and a#b. If G acts on Q by conjugation,
then the generalized conjugacy class graph of G, TZ = K.

Proof:

Applying Definition 5 into this proposition, the number of vertices of
generalized conjugacy class graph is 696 since the number of the set of
commuting elements in G is 20.

Consider the conjugacy classes below which are among the 696
conjugacy classes obtained from the computation;

CI (X, XZ) Z{(X, XZ)' (XZS, X2 210)’ (XZlOl XZ 220), (X215’ X2 25), (XZZO, X2 215)}
CI (X, X3) :{(X, XZ)’ (XZS, X3 215)’ (XZIOl X3 ZS), (Xle, X3 ZZO), (XZZO, X3 ZlO)}
CI (X, X4) Z{(X, X4), (XZS, X4 220)l (XZIO, X4 215)l (XZlS, X4 ZlO), (XZZOl X4 25)}

It can be seen that, each conjugacy class consists of five pair of
elements with the same order. The cardinalities between each vertices
are not coprime i.e

ged{(x,x*), (x,x°)} = ged{(5,5)} =5

ged{(x,x*), (x,x*)}=god{(5,5)} =5
Thus, all vertices are connected and the generalized conjugacy
class graph of G is a complete graph with 696 vertices, Ky,
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Proposition 3

Let
G=<xV,2|x"=y"=2" =1[x,z]=[y, 21 =1[x y] = z" >, be
a finite group. Let Q be the set of all ordered pairs (a,b) in GxG such

that Icm (a,b) =5,ab=ba anda=b.If G actson Q by conjugation,
696

then the orbit graph of G, T'g =| JKo.
iz

Proof:

The number of vertices of the orbit graph is 696 since the number of

conjugacy classes is 716 and the number of A is 20. Based on the

computation in Proposition 1, each conjugacy class has five pairs of

element. Hence, condition 2 in Definition 6 is satisfied where the

vertices in the orbit graph are conjugate to each other. Thus, the orbit
696

graph, I'g = K.

i=1
CONCLUSION

In conclusion, the generalized conjugacy class graph of G is a

complete graph with 696 vertices. Meanwhile, the orbit graph of G
turned out to be the union of complete graphs of degree 5.
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