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ABSTRACT

In this paper, we introduce and study some properties of unified class WT/1 ((D,‘P;n, ﬂ, p) involving the Hadamard
Products given by Juneja et. al in 1985. The properties include coefficient bounds, growth and distortion, and closure

theorem. Further, the radii of starlikeness and convexity is also given.
AMS Subj. Classification: 30C45.
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1. Introduction and Preliminaries

Denote by A(p) the class of functions of the form
f@)=2+Ya,,2" (11)
k=1

which are analytic in the open disc U ={z:z<C and |z| <1}. Some properties of some subclasses of A(p)

were studied by Aouf et. al [11]. Denote by S (p,a) the class of starlike functions f e A(p) of order
a(0 L a < p) satisfying

Re {Zf'(z)}>a, zelU
/()
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and let C(p,a) be the class of convex functions f e A(p) of order a(0 < a < p) such that zf'e S (p,a). A
function f € A(1) is said to be in the class of S -uniformly convex functions of order & , denoted by
p-UCV(a) [4,5]if

Re 1+ 7G) _ }z Zf"(z)—l‘, 1.2

: { e e 42
and is said to be in a corresponding subclass of f—-UCV («), denoted by S-S () if

EAC T NN E) _1‘ 13

{ /) “}' e (4

where —1<a<land zeU .
The class of uniformly convex and uniformly starlike functions has been extensively studied by
Goodman[1,2], Ma and Minda[3]. In fact the class of uniformly f -starlike functions was introduced by Kanas

and Wisniowski[9], and for which it can be generalised to f—S, (@), the class of uniformly f -starlike functions

of order a.

If f of the form (1.1) and g(z) =z" +pr+kz””‘ are two functions in A(p), then the Hadamard Product
k=1

(or Convolution) of f and g is denoted by f *g and given by

(f*e)2)=z"+Y a, b, z"". (1.4)
k=1

Ruschweyh [7], using the convolution techniques, introduced and studied an important subclass of A(1),
the class of prestarlike function of order «, which denoted by R(«). Thus f € A(1) is said to be prestarlike

functions of order a(0<a<l) if f*S, €S (a) where S, (z)= % =z4 Z;O:Q ey (06) 2" and
(1-2)
Uz(j —2a) .

¢ (a) = j(—w (ne N{l} N:={1,2,3,..}). We note that R(0)=C(0) and R[!|=S"(!]. Jungja et. al[8]

n—1)!
define the family D(®,¥;a) consisting of function of f € A so that

*
Re (Mj >a, zeU
f(2)*¥(2)

where ®(z) =z + ZYnz" and WY(z)=z+ Z)/nz" analytic in U such that f(z)*¥(z)#0, Y, 20 and Y, >y,

n=2 n=2

(n=2). Welet D(D,¥;n, S, p) [10] denote the set of all functions in A(p) for which
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1 f(z)*D(2) 1
Re | 14| L2202 -
e(%(ﬂz)*w(z) pj}ﬂn

where 7 is positive real number and S > 0.

(1.5)

[f(Z) *D(z) p]‘
f(2)*¥(2)

For suitable choices of ®, W, and having 1= p—a, we easily obtain the various subclasses of A(p). For
example

D[(l ZZ)Z, e aO] S*(p,a),D((i—;}, ﬁ;p—a,Oj—C(p,a),

B

z = —
(1= 2y (1—z)* ) _Z’p_a’ﬂj_ B-=S,(p,a),

D z+(1-2a)7 z z
(1-2)"" 1-

;p—a,Oj = R(p,a), D[

and

D[(Tj) e ﬂj:ﬂ_UCV(p’a)'

Furthermore, note that when p =1 we obtain D( 1 a Oj S"(a),

(1-2)"" 1

p[ 2% 1-a,0 |= C(a), D z+(-20)z" f 1—a,0|=R),
(1-2)° ( ) (1-z)"* (1-z)"

Z+Z

1-

D((l Zz)z’Tl a ﬂ) p-S,(a), and D(

%;1-05,/3 = B-UCV ().
(1-2)
Also denote by T'(p) [6] the subclass of A(p) consisting of functions of the form

fla)=z"- Zw:a,,+kzp*k- (1.6)

Now let us write D.(D,¥;n, B, p) =D(D,¥;n, 5, p)NT(p), i.e the class of functions consisting of negative
coefficients. All the results obtained concerning the functions of negative coefficients.

2. Coefficient Inequality

In this paper we will study the properties of unified presentation of functions f € 7(p) belongs to

W} (®,¥;7, B, p), i.e a unification of subclass of multivalent starlike and subclass of multivalent convex kind
of functions. First of all, we state the following result for the purpose of the study.
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Lemma 2.1 [10] A4 function f defined by (1.6) is in the class D, (®,¥;n, S, p) if and only if

i[1+ﬁ']‘1’p+k—(p(1+ﬂ)—?7)7p+k g
= n=01+p)p-1)

<1 2.7)

p+k

where 7 is positive real number, #20, ¥, ,, 20, y,,>0and ¥, , 27, .

+k =

Next by observing that
fee(@,Y;n,B,p) = 2f '€ D (P,%Y;1, B, p)s (2.8)

we obtain the following lemma.
Lemma 2.2 4 function f defined by (1.6) is in the class &,(®,%¥Y;n, B, p)if and only if

i(p+k)[(1+ﬁ)\vp+k —(p(1+/f)—n)7,,+k]|a
P n—(1+p)(p-1) rH

<p 2.9)

where 7 is positive real number, #20, ¥, 20, y,,>0and Y, , 27, .

In view of Lemma 2.1 and Lemma 2.2, the unification of the class D, (D,¥;7n, 8, p) and &.(®,¥;n, S5, p)
arises naturally and so a new class W, (®,¥;7, 3, p) is introduced. Thus we say that a function f defined by
(1.6) belongs to W/ (®,¥;n, B, p) if and only if

5 (1=2+ AN+ P, ~(p(A+ B =), ]
= =1+ p-1)

<1. (2.10)

|ap+k

Clearly, we obtain

W@, Y5, B, p) = (1= A)D, (D, ¥; 1, B, p) + Ae, (O, ¥, B, p),
so that

W (®,¥;n, B, p) = D (9,¥;1, B, p)
and

W (®,¥;n, B, p) = &,(D,¥;1, B, p).

Next we consider the growth and distortion theorem for the class W, (®,¥;n, 5, p). We shall omit the

proof as the techniques are tedious and standard.
Theorem 2.1 Let the function f defined by (1.6) W/ (®,%¥;n, B, p). Then

rp_rpH 77_(1+ﬂ)(p_1) S|f(Z)|
(I=A+AENA+ Y . = (pA+ B =0)y,0]
rp+rp+l 77_(1+ﬁ)(p_1) (|Z|:r) (211)

(1= 2+ AEDA+ PY . = (Ut B =171
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and

ety (p+D(7-(1+A)(p-1) <)
(1= A+ A+ B = (pU+ A=) ,.]
iy o (p+ D=0+ B)Np-1) (=)

=2+ 2N+ A Y, (p(+ =17, ]

or (2.12)

The bounds in (2.11) and (2.12) are attained for functions given by

~(1+A)(p-D)

fe)=z" -z ’
=2+ A2ENA+ Y, = (p(+ B) =17 ]

(k=1). (2.13)
Theorem 2.2 Let the function f defined by (1.6) and

g(z)=z2" - gbp+kz‘”k (2.14)
be in the class W} (®,¥;n, B, p). Then the function f defined by

M =(1-Df )+ 78 = =3, @.15)

whereq, , =(1-x)a,., +xb,,, 0< y <l isalso in the class W (®,¥;1, 5,4, D).
Proof. The result follows easily from (2.10) and (2.15).

We prove the following theorem by defining functions f;(z)(j =1,2,3,...m) of the form

fi()=z2" —Za/ﬁk’jz’”k for a,, >0, zel. (2.16)
=1

Theorem 2.3. (Closure theorem) Let the functions f,(z)(j=1,2,3,..m) defined by (2.16) be in the classes

w} (®,¥;n,,B8,p) (j=12,3,..m) respectively. Then the function h(z)=z" —IZ[Z aﬁk'jJ 7k is the class

m
k=1\_j=1

WTl ((Dn LP: 77: ﬁa p) Where

n=min{y,} with  0<p, <L 2.17)

1<j<m

Proof. Since f; € w} (®,%¥;7m,,B8,p) (j=2,3,..m)by applying (2.10) , we observe that

S =2+ AN+ A, = (p(+ B =17, 1 i i)
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>3
Tm

0
J=1

[Zw: (1=2+AEDA+ P, = (p(A+ B =07, ]aw,,,-j

k=1
<221, =1+ A (p-D) <=1+ B)(p-D),
j=1
which in view of (2.10), again implies that & € W, (®,¥;n, B, p) and the proof is complete.

3. Radii of Starlikeness and Convexity of f €W/ (®,¥;7, 3, p)

We first provide the radii of starlikeness for functions f e W, (®,¥;n, B, p).
Theorem 3.4 Let [ € W/ (®,¥;n, B, p). Then [ is starlike of 0<7<p in |z| <R, where

' kal

PR L e ) P R a2 | el
(p+k-D)n—-0+B)(p-1] .

Proof. 1t is sufficient to prove

7' _
/(@)

p‘<p—r.

For the left hand side of (3.18) we have

0

Z (_k)ap+kzp+k—]

k=1

o0
_ p+k-1
1 E a,. .z
k=1

G
@ 7 ‘

p+k-1

z

0
Z kap+k
< k=1 .
|p+k—1

- 0
1- Zaﬁ+k
k=1

z

This last expression is less than (p —7) since

1 < (p=D)A=2+AENA+BYY . = (P + B)=1)7 ]
(p+k=2)n=1+p)p-1)] '

Therefore the proof is complete.
Using the fact that f is convex if and only if zf"' is starlike, we obtain the following:

(3.18)

21
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Theorem 3.5 Let [ € W/ (®,¥;n, B, p). Then f is convex order 0<t< p in |z| < R, where

o | P2 AN B =P+ =07, [
27 e (p+k)p+k—-7)[n->1+B)p-1] .

We omit the proof as it is easily derived.

Finally, we obtain our last result stated in the following theorem.

Theorem 3.6 Let f € W/ (®,¥;n, B, p). Then f is close-to-convex order 0<7 < p in |z| < R, where

| =A= A+ 2N+ B, — (p(+B)=1)7 ] pricl
R, =inf .

Pk (p+B)[n=1+p)p-D]

Again we omit the proof as it is easily derived.
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